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SUMMARY  OF  RESEARCH  ACTIVITIES,  1998-2001 


Over  the  past  three  years  we  have  made  significant  contributions  to  the  ongoing  devel¬ 
opment  of  the  coherent  control  of  atomic  and  molecular  processes.  Specifically,  we  have 
contributed  to  (1)  bimolecular  reaction  dynamics  and  controlled  collision  phenomena;  (2) 
control  of  molecular  chirality  and  asymmetric  synthesis;  (3)  theory,  and  practical  con¬ 
siderations,  in  the  control  of  the  photodissociation  of  real  systems;  (4)  control  in  large 
molecular  systems;  (5)  the  continued  development  of  semiclassical  mechanics  specifically 
for  coherent  control  applications;  and  (6)  control  of  molecular  nanoscale  deposition  on 
surfaces. 

Appendix  A  contains  a  summary  of  publications  over  the  past  three  years.  A  brief 
description  of  results  follows  below.  Research  in  each  of  these  areas  is  continuing  in  our 
laboratories. 

1.  Bimolecular  Reactions:  Most  of  the  coherent  control  work  done  over  the  past 
decade,  barring  one  of  our  earliest  papers,  has  focused  on  unimolecular  dynamics.  How¬ 
ever,  a  large  number  of  processes  of  chemical  interest  result  from  bimolecular  collisions. 
Over  the  past  three  years  we  have  made  great  progress  in  understanding  conditions  under 
which  bimolecular  collisional  control  is  possible.  Specifically,  we  derived  the  kinematic  re¬ 
quirements  for  bimolecular  control  which  ensure  quantum  interference  from  terms  which 
are  of  the  same  energy  in  the  center  of  mass  system,  and  of  the  same  center  of  mass 
momentum  [1].  In  addition,  we  demonstrated  [2]  that  such  conditions  were  automatically 
satisfied  in  collisions  between  identical  particles,  e.g.  the  rearrangement  AB  -f  AB  —  > 
A2  +  B2.  As  an  initial  step  towards  understanding  these  processes,  we  undertook  a  de¬ 
tailed  study  of  a  simple  collision  -  rotational  excitation  in  H2  -I-  H2,  and  demonstrated 
[3]  that  control  arose  from  entangled  rotational-translational  states,  and  that  extensive 
control  was  achievable  at  cold  temperatures.  We  also  showed  that  reactions  such  as  F 
+  HD  [4]  show  considerable  control.  The  latter  result  is  significant  since  F  +  HD  is  a 
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resonance-mediated  reaction,  earlier  thought  to  be  uncontrollable. 

2.  Control  of  Asymmetric  Synthesis — Right  vs.  Left  Handed  Molecules: 

The  existence  of  enantiomers,  i.e.  two  molecules  that  are  mirror  images  but  are  not 
superimposable,  is  one  of  the  fundamental  broken  symmetries  of  nature  [5].  Chemistry 
has  long  been  challenged  by  the  need  to  selectively  enhance  the  production  of  particular 
enantiomers.  This  need  stems  primarily  from  the  specific  bio-activity  of  enantiomers,  i.e. 
some  enantiomers  will  be  active  biologically  whereas  the  other  enantiomer  will  either  be 
inactive  or  harmful.  Unfortunately,  enantiomers  are  indistinguishable  chemically  unless 
one  of  the  reagents,  or  the  system  environment,  is  chiral.  For  this  reason  asymmetric 
synthesis  (i.e.  techniques  for  the  separation,  enhancement  or  interconversion  of  enan¬ 
tiomers)  is  a  central  research  field  in  modern  chemistry.  Indeed,  this  year’s  Nobel  Prize  in 
Chemistry  was  awarded  for  work  on  chiral  synthesis  using  catalysts  and  other  non-optical 
techniques. 

Recently,  we  demonstrated  [6]  that  the  strong  dipole-electric  field  interaction  can  be 
used  to  control  the  interconversion  of  right  and  left  handed  molecules.  This  original 
scenario,  which  we  have  submitted  for  patent  protection  [7],  requires  that  we  selectively 
excite  Mj  states  (where  Mj  is  the  projection  of  the  total  angular  momentum  along  the  z- 
axis),  as  distinct  from  —  \Mj  \  states.  This  is  feasible  experimentally  if  we  use  appropriately 
applied  external  magnetic  fields. 

We  applied  this  scenario  to  the  enantiomeric  interconversion  of  gas  phase  dimethylal- 
lene  [8]  a  molecule  which  we  showed,  through  molecular  structure  computations  [9],  to 
display  the  necessary  structural  features  for  enantiomeric  control.  Control  was  outstand¬ 
ing  (with  over  92%  conversion  obtained)  for  a  realistic  model  using  reliable  Franck-Condon 
factors  and  exact  asymmetric  rotor  wavefunctions. 

In  order  to  bypass  the  Mj  requirement  we  considered  the  formalism  [10]  associated 
with  excitation  of  an  enantiomeric  mixture  with  three  perpendicular  linearly  polarized 
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lasers.  Preliminary  results  show  that  this  scenario  should  allow  for  the  desired  enhance¬ 
ment  and  control  of  the  enantiomeric  excess  without  the  need  for  Mj  selection. 

In  addition,  we  proved  a  theorem  [11]  that  provides  the  general  conditions  under 
which  enantiomeric  control  via  the  dipole-electric  field  interaction  is  possible.  This  result 
will  serve  to  guide  the  future  development  of  light-based  asymmetric  synthesis  schemes. 
Specifically,  this  theorem  states  that  any  light-matter  scenario  that  is  sensitive  to  a  change 
in  sign  of  the  electric  field  [i.e.  E{t)  goes  to  — £'(t)]  allows  for  control. 

In  separate  work,  the  STIRAP  approach  was  extended  to  formally  design  a  “Cyclic 
Population  Transfer”  Scheme  for  the  controlled  interconversion  of  enantiomers  [12].  This 
approach  also  requires  selection  of  Mj  levels,  but  allows  us  to  bypass  possible  competitive 
processes  (e.g.  internal  conversion)  associated  with  the  electronic  excitation  step  in  the 
method  described  above. 

3.  Control  in  Large  Molecules:  One  of  the  major  issues  in  coherent  control  is  the  na¬ 
ture  and  extent  of  control  for  large  molecules.  Our  general  theory  [13]  shows  that  control 
is  indeed  possible  under  a  wide  variety  of  circumstances  and  recent  experimental  optimal 
control  studies  on  large  molecules  support  this  expectation  [14].  During  the  past  three 
years  we  obtained  two  new  results  that  are  relevant  to  this  issue.  First,  we  showed  that 
chaotic  dynamics,  anticipated  to  occur  more  readily  with  increasingly  large  systems,  does 
not  diminish  control  [15,16].  Second,  we  demonstrated  [17]  the  possibility  of  controlling 
Hydrogen  atom  transfer  in  [2- (2’  hydroxyphenyl)-oxazole] ,  a  molecule  containing  35  cou¬ 
pled  degrees  of  freedom!  This  work  is  intimately  linked  to  that  described  in  the  section 
’’Semiclassical  Mechanics”,  below. 

4.  Multiproduct  Chemical  Reactions:  Crucial  to  the  continuing  development  of  co¬ 
herent  control  is  the  demonstration  of  successful  control  over  a  multiproduct  chemical 
reaction.  To  this  end  we  completed  the  initial  phase  of  studies  on  the  A  band  photodis¬ 
sociation  of  CH2lBr  at  248  nm  where  two  products,  CH2I  +  Br  and  CH2Br  -t-  I,  are 
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obtained.  (  CH2lBr  is  amongst  a  class  of  widely  studied  substituted  methane  molecules, 
all  of  which  are  of  considerable  interest  to  experimentalists.) 

Specifically,  we  developed  a  potential  surface  [16]  for  a  collinear  model  of  CH2lBr  that 
reproduces  the  uncontrolled  photodissociation  results  of  Butler  et  al  [18]  and  carried  out 
bichromatic  control  calculations  on  this  system.  The  results  made  clear  that  considerable 
control  is  possible  and  that  such  control  can  occur  upon  excitation  from  either  regular  or 
chaotic  Hamiltonian  eigenstates.  Additional  studies  were  carried  out  on  model  CH2lBr 
potential  surfaces  to  examine  the  relationship  between  the  molecular  phase  [19]  and  the 
system  dynamics.  Doing  these  computations  required  that  we  design  and  implement 
a  new  method  [20]  for  carrying  out  energy-resolved  photodissociation  calculations  on 
systems  that  dissociate  to  more  than  one  product  state.  The  method,  involving  the  use 
of  a  negative  imaginary  potential  [21]  in  conjunction  with  the  well  established  Artificial 
Channel  Approach  [22],  was  highly  successful. 

5.  Semiclassical  methods:  Since  quantum  mechanics  will,  in  the  foreseeable  future,  be 
limited  to  small  molecules,  we  have  been  developing  semiclassical  approaches  to  treating 
laser  controlled  photodissociation  and  control.  Over  the  past  three  years  we  have  several 
significant  contributions  to  this  area.  In  particular,  we  considered  control  of  adiabatic 
CH2lBr  [23]  and  non-adiabatic  ICN  [24]  photo  dissociation.  In  both  cases  the  Herman- 
Kluk  propagator  successfully  reproduced  the  correct  amplitude  and  phases  of  the  quantum 
interference  term  responsible  for  control.  Further,  the  former  computation  introduced  a 
new  approach  to  computing  the  cumulative  matrix  elements  [13]  that  is  applicable  both 
quantum  mechanically  as  well  as  classically. 

These  results  motivated  the  extension  of  bichromatic  control  to  the  case  of  proton 
exchange  in  the  excited  electronic  state  of  HPO  [17],  a  molecule  with  35  degrees  of  freedom. 
In  this  case  the  background  serves  to  decohere  the  proton  dynamics.  Hence,  the  fact  that 
we  can  control  this  motion  in  the  presence  of  all  of  these  degrees  of  freedom,  as  we  have 


5 


demonstrated,  clearly  implies  that  control  in  large  molecules  is  both  feasible,  and  can  be 
readily  accomplished. 

We  also  carried  out  a  number  of  studies  in  semiclassical  methodology.  Our  recent  work 
[25]  indicates  that  the  filters,  such  as  the  Filinov  filter  [26]  do  not  significantly  improve 
convergence  rates.  This  suggests  further  studies  to  identify  methods  of  improving  semi¬ 
classical  methodology,  currently  under  consideration.  For  example,  we  have  designed  a 
method  based  upon  the  correspondence  [27]  between  the  classical  object  5{E  —  H),  where 
H  is  the  Hamiltonian,  and  the  quantum  continuum  projector  [■0“  ><  Our  initial 
studies  gave  results  [28]  in  excellent  agreement  with  the  quantum  result  for  the  test  case 
of  diatom  dissociation  to  a  single  product  state.  As  a  consequence,  we  extended  these 
studies  [29]  to  the  collinear  photodissociation  of  CH2lBr.  Comparisons  with  our  quantum 
results  showed  very  good  agreement,  both  for  the  cross  sections  as  well  as  for  the  complex 
interference  contributions.  As  a  consequence,  this  approach,  which  entails  no  oscilla¬ 
tory  integrands,  gave  very  good  results  for  the  coherently  controlled  photodissociation  of 
CH2BrI.  Extensions  of  this  method  are  under  consideration. 

6.  Focusing  molecules:  In  earlier  work  [30]  we  showed  that  coherent  control  can  be  used 
to  alter  the  polarizability  of  molecules.  In  particular,  by  preparing  a  molecule  in  an  initial 
coherent  superposition  state  and  subjecting  the  system  to  a  pair  of  lasers  that  lifts  each  of 
these  levels  to  a  fixed  energy,  one  can  produce  an  effective  polarizability  that  is  much  larger 
or  much  smaller  than  the  natural  value.  Indeed,  one  may  even  produce  a  polarizability  of 
opposite  sign.  We  have  now  shown  [31,32]  that  this  modified  polarizability  can  be  used  to 
optically  focus  molecules  on  the  nanqmeter  scale..  In  particular,  by  exposing  the  molecule 
in  the  superposition  state  to  two  standing  wave  laser  fields  we  can  produce  a  force  on  the 
molecule  that  is  comprised  of  three  terms,  two  natural  terms  due  to  the  presence  of  two 
independent  fields  plus  an  additional  term  that  depends  upon  quantum  interference.  The 
latter  term  allows  for  the  focusing  or  defocusing  of  molecules  depending  on  the  phase 
between  the  two  fields.  We  have  applied  the  method  to  focus  N2  [31]  as  well  as  Ar  [32].  In 


6 


the  Ar  case,  the  atom  was  excited  to  Rydberg  levels  so  that  the  required  incident  electric 
field  intensities  are  quite  small  (e.g.  20  W/cm^).  Control  over  the  deposition  was  found 
to  be  extensive,  leading  to  narrow  lines  (  on  the  order  of  5  nanometers  in  the  case  of  zero 
transverse  velocity)  with  controllable  intensities.  The  resultant  technique  was  submitted 
for  patent  protection  [33]. 

Note  that  a  number  of  related  projects  are  ongoing  in  the  research  groups  of  Brumer 
and  of  Shapiro,  computational  and  theoretical  studies  of  decoherence  free  subspaces,  stud¬ 
ies  of  fundamentals  in  chaotic  dynamics  and  in  isolated  molecule  dynamics  [?],  studies  of 
decoherence  [35],  studies  of  the  complete  suppression  of  spontaneous  emission  and  other 
spontaneous  decay  processes  using  optimal  control  and  photon  echo  techniques  [36],  ex¬ 
perimental  studies  on  the  control  of  the  branching  ratio  in  Na2  photodissociation  [37]  etc. 
that  serve  to  enhance,  through  synergism,  our  coherent  control  work. 

Finally,  we  have  done  much  to  bring  coherent  control  to  the  scientific  fore.  For  ex¬ 
ample,  Brumer  was  the  co-chair  of  the  First  Gordon  Research  Conference  on  Quantum 
Control  in  1999,  and  Shapiro  was  the  chair  of  the  Second  Gordon  Conference  on  Quantum 
Control  held  in  2001  (both  partially  sponsored  by  ONR).  Further,  we  have  completed  the 
vast  majority  of  our  monograph  “Principles  of  the  Coherent  Control  of  Molecular  Pro¬ 
cesses”,  a  manuscript  that  sheds  light  on  the  essence  of  control  in  a  large  numbers  of 
areas  including  Chemistry,  Device  Physics,  Quantum  Optics,  etc.  and  provides  a  basis 
for  further  innovative  work. 
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todissociation  Reaction”,  D.  G.  Abrashkevich,  M.  Shapiro  and  P.  Brumer,  J.  Chem. 
Phys.  (submitted) 

2.  “Phase  Control  of  Nonadiabatically-induced  Quantum  Chaos  in  An  Optical  Lat¬ 
tice”,  J.  Gong  and  P.  Brumer  (submitted) 

3.  “Cyclic  Population  Transfer  in  Quantum  Systems  with  Broken  Symmetry”,  P.  Krai 
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Abstract 

Coherent  control  over  branching  in  the  photodissociation  of  collinear  CH2BrI 
to  yield  either  CH2Br+I  or  CH2l+Br  is  examined  computationally.  Quan¬ 
tum  photodissociation  calculations,  using  two  excited  potentials  surfaces,  are 
carried  out  using  a  new  method  incorporating  negative  imaginary  absorbing 
potentials  within  the  artificial  channel  method.  Extensive  control  over  the 
I/Br  branching  ratio  is  shown  to  result  as  experimentally  controllable  laser 
amplitudes  and  phases  are  varied.  Such  control  is  observed  for  excitation 
from  either  initial  superpositions  of  chaotic  or  regular  CH2BrI  bound  states. 
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I.  INTRODUCTION 


Considerable  experimental  and  theoretical  effort  has  been  directed  over  the  past  few  years 
towards  the  goal  of  laser  control  over  molecular  dynamics.  A  most  promising  and  successful 
approach  is  Coherent  Control  (CC)  [1-5],  in  which  different  coherently  interfering  pathways 
combine  constructively  or  destructively  in  order  to  enhance  or  suppress  the  production  of  a 
given  product. 

Computational  studies  of  coherent  control  play  an  important  role  in  providing  detailed 
insight  into  control  mechanisms  and  in  laying  the  groundwork  for  experiments  on  particular 
systems.  Thus  far,  studies  of  this  kind  on  unimolecular  processes  have  essentially  been  limited 
to  photodissociation  into  different  electronic  states  [4,5].  However,  from  the  viewpoint  of 
Chemistry,  there  is  greater  interest  in  the  control  of  chemical  reactions  that  produce  different 
chemical  products.  The  only  quantum  computations  on  control  of  photodissociation  in  a 
realistic  system  of  this  type  were  done  by  us  [6]  on  HOD  ->  HO  +D  or  DO  +  H.  However, 
our  computations  were  not  completely  general  insofar  as  they  took  advantage  of  the  similar 
potentials  in  the  product  HO  +D  and  DO  +H  channels.  Here  we  present  the  first  fully 
quantum  computation  of  coherent  control  in  a  realistic  branching  reaction  that  leads  to 
different  chemical  products  [7].  10  In  particular,  in  this  paper  we  apply  the  bichromatic 
CC  scenario  [1]  in  conjunction  with  our  recently  developed  ACM-NIP  photodissociation 
approach  [8]  to  test  the  possibility  of  controlling  the  photodissociation  of  collinear  CH2BrI. 
In  this  scenario  one  uses  a  coherent  bichromatic  laser  field  to  excite  a  coherent  superposition 
of  two  bound  eigenstates,  |Ei)  and  \E2),  of  energies  Ei  and  £'2,  to  a  single  continuum 
eigenstate  leading  to  the  desired  products  [1].  The  two  ui  and  UJ2  frequencies  that  comprise 
the  bichromatic  field  are  tuned  to  satisfy  the  condition  that  Wi  —  a;2  =  (£2  —  Ei)/h. 

The  computation  presented  in  this  papers  take  advantage  of  the  most  recent  developments 
in  computational  techniques  in  energy  resolved  photodissociation  studies,  which  allow  for  the 
treatment  of  branching  reactions.  Specifically,  we  use  our  recently  developed  method  [8]  in 
which  a  negative  imaginary  potential  (NIP)  method  [9,10]  is  used  to  transform  a  multi- 
arrangement-channels  system  into  a  collection  of  single-arrangement-channel  problems.  The 
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desired  dipole  transition  amplitudes  are  then  calculated  directly  using  the  artificial  channel 
method  (ACM)  [11,12]  with  the  efficient  log-derivative  propagator  [13].  The  method  has 
been  successfully  tested  for  the  rather  complicated  VUV  photodissociation  of  CO2  [8]  in  the 
collinear  approximation. 

We  focus  on  the  photodissociation  of  CHaBrI.  Excitation  of  this  molecule  in  the  A  and  B 
absorption  bands  has  been  experimentally  shown  to  lead  to  bond  selective  photodissociation 
[14-20].  It  would  therefore  be  interesting  to  see  whether  CC  methods  control  these  branching 
ratios  and  even  reverse  the  natural  branching  ratios,  which  are  now  known  in  detail  at  several 
wavelengths  [16].  Further,  CH2BrI  is  part  of  the  dihalomethane  family,  whose  natural  UV 
photodissociation  produces  reactive  halogens  harmful  to  the  troposphere  and  to  the  marine 
boundary  layer  [19,20]. 

We  restrict  attention  to  CH2BrI  treated  as  a  pseudo-linear-triatomic  molecule,  com¬ 
posed  of  the  I,  the  CH2  group  and  the  Br  atom  arranged  in  space  in  this  order.  The  full 
nine-dimensional  rotating  CH2BrI  calculation  is  conceptually  possible  but  computationally 
intractable  at  this  time.  Moreover,  we  believe  that  essential  aspects  of  the  physics  are  cap¬ 
tured  by  our  present  model.  Within  the  framework  of  this  model  we  have  constructed  three 
empirical  potential  energy  surfaces  (PES),  whose  parameters  are  determined  by  fitting  the 
results  of  our  calculations  to  all  the  available  experimental  data.  These  include,  the  A  and 
the  B  bands  absorption  spectra  and  the  I/Br  branching  ratios  at  193.3  and  248.5  nm  as 
measured  by  Butler  et  al.  [16].  We  have  also  studied  the  degree  of  control  as  a  function  of 
some  freely  varying  potential  parameters.  Finally,  phase  coherent  control,  originating  from 
a  superposition  of  highly  excited  vibrational  states  in  the  “chaotic  regime”  of  the  ground 
electronic  PES  is  also  demonstrated. 

The  paper  is  organized  as  follows.  In  Section  II  we  review  the  dichromatic  CC  scenario. 
In  Section  III,  the  kinematic  model  of  CH2BrI  system  and  the  associated  parameterization 
of  the  potential  energy  surfaces  used  are  explained.  The  results  of  our  calculations  are 
presented  and  discussed  in  Section  IV,  and  the  paper  is  summarized  in  the  last  Section. 
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II.  THE  BICHROMATIC  COHERENT  CONTROL  SCENARIO 


Consider  the  photodissociation  of  a  CH2BrI  molecule  prepared  in  a  superposition  of 
bound  states  \Ej)  of  the  nuclear  Hamiltonian  in  the  ground  electronic  state  |  g): 

=  \z)Ylcj\Ej)exp{-iEjt/h),  (1) 

j 

where  Ej  are  the  energies  of  the  bound  eigenstates  \Ej).  The  molecule  is  subjected  to  the 
following  light  field: 


£{t)  =  J doje{(jj)  cos(a;t  +  ^uj)- 


(2) 


Here  e{u)  is  the  electric  field  amplitude  at  frequency  uj. 

Assuming  the  Born-Oppenheimer  approximation,  we  obtain  the  probability  of  photodis¬ 
sociation  to  yield  fragments  in  the  q  (chemical)  arrangement  and  internal  state  /,  at  total 
energy  E,  i.e.  in  the  product  state  \E,  f,q)  by  expanding  the  system  wave  function  in  the 
bound  and  continuum  electronic x  nuclear  eigenstates: 


=  |g)E9l^i)exp(-i£;,-t/fi)  +  Ele>E  / dEB{E,f,q\t)\E,f,q-)exp{^iEt/h), 

j  e  /.g 


(3) 


where  \E,f,q~)  is  an  eigenstate  of  He,  the  nuclear  Hamiltonian  in  an  excited  electronic 
state  I  e )  with  total  energy  E.  The  notation  indicates  that  this  state  represents  an 
(infinitesimally  narrow)  wavepacket,  correlating  as  t  — >■  oo  with  the  fragments  in  the  state 
\E,f,q). 

Since  only  the  continuum  eigenfunctions  pertain  to  the  dissociation  process,  the  energy- 
resolved  overall  probability  to  produce  fragments  in  arrangement-channel  q  is  given  in  terms 
of  the  continuum  expansion  coefficients  as, 

P{E,q)  =  J2\B{E,f,q\t^cx>)\\  (4) 

f 

The  B{E,f,q\t)  coefiicients  are  obtained  by  substituting  Eq.  (3)  into  the  time-dependent 
Schrodinger  equation: 
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(5) 


ih 


dt 


Here  H  is  the  total  Hamiltonian  given  in  the  dipole  approximation  as  i/  =  Hu  -  d£(t), 
where  d  is  the  projection  of  the  electric  dipole  operator  on  the  direction  of  the  polarization 
of  the  electric  field  and  Hm  is  the  (nuclear+electronic)  material  Hamiltonian. 

After  making  the  substitution  of  Eq.  (3)  into  Eq.  (5),  we  obtain,  using  first-order 
perturbation  theory  and  the  rotating  wave  approximation  [12,21],  that, 

B{E,  f,  q\t)  =  ^  H  Cj{E,  /,  q~\deJEj)  j  doj£(uj)  dt'  exp  [i{uJEEj  -  w)t'] , 

(6) 


where  de,^  =  ( e  |d|  g )  and  ijjEEj  =  {E  -  Ej)/h. 

Denoting  e{uj)  by  e(uj)  and  using  the  fact  that  at  t  ->  oo  the  time  integral  is 

reduced  to  a  delta  function,  we  have  that. 


Hence  that. 


TFZ  - 

E(E,  f,qloo)  =  —'^Cj(F,f,q~lde,glEj)€(cjEEj)- 
j 


Y^Cj(E,f,q  \de,g\Ej)  e{uEEj) 
j 

Expanding  the  square  in  Eq.  (8)  gives 

P(E,q)  = 

where 


(7) 


(8) 


(9) 


Fij  =  Cie{ujEE,)c*t{uEEj),  //g  =  Y.iFMejE,  /,  q-)  {E,  /,  q-\d,,g\Ej).  (10) 

/ 

Note  that  all  molecular  attributes  are  contained  in  /zg-  and  that  control  over  the  branch¬ 
ing  ratios  results  from  changing  the  experimentally-controlled  parameters  in  the  Fjj  terms, 
e.g.  the  magnitudes  and  phases  of  the  laser  and  the  coefficients  describing  the  initially  pre¬ 
pared  superposition  state  [Eq.  (1)].  Equation  (9)  provides  a  particularly  convenient  form 
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for  guiding  CC  experiments  because  it  allows  for  the  extraction  of  the  fJ-j  numbers  from 
experimental  data,  thereby  providing  the  entire  “control  map”,  i.e.,  P{E,  g)  as  a  function  of 
Fij.  For  example,  in  the  bichromatic  case,  P{E,q)  is  given  as  a  bilinear  form  in  Cie{ujgEi), 
determined  by  three  independent  complex  parameters  fJ-j,  i  =  1,2;  j  <  i.  In  this  case 
the  control  map  may  be  determined  experimentally  by  performing  six  measurements  of  the 
product  yield  at  six  independent  values  of  the  Fij  variables.  Inversion  of  Eq.  (9)  then  allows 
for  the  extraction  of  the  three  complex  numbers  which  allow  the  experimentalist  to  tune 
the  fields  to  get  any  desired  value  of  P{E,  q)  between  PminiE,  q)  and  Pmax{.E,  q).  The  latter 
extrema  can  also  be  determined  analytically  from  Eq.  (9). 

III.  THE  PSEUDO  LINEAR  TRIATOMIC  MODEL  OF  CH2lBr 


To  simplify  the  calculations,  we  treat  CH2BrI  as  a  pseudo  linear  triatomic,  composed  of 
the  I,  CH2  and  Br  groups  arranged  on  a  line  in  this  order.  The  model  implicitly  assumes 
that  the  higher  frequency  C-H  motions  are  frozen.  Accordingly,  the  dissociating  process  is 
described  by  just  two  coordinates:  tc-bd  the  separation  between  the  center-of-mass  of  the 
CH2  group  and  Br,  and  rc-i,  the  separation  between  CH2  and  I. 

In  order  to  compute  the  dipole  transition  amplitudes  {E,  f,q~\d^^g\Ei)  which  make  up 
the  matrix  elements  of  Eq.  (9),  we  need  to  solve  the  nuclear  Schrodinger  equations  in 
the  ground  and  excited  electronic  states, 


2/r  dP? 


2m 


■VW^{R,r)-Ei 


{R,r\Ei)  =  0, 


(11) 


2ndR? 


2m  9r2 


+  W,{R,r)-E 


{R,r\E,f,q  )  =  0. 


These  two  equations  are  expressed  in  two  Jacobi  coordinates,  r  and  R,  defined  for  each 
arrangement  as. 


=  rc-x,  R  =  rc-Y  +  nrxrc-x,  lx 


mx 

(mx  +  mcB.2)' 


(13) 
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where,  X  =  Br,  Y  =  I  for  the  CH2Br+I  arrangement  and  X  =  I,  Y  =  Br  for  the  CH2l+Br 
arrangement.  The  masses  appearing  in  Eq.  (11)  and  Eq.  (12)  are  defined  for  each  CH2X+Y 
arrangement  as, 

mYmcH2X  J7ixmcH2 

jji  —  'z  ^  V  j  Tn  —  >  j 

(mi  +  mcH2  +  ("lx  +  "ICH2) 

"ICH2X  =  "1ch2  +  "lx,  "1ch2  ="ic  +  2mH, 

with  TUa,  a  =  H,  C,  Br,  I,  is  the  mass  of  the  indicated  atom. 

The  ground  state  potential  Wg(J?,  r)  is  constructed  as  a  sum  of  the  two  Morse  potential 
functions: 

Wg(i?,  r)  =  Wg(rc-I,  rc-Br)  =  V'Morse(^C-l)  +  Yj^Le(^C-Br),  (16) 

where  the  CH2-I  part  of  the  potential  is  taken  from  Ref.  [22] : 

^Morse  =  exp[-Q!^(rc-i  -  r^)]  {exp[-Q;^(rc-i  -  r^)]  -  2}  ,  (17) 

with,  =  0.0874,  =  0.87094,  =  4.04326,  all  expressed  in  atomic  units  (aw).  The 

Morse  potential  for  CH2-Br  stretch  is  parameterized  following  the  ground  potential  of  CHaBr 
molecule  [23-25],  as, 

exp[-a®'' (rc-Br  -  r^')]  {exp[-Q:®''(rc-Br  -  r®")]  -  2}  ,  (18) 

with,  =  0.10694,  a®''  =  0.9154,  and  r®"^  =  3.6849,  all  in  aw.  The  ground  electronic  state 
PES  of  CH2BrI  obtained  in  this  way  is  shown  in  Fig.  1. 

In  order  to  obtain  a  form  capable  of  describing  the  two  continuum  absorption  bands  of 
CH2BrI,  a  flexible  parameterization  of  the  excited  PES  was  adopted.  Experimentally,  the 
CH2BrI  spectrum  [16]  consists  of  two  broad  bands,  one  (the  A-band),  peaking  near  270 
nm,  corresponds  to  the  promotion  of  a  non-bonding  iodine  electron  to  a  C-I  antibonding 
orbital,  and  the  other  (the  B-band),  peaking  near  215  nm,  corresponds  to  the  promotion  of 
a  non-bonding  Br  electron  to  a  C-Br  antibonding  orbital. 

We  have  chosen  to  represent  the  A-band  and  B-band  excited  PES,  denoted  as  W^,  and 
Wb,  respectively,  as, 

W'.(rc-B,.rc-i)  =  [V;'(rc-i)  +  Vg;,»(rc-B,)]  /(i)+ 


(14) 

(15) 
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K®'(^C-Br)  +  V^orse(^C-l)]  [1  “  f{x)]  ,  e  =  a,  b. 


(19) 


The  Vj  and  Vg®'’  (e=a,b)  functions  are  purely  repulsive  terms,  given  as, 

K‘(''o-l)  =  C'exp{-^]rc-i},  ^“'(rc-Br)  =  Cf'exp{-^f'ro-Br}- 


(20) 


f(x)  of  the  above  is  a  “bond-switching”  function, 

1  rc-Br 


fi^)  =  Y 


X  = 


x/i  =  0.5,  a/i  =  30. 


(21) 


+  exp{Q»(x-x/,)}’  "  (rc-i  +  ro-Br)  ’ 

The  switching  of  the  Morse  potentials  ensures  that  the  excited  state  potentials  asymptotically 
approach  the  correct  fragment  potentials  [8], 


Ws{RY,rc-x)  =  Vuoisei'TC-x), 

/ty— >-00 


s  =  g,e;  X  =  I,  Y  =  Br  or  X  =  Br,  Y  =  I. 


(22) 


The  absolute  values  and  nuclear  coordinates  dependence  of  the  de,g  transition-dipole 
matrix  elements  are  not  yet  known  for  this  system.  Since  we  are  interested  only  in  the 
ratios  of  products,  for  which  the  absolute  magnitudes  of  the  dipole  matrix  elements  are  not 
important  in  the  weak  field  limit,  we  have  assumed  the  transition  dipoles  to  be  constant, 
their  ratio  being  fixed  according  to  the  absorption  maximum  of  the  A-band  relative  to  that 
of  the  B-band  as,  dA,g/dB,g  =  0.48783. 

As  shown  below,  the  relative  value  of  the  dipole  moments  and  the  excited  PES’s  chosen 
here  account  well  for  the  observed  absorption  spectra  in  the  A  and  the  B  bands.  The  features 
that  are  not  treated  are  the  sharp  structures  near  190  nm  [16],  which  are  due  to  transition 
to  Rydberg  states,  and  the  three  body  dissociation  channel  CH2BrI  -4  CH2  -I-  I  -I-  Br.  In 
addition,  the  calculations  presented  below  assume  the  validity  of  the  Born-Oppenheimer 
approximation.  The  non-Born-Oppenheimer  coupling  terms  between  the  excited  PES  of  Eq. 
(19)  were  neglected  because  there  was  not  enough  experimental  information  to  warrant  their 
inclusion. 

Despite  the  neglect  of  the  non-Born-Oppenheimer  coupling  terms,  the  most  important  in¬ 
terference  effect  between  the  two  PES,  that  of  the  interference  between  transitions  leading  to 
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the  same  final  product  state,  arising  mainly  at  wavelengths  where  the  A  and  B  bands  overlap, 
was  taken  into  account.  This  was  done  by  computing  the  photodissociation  cross-sections  as 
the  square  of  the  absolute-value  of  the  sum  of  the  two  photodissociation  amplitudes  leading, 
via  each  (A  or  B)  excited  electronic  state,  to  the  same  final  \E,f,q)  fragment  state. 

The  C^,  /3^,  A  =  I,  Br,  e  =  a,  b,  parameters  in  the  potentials  were  chosen  to  reproduce 
the  experimental  I/Br  branching  ratios  at,  two  wavelengths,  193.3  nm  and  248.5  nm,  i.e. 
experimental  [16]  ratios  of  1.2:1  and  1:3.5,  respectively.  The  values  we  adopted  (in  au)  are. 
Cl  =  1.25,  Pi  =  0.75,  Cf*'  =  0.25,  =  0.25,  Cl  =  0.23,  Pi  =  0.08,  =  0.729,  p^'^  =  0.9. 

We  found,  in  contrast  to  the  absorption  peak  positions  and  band  widths,  that  the  I/Br  ratios 
at  248.5  and  193.3  nm  are  very  sensitive  to  these  potential  parameters.  Contour  plots  of  the 
We  PES’s  as  functions  of  the  C-I  and  C-Br  distances  are  shown  in  Fig.  2.  We  also  provide,  in 
Figure  3,  a  cut  through  the  three  surfaces  and  the  associated  frequencies,  in  order  to  clarify 
the  control  scenario. 

The  degree  of  overlap  with  the  ground  state  wavefunction,  which  to  a  large  extent  deter¬ 
mines  which  dissociation  channel  dominates  each  band,  is  greatly  influenced  by  the  P^  and 
P^'^  parameters.  Thus  Wa,  which  determines  the  dynamics  in  the  A-band  region,  is  parame¬ 
terized  by  Pi  =  0.75,  which  is  much  larger  than  P^’^  (=0.25).  In  contrast,  in  Wb,  Pi  (=0.08) 
is  much  smaller  than  Z?®’’  (=0.9).  As  a  result,  the  dissociation  on  the  Wa  PES  produces  more 
iodine  (peaking  at  274.5  nm)  than  bromine  (peaking  at  247.2  nm),  while  dissociation  on  the 
Wb  surface  produces  more  bromine  (which  peaks  at  213.5  nm)  than  iodine  (peaking  at  194.4 
nm). 

Given  these  potentials,  we  solved  the  nuclear  Schrddinger  equations  in  the  excited  states 
[Eq.  (12)1  numerically  using  a  method  that  we  recently  introduced  [11,12].  Specifically,  the 
computation  is  complicated  because  of  the  existence  of  two  {q  =CH2Br  -l-I  and  g'=CH2l-l-Br) 
arrangement  channels.  In  order  to  treat  such  a  problem  we  have  employed  the  Negative 
Imaginary  Potential  (NIP)  method  [9,10],  in  conjunction  with  the  Artificial  Channel  Method 
(ACM)  [11,12],  the  latter  allowing  for  the  direct  calculation  of  the  photodissociation  transi¬ 
tion  amplitudes  without  the  explicit  solution  of  the  wavefunctions  of  Eq.  (11)  or  Eq.  (12). 

The  combined  NIP- ACM  is  described  in  detail  in  Ref.  [8].  In  essence,  the  NIP  method  re- 
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duces  a  multi-arrangements  system  to  a  set  of  single-arrangement  problems.  This  is  achieved 
by  adding  short-range  NIPs,  Ul”'{R,r),  e  =  a,  b,  at  the  entrance  regions  of  all  the  product 
channels  q'  ^  q,  where  q  is  the  arrangement  we  wish  to  study.  In  this  way  the  flux  to  all 
q'  ^  q  arrangements  is  absorbed,  while  leaving  the  solutions  in  the  q  arrangement  intact. 
This  allows  for  the  use  of  the  appropriate  q  speciflc  Jacobi  coordinate  system  of  Eq.  (11) 
and  Eq.  (12)  for  each  arrangement.  By  repeating  this  procedure  for  each  of  the  q  arrange¬ 
ment  channels  we  can  compute  the  detailed  state-to-state  {E,  /,  q~\ds^g\Ej)  photodissociation 
amplitudes  of  Eq.  (6)  for  all  the  arrangements. 

The  linear  ramp  potential  of  Ref.  [9]  was  chosen  as  the  form  of  the  NIP,  i.e. 


y.'”(K,r)  = 


L  rl^)<r<rP  , 

®  ®  ,  e  =  a,  b. 


otherwise 


Having  chosen  the  Ul^{R,r)  NIP,  Eq.  (12)  is  now  solved  for  the  complex  potential 
ITe(R)»') 35, 


We{R,r)  =  W,{R,r)  +  Ul"^{R,r), 


e  =  a,  b. 


In  order  to  solve  the  nuclear  Schrodinger  equations  [Eq.  (11)  and  Eq.  (12)],  which  are  partial 
differential  equations  in  two  {R  and  r)  variables,  we  expand  the  nuclear  wavefunction  in  the 
usual  manner  in  a  vibrational  basis  (r|£„)  which  is  the  solution  of  the  Schrodinger  equation, 

1 

2m  ~  ~  0)  (25) 

of  either  the  CH2-I  or  the  CH2-Br  fragment  (assumed  to  be  in  their  ground  electronic  state). 
By  inserting  this  expansion  into  Eq.  (11)  and  Eq.  (12)  we  obtain  a  set  of  (Coupled  Channels) 
ordinary  second  order  differential  equations  which  are  solved  by  the  log-derivative  method 
[13]. 

In  order  to  converge  the  bound  state  calculation  [Eq.  (11)],  a  basis  set  composed  of 
Ng  =  15  vibrational  states  (v  =  0, 1, ...,  14)  was  used.  A  much  larger  basis  had  to  be  used  for 
the  excited  states  calculations,  especially  at  high  excitation  frequencies.  While  the  results 
were  fully  convergent  with  Na,b  =  40  basis  functions  for  the  major  arrangements,  i.e.,  the 
CH2Br-t-I  arrangement  in  the  A-band  and  the  CH2l-l-Br  arrangement  in  the  B-band,  95  basis 
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functions  had  to  be  used  to  attain  convergence  for  CH2Br+I  arrangement  in  the  B-band  and 
the  CH2l+Br  arrangement  in  the  A-band  . 

We  have  chosen  the  constant  of  Eq.  (23)  to  be  equal  to  0.05  au.  This  value  ensures 
that  all  the  flux  perpendicular  to  the  r  =  line  in  the  {R,  r)  plane  is  completely  absorbed 
before  the  propagation  reaches  the  r  =  line.  The  values  of  the  and  variables 
were  chosen  as  the  smallest  for  which  converged  results  (i.e.  converged  in  the  number  of 
vibrational  channels) ,  were  insensitive  to  changes  in  these  r  values.  As  the  photon  energy 
is  raised,  the  number  of  vibrational  channels,  Ne,  in  the  wavefunction  expansion  has  to  be 
increased  in  order  to  attain  convergence  [8].  This  also  affects  the  value  of  Thus,  at  248.5 
nm  convergence  is  attained  for  =  5.0  and  A^e=40,  while  =  8.0  and  Ae=95  must  be 
chosen  in  order  to  attain  converged  results  at  190.0  nm. 

The  (E,  /,  q~\de,g\Ej)  transition  amplitudes  were  obtained  directly  using  the  ACM  [11,12] 
coupled  to  the  log-derivative  propagator  [13].  The  (e,,/|  [We(i?)  t")  -  Vg{T)  [£«)  potential  ma¬ 
trix  elements  (which  serve  as  input  to  the  Coupled  Channels  equations)  were  calculated 
using  the  Discrete  Position  Operator  Representation  (DPOR)  method  [26]  (see  also  [8]).  In 
the  Born-Oppenheimer  approximation  the  photodissociation  amplitudes  can  be  calculated 
separately  for  each  electronic  transition.  The  total  cross  section  was  therefore  obtained  by 
squaring  the  absolute  value  of  the  sum  of  the  e=a  and  e=b  photodissociation  amplitudes. 

The  natural  (“un-controlled”)  continuum  absorption  spectrum  of  CH2BrI  calculated  in 
this  manner,  assuming  that  the  ground  vibrational  state  \E\)  is  initially  populated,  is  shown 
in  Fig. 3.  The  computed  spectrum  is  in  good  agreement  with  the  experimental  result,  peak¬ 
ing  at  213.5  nm  for  the  B-band  and  at  274.5  nm  for  the  A-band,  as  compared  with  the 
experimental  values  of  215  nm  and  270  nm,  respectively.  Other  properties  such  as  the  I/Br 
ratio  at  two  wavelengths,  at  193.3  nm  and  at  248.5  nm  were  also  computed  and  found  to 
be  in  good  agreement  with  the  experimental  results  [16].  The  branching  ratios  at  other 
wavelengths  have  so  far  not  been  measured. 
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IV.  COHERENT  CONTROL  OF  THE  BRANCHING  PHOTODISSOCIATION  OF 


CHalBr 

Consider  then  the  application  of  bichromatic  control  to  the 
CH2Br  +  I  (g  =  1)  •<—  CH2BrI-^CH2l  +  Br  (5  =  2)  photodissociation  process.  The  initial 
superposition  state  of  Eq.  (1)  is  accordingly  chosen  as, 

=  0)  =  \g){ck\Ek)  +  ci\Ei)} .  (26) 

The  dissociation  laser  electric  field  e(uj)  is  comprised  of  two  sharp  lines,  at  frequencies  Uh  = 
{E  —  Ek)/h  and  ui  =  {E  —  Ei)/h.  The  ratio  of  product  yield  in  the  two  arrangements  at 
energy  E  is  R{E)  =  written  [1],  using  Eq.  (9),  as, 

p/ps  _  l/^Sl  +  +  2a;cos(^fc  -9i+  4!i)|//S| 

I  +  2xcos{ek  -  +  aS)l4!Jl 

The  ajj  in  this  equation  are  the  so-called  “molecular”  phases,  defined  as, 

t^ij  (28) 

X  is  given  hy  x  =  fi/ fk,  where  fj  is  defined  as, 

e{u}BEj)cj  =  fjexpiiOj),  j  =  k,l.  (29) 

The  X  and  9  =  61  —  9k  serve  as  the  experimental  knobs  for  bichromatic  control. 

In  addition  to  the  two  interfering  pathways  (see  Eq.  (7)  or  Eq.  (27)),  which  contribute 
to  photodissociation  at  energy  E  =  Ek  +  huk  =  Ei  +  huji,  there  are  two  additional  pathways 
(“satellites”)  causing  dissociation  at  energies  E'  =  Ek  +  hcji  and  E"  =  Ei  +  fwjk-  Because 
each  satellite  occurs  at  a  different  energy,  the  interference  term  between  the  two  satellites 
averages  out  to  zero  over  time.  Hence  the  satellites  do  not  interfere  with  each  other,  neither 
do  they  interfere  with  the  two  (“main”)  pathways  at  energy  E.  The  non-interfering  (and 
therefore  uncontrollable)  contributions  of  the  two  satellites  must  nevertheless  be  included  in 
the  yield  calculations. 
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A.  Control  over  the  A-band  and  the  B-band  dissociation  of  CH2BrI 

We  first  present  results  of  our  calculations  for  two  excitation  wavelengths,  Ai  =  248.5 
nm  and  Ai  =  193.3  nm,  for  which  experimental  I/Br  branching  ratios  are  available  [16].  In 
the  CC  calculations  the  quoted  value  of  Ai  serves  to  indicate  the  total  energy  E,  given  as, 
E  =  Ek  +  hc/Xi  where  Ek  <  Ei.  The  second  CW  source  is  therefore  at  a  wavelength  A2 
satisfying  E  =  Ek  +  hc/Xi  =  Ei  +  hcjXi. 

The  calculated  I/Br  branching  ratios  for  excitation  from  a  superposition  of  the  |£'i)  and 
the  |£?2)  vibrational  states  at  an  energy  corresponding  to  Ai  =  248.5  nm,  are  shown  in 
Fig.  3  as  a  function  of  the  dimensionless  amplitude  s  =  l/|H-|^p|  =  l/{l  +  ^}  where 
X  —  I/2//1I,  and  the  6  —  9i  —  62  phase.  Varying  s  from  zero  to  one  corresponds  to  changing 
the  initial  superposition  state  from  the  pure  |  Ei )  state  to  a  state  made  up  entirely  of  state 
|£2). 

The  results  presented  in  Fig.  5,  at  Ai  =  248.5  nm,  clearly  demonstrate  the  broad  range 
of  control  over  the  I/Br  branching  ratio.  The  I/Br  branching  ratio  can  be  varied  from  0.39, 
at  s  =  0.24,  9  =  0°,  to  6.22,  at  s  =  0.7,  9  =  187.2°.  This  corresponds  to  a  variation  in  the 
CH2Br+I  yield  of  26.1%  to  85.1  %.  By  contrast,  the  uncontrolled  I/Br  ratio  attained  with 
only  one  laser  is  1.2  for  s  =  0  and  3.73  for  s  =  1,  in  accord  with  experiment. 

A  smaller  range  of  control  is  attainable  in  the  presence  of  a  strong  natural  bias.  For 
example,  in  Fig.  6  we  present  results  at  an  energy  corresponding  to  Ai  =  193.3  nm.  At  this 
energy  the  1/  Br  branching  ratio,  though  varying  substantially  between  0.007,  at  s  =  0.86, 
9  —  331.2°,  and  0.26,  at  s  =  0.08,  9  =  21.6°,  is  always  smaller  than  1.  This  limitation  is  due 
to  the  fact  that  Ai  =  193.3  nm  lies  at  the  tail  of  the  B-band  where  the  natural  dynamics  is 
heavily  biased  towards  the  dissociation  of  the  C-Br  bond. 

In  fact  the  wide  range  of  control  demonstrated  in  Fig.  5  is  due  to  the  substantial  overlap 
between  the  A  and  the  B  bands  at  Ai  =  248.5  nm.  As  we  move  closer  to  the  absorption 
maxima  of  either  band,  the  degree  of  control  is  reduced.  For  example,  at  Ai  =  251  nm,  the 
I/Br  branching  ratio,  though  varying  substantially  (from  2.57  to  28.5),  never  dips  below  the 
value  of  1.  In  a  similar  fashion,  closer  to  the  B-band  maximum,  at  Ai  =  245  nm,  the  I/Br 
branching  ratio  varies  from  0.02  to  0.43,  but  never  exceeds  unity. 
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The  nature  of  the  initial  superposition  state  significantly  affects  the  attainable  range  of 
control.  For  example,  the  most  striking  results  were  obtained  by  using  a  superposition  of 
the  lEi)  and  the  \E^)  states  at  Ai  =  248.5  nm.  As  shown  in  Fig.  7,  the  I/Br  branching  ratio 
can  be  varied  in  this  case  from  0.06  at  s  =  0.06,  9  =  180°  to  297.71  at  s  =  0.1,  ^  =  0°. 

As  noted  above,  the  degree  of  control  is  diminished  by  the  existence  of  the  uncontrollable 
’’satellites”  [3],  not  included  in  the  computations  reported  above.  Figure  8  shows  contour  plot 
of  I/Br  branching  ratio  which  includes  the  satellite  contributions.  Results  for  the  excitation 
with  Ai  =  248.5  from  a  superposition  of  |£'i)  and  \E2)  states  are  presented.  Since  the 
satellite  contributions  cannot  be  expressed  in  terms  of  the  x  or  s  parameters,  we  assumed 
that  both  laser  field  amplitudes  are  equal  to  1,  [eil  =  |£2|  =  !•  As  expected,  the  addition  of 
the  uncontrolled  satellite  terms  reduces  the  range  of  control  (compare  to  Fig.  4),  which  now 
extends  from  0.99  at  s  =  0.44,  0  =  0°  to  5.03  at  s  =  0.88,  9  =  187.2°.  Similarly,  for  example, 
control  for  excitation  with  Ai  =  248.5  from  a  superposition  of  \Ez)  and  \E^)  states  extends 
over  the  range  0.94  at  s  =  0.54,  9  =  180°  to  6.87  at  s  =  0.76,  9  =  0°  when  the  satellites  are 
included,  as  compared  to  the  control  ratios  cited  above. 

B.  Control  in  a  single  excited  state  dissociation  model 

In  many  of  the  examples  in  the  previous  section  we  found  a  strong  correspondence  be¬ 
tween  the  excited  PES  and  the  preferred  product  arrangement.  Thus  at  Ai  =  248.5  nm,  there 
exists  a  heavy  bias  for  the  PES  to  yield  the  CH2Br-|-I  arrangement  and  the  IFb  PES  to 
yield  the  CH2l+Br  arrangement.  It  is  therefore  important  to  investigate  a  model  system  in 
which  the  dynamics  on  a  single  PES  bifurcates  into  the  two  arrangements  more  democrat¬ 
ically.  Further,  such  a  structure  is  expected  to  be  characteristic  of  many  systems.  In  order 
to  study  this  type  of  control  we  have  devised  a  model  excited  PES,  Wh,  which  has  single 
absorption  band  whose  minimum  and  maximum  in  the  I/Br  yield  occur  at  not-too-distant 
excitation  wavelengths. 

The  model  PES  chosen,  shown  in  Fig.  9  as  a  cut  through  the  surfaces  and  as  a  contour  plot 
in  Fig.  10a,  has  the  same  form  as  the  PES  of  Eq.  (17)  with  the  following  parameters:  Cl  = 
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0.37,  ,5^  =  0.3,  C'®''  =  0.27,  0^'^  =  0.35.  The  feature  allowing  for  the  more  even  bifurcation 
pattern  is  the  almost  symmetrical  location  of  the  saddle  point  region  near  rc-sr  ~  and 
rc-\  This  location  brings  about  a  good  overlap  between  the  ground  wavefunction 

and  the  excited  wavefunctions  leading  to  both  product  channels.  In  order  to  best  choose 
the  NIP  in  this  case,  special  care  had  to  be  taken  with  respect  to  the  choice  of  the 
parameter.  This  variable  was  assigned  the  value  of  4.9  au  after  performing  an  extensive 
set  of  convergence  tests.  Convergence  was  achieved  when  the  same  value  of  could  be 
used  for  a  variety  of  values  for  the  total  number  of  channels.  Here,  the  convergence  issues 
were  similar  to  those  discussed  for  the  CO2  dissociation  [8]  where  the  two  product  channels, 
corresponding  to  CO  +0  and  0  +  CO,  both  have  large  overlap  with  the  excited  ground 
state.  The  photodissociation  probabilities  for  both  arrangements  obtained  using  the  above 
model  PES  are  shown  in  Fig.  10b.  The  CH2Br+I  channel  (solid  line)  is  seen  to  peak  at 
239.4  nm  while  the  CH2l+Br  channel  (dashed  line)  peaks  at  238.4  nm. 

Figure  11  shows  the  coherently  controlled  I/Br  branching  ratios  at  the  maximum  (Ai  = 
239  nm)  of  the  total  absorption  spectrum.  Clearly  in  evidence  is  the  extensive  range  of 
attainable  control  in  this  model:  The  I/Br  branching  ratio  varies  from  0.85  at  s  =  0.94, 
6  =  43.2°  to  the  maximum  value  of  5.2  at  s  =  0.92,  9  =  208.8°.  The  I/Br  range  remains 
extensive  even  when  the  satellite  contributions  are  included:  it  extends  from  0.99  to  4.59. 
As  in  the  two  potential  model,  less  extensive  control  is  achieved  in  the  presence  of  a  strong 
natural  bias  towards  a  particular  product.  For  example,  the  I/Br  ratio  can  be  controlled 
over  the  range  of  0.66  to  1.7  at  an  excitation  wavelength  of  231  nm  and  from  33.8  to  1535.5 
at  Ai  =  249  nm. 

The  dependence  of  the  control  plots  on  9  is  also  of  interest,  containing  useful  information 
on  the  nature  of  the  photodissociation  dynamics.  Inspection  of  the  results  in  Sect.  IVA 
on  the  realistic  case  with  two  excited  states  potentials  (see  Figs.  4-8)  reveals  that  the  I/Br 
branching  ratio  has  its  extrema  for  the  case  of  Ai  =  248.5  nm  at  0  0°  or  0  »  180°.  This 

is  because  the  “molecular  phase”  a  quantity  of  considerable  interest  [27],  is  «  0  or  ±7r. 
That  is,  in  accord  with  Eq.  (28),  is  essentially  a  real  number  at  these  frequencies.  By 
contrast,  as  demonstrated  in  Fig.  11,  the  model  PES  discussed  in  this  section  results  in  a 
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larger  molecular  phase  ai^2-  As  a  result,  the  maxima  and  minima  in  the  controlled  I/Br 
ratios  occur  at  values  other  than  0°  and  180®.  For  example,  at  239  nm  the  minimum  occurs 
at  0  =  43.2°  and  the  maximum  at  0  =  208.8°. 

The  reason  for  the  aij  w  0  in  the  two-PES-case  at  various  frequencies  is  due  to  the 
similarities  in  the  phases  of  the  {E,  f,q~\de,g\Ek)  transition  amplitudes  which  comprise  (see 
Eq.  (28))  the  matrix  elements.  This  phenomenon  can  be  traced  back  to  the  fact  that  in 
the  absence  of  strong  inelastic  transitions  the  phases  of  {E,  f,  q~\R,  r)  wave  functions  appear 
as  mere  multiplicative  factors.  As  a  result,  the  {Ek\de,g\E,  f,q~){E,  f,q~\de,g\Ei)  product  is 
essentially  a  real  number. 

In  order  to  demonstrate  this,  we  have  examined  a  measure  of  inelasticity  of  the  dissocia¬ 
tion  process  in  the  q  arrangement,  defined  as,  RineiasUc  =  Herei,i 

denote  the  product  vibrational  channels  and  Sg-.ij  denotes  the  scattering  matrix  element  for 
arrangement  q  starting  in  state  i  and  going  to  state  j.  We  find,  for  example,  that  for  the 
realistic  2-potentials  case,  at  Ai  =  260  nm,  for  9  =  1  (i.e.  CH2Br  -l-I)  RineiasUc  =  2.75  x  10~^, 
while  for  the  model  potential,  at  Ai  =  230  nm,  RineiasUc  =  0.44  leading  Q!i,2  to  deviate  from 
the  0  and  tt.  Note  that  in  the  realistic  two  excited  PES  case,  the  above  criterion  could  not 
be  used  when  the  A  and  the  B  bands  overlap  because  of  the  interference  between  the  Wa 
and  the  Wb  mediated  dissociation  pathways. 

C.  Control  in  the  Chaotic  Regime 

It  is  of  interest  to  study  the  possibility  of  phase  control  when  starting  from  highly- 
excited  bound  states  that  exhibit  chaotic  dynamics  in  the  classical  limit.  To  do  so  we 
first  consider  the  realistic  two-PES  model  of  Sect.  IVA  and  create  a  superposition  of  two 
states  approximately  40  kcal/mole  above  the  ground  vibrational  state.  These  states  are 
above  the  classical  onset  of  chaos  for  the  ground  state  of  this  molecule  and  exhibit  a  highly 
oscillatory  uncorrelated  [28]  behavior.  We  use  two  consecutive  states  with  the  following 
energies;  £"1  =  —0.128018  au  and  £2  =  —0.128008  au  measured  relative  to  the  threshold  for 
three  body  dissociation,  CH2+Br-|-I.  In  order  to  obtain  converged  bound  state  energies,  70 
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states  of  the  product  and  95  basis  functions  have  been  used. 

The  coherent  control  results  for  excitation  at  Ai  =  280  nm  are  shown  in  Fig.  12.  The 
range  of  control  is  seen  to  extend  from  an  I/Br  ratio  of  0.4  at  s  =  0.86,  9  =  345.6°  to  2.36 
at  s  =  0.52,  9  =  172.8°.  This  corresponds  to  decrease  by  56.7  %  of  the  results  obtained  for 
s  =  1  (where  the  I/Br  ratio  is  0.93)  and  to  increase  by  38.9  %  over  the  ratio  obtained  for 
s  =  0  (where  the  I/Br  ratio  is  1.7).  Less  extensive  control,  ranging  from  product  ratios  of 
0.36  to  1.0  at  Ai  =  248.5  nm,  from  0.29  to  2.13  at  Ai  =  275  nm,  and  from  0.3  to  0.82  at 
Ai  =375  nm,  were  also  obtained. 

Results  obtained  using  the  same  superposition  of  states  for  the  single-band  model  gave 
similar  control.  In  this  case  the  I/Br  branching  ratio  can  be  varied  from  0.55  to  2.26  at 
Ai  =361  nm,  corresponding  to  a  decrease  of  the  product  ratio  by  34.9%  or  increase  by  45.2% 
in  comparison  with  the  uncontrolled  s  =  1  and  s  =  0  ratios,  respectively.  Extensive  level 
of  control  can  also  be  obtained  for  some  other  excitation  wavelengths,  e.g.,  the  I/Br  ratio 
ranges  from  1.13  to  5.26  at  Ai  =380  nm,  and  from  2.66  to  6.95  at  Ai  =400  nm. 

Extensive  control  is  also  observed  when  one  prepares  superpositions  of  even  higher  lying 
energy  levels.  For  example,  the  I/Br  ratio  obtained  for  the  superposition  of  levels  with 
energies  Ei  =  —0.112382  au  and  E2  =  —0.112370  au,  which  are  only  5  kcal/mol  below  the 
CH2Br+I  dissociation  threshold  (55  kcal/mol  [16]),  with  Ai  =425  nm,  ranges  from  0.26  at 
s  =  0.54,  9  =  165.6°  to  2.16  at  s  =  0.06 , 9  =  345.6°.  A  large  degree  of  control  was  observed 
at  other  wavelengths  as  well,  e.g.  the  I/Br  ratio  varies  from  0.58  to  1.28  at  Aj  =400  nm, 
frop?  0.28  to  1.66  for  Ai  =  475  nm,  and  from  0.21  to  2.96  for  Ai  =  300  nm. 

An  equally  high  level  of  control  over  the  branching  ratio  can  be  achieved  for  the  single 
band  model  when  utilizing  the  superposition  of  the  second  pair  of  high-lying  states.  For 
instance,  at  Ai  =  227  nm,  the  I/Br  product  ratio  ranges  from  0.62  at  s  =  0.44,  9  =  172.8° 
to  7.41  at  s  =  0.68,  9  =  352.8°. 

It  is  evident  from  our  results  that  superpositions  of  highly-excited  states  provide  the  same 
quality  of  control  as  obtained  using  superpositions  of  low-lying  levels,  even  those  above  the 
onset  of  chaotic  motion.  Indeed,  coherent  control  over  a  completely  chaotic  system  has  also 
been  recently  demonstrated  [29]. 
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V.  SUMMARY 


In  this  paper  we  have  applied  the  bichromatic  CC  scenario  to  the  control  of  the  relative 
yield  of  products  in  the  photodissociation  of  CH2BrI  into  CH2Br  +  I  and  CH2I  +  Br.  To  do 
so  we  constructed  two  excited  PES  to  fit  the  measured  absorption  spectrum  and  the  I/Br 
branching  ratios  at  several  frequencies.  The  calculations  were  performed  using  a  combination 
of  the  NIP  and  the  ACM,  leading  to  the  identification  of  a  frequency  region  (near  248.5  nm) 
where  we  expect  a  high  level  of  control.  This  occurs  in  the  intermediate  region  between  A- 
and  B-bands  where  both  C-I  and  C-Br  fission  occur  to  a  significant  extent. 

The  dependence  of  control  on  various  the  parameters,  amplitudes  ratio  and  phases,  has 
been  examined.  The  results  clearly  show  that  extensive  control  can  be  achieved  by  simply 
preparing  superposition  of  two  levels  using  a  set  of  phase  controlled  CW  sources.  The  level 
of  control  has  been  shown  to  depend  strongly  on  the  makeup  of  the  superposition  state 
created  in  the  first  step.  For  example,  the  most  extensive  control,  ranging  in  I/Br  ratio  from 
0.06  to  297,  was  obtained  using  a  superposition  of  the  first  and  the  fifth  vibrational  levels 
of  the  ground  state.  The  effect  of  taking  into  account  uncontrollable  satellite  terms  has  also 
been  examined  and  we  showed  that  the  resulting  level  of  control,  though  diminished,  is  still 
considerable. 

Finally,  the  extent  of  control  afforded  for  the  excitation  from  the  superposition  of  two 
states  in  the  chaotic  regime  has  been  studied.  Our  results  show  that  excitation  from  a 
superposition  of  highly  excited  levels  provides  the  same  degree  of  control  as  the  excitation 
from  low-lying  states. 

As  is  evident  from  our  results,  an  experimental  effort  at  controlling  the  CH2BrI  and 
other  halomethane  bond  fission  reactions  is  well  warranted.  Possible  future  developments 
will  include  the  extension  of  the  CH2BrI  model  to  the  non-linear  case  in  order  to  include  the 
bending  of  the  CH2  group  as  well  as  applications  of  alternate  schemes  for  coherent  control 

[4]. 
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VI.  FIGURE  CAPTIONS 


Figure  1.  Contour  plot  of  Wg,  the  ground  PES  of  CH2BrI.  Energies  are  given  in  atomic 
units,  with  the  zero  of  energy  corresponding  to  the  three  body  dissociation  limit  of  CHgBrI, 
i.e,  E(CH2  +  Br  + 1)  =  0. 

Figure  2.  Contour  plot  of  the  excited  PES:  (a)  Wa,  and  (b)  W^. 

Figure  3,  Cut  through  the  three  potential  surfaces  along  the  CH2I  +Br  product  channel 
along  with  the  excitation  scheme.  The  spacing  between  the  two  levels  |  Ei )  and  |  £'2 )  is 
exaggerated  for  clarity. 

Figure  4.  The  calculated  absorption  spectrum  of  CH2BrI.  The  A-band  has  a  maximum  at 
274.5  nm  and  B-band  has  a  maximum  at  Ai  =  213.5  nm. 

Figure  5,  The  I/Br  branching  ratio  (xlO)  in  the  photodissociation  of  CH2BrI,  at  Ai  =  248.5 
nm,  using  a  superposition  of  |£i)  and  |£2)  states.  The  lower  limit  of  the  measured  I/Br 
branching  ratio  in  the  natural  photodissociation  process  is  1.2:1  [16]. 

Figure  6.  Contour  plot  of  the  I/Br  branching  ratio  (xlOO)  in  the  photodissociation  of 
CH2BrI  at  Ai  =  193.3  nm,  using  a  superposition  of  |£i)  and  |£2)  states.  The  measured  ratio 
is  1:3.5  [16]. 

Figure  7.  The  same  as  in  Fig.  4,  for  a  superposition  of  the  \Ei)  and  IE's)  states. 

Figure  8.  The  same  as  in  Fig.  4,  including  the  satellite  terms. 

Figure  9.  Cut  through  the  two  model  potential  surfaces  along  the  CH2I  +Br  product 
channel  along  with  the  excitation  scheme.  The  spacing  between  the  two  levels  |  Ei )  and 
I  £2 )  is  exaggerated  for  clarity. 

Figure  10  (a)  Contour  plot  of  the  model  excited  PES  PVh;  (b)  The  calculated  absorption 
spectrum  of  the  single  excited  state  model  of  CH2BrI. 

Figure  11.  The  same  as  in  Fig.  4,  for  the  single  excited  state  model  PES,  at  Ai  =  239  nm. 

Figure  12.  The  I/Br  branching  ratio  (xlO)  at  Ai  =  280  nm,  using  a  superposition  of  two 
highly  excited  states  («  15  kcal/mol  below  the  CH2Br+I  dissociation  threshold). 
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Abstract 

The  dynamics  of  a  three-level  atom  in  an  optical  lattice  comprising  two 
standing-wave  laser  beams  is  shown  to  display  either  regular  or  chaotic  trans¬ 
lational  motion,  depending  upon  the  relative  laser  phase.  Control  of  this 
behavior  is  explained  in  terms  of  the  nonadiabatic  transition  between  opti¬ 
cal  potentials  and  the  corresponding  regular  to  chaotic  transition  in  mixed 
classical-quantum  dynamics.  The  results  are  of  interest  to  both  areas  of  co¬ 
herent  control  and  quantum  chaos. 

PACS  numbers:  32.80.Qk,  05.45.Mt,  05.45.Gg 
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Recent  years  have  witnessed  an  increasing  interest  in  the  coherent  control  of  molecular 
and  atomic  processes  [1,2].  One  central  scheme  of  coherent  control  is  phase  control,  in 
which  different  optical  phases  are  introduced  into  coherent  laser-matter  interactions  in  order 
to  manipulate  quantum  interference  effects  and  thus  to  achieve  target  objectives.  It  has 
been  shown  that  phase  control  approaches  are  widely  applicable  [1]  even  to  some  systems 
displaying  quantum  chaotic  dynamics  [3]. 

In  this  Letter  we  report  all-optical  phase  control  of  the  translational  motion  of  atoms 
in  an  optical  lattice  comprising  two  standing-wave  laser  fields.  The  control  mechanism  is 
shown  to  originate  in  the  nonadiabatic  coupling  between  different  optical  potentials  as  well 
as  in  the  regular  to  chaotic  transition  in  a  mixed  classical-quantum  description  of  the  model 
system.  The  results,  which  are  of  broad  interest  to  both  coherent  control  and  quantum 
chaos,  substantially  enrich  our  understanding  of  the  role  of  optical  and  quantum  phases  in 
laser-atom  interaction. 

Consider  a  simple  model  of  a  A-type  3-level  atom  moving  along  two  co-propagating 
standing- wave  laser  beams,  with  two  lower  degenerate  levels  |1)  and  |3),  and  one  upper  level 
[2).  Two  laser  fields,  with  different  polarizations  and  cr_,  couple  |1)  with  |2)  and  [2) 
with  |3),  respectively.  Such  a  closed  3-level  A  configuration  may  be  realized  in,  for  example, 
^He  using  the  2^ Si  .2^ Pi  transition  [4].  The  laser  fields  are  of  the  same  frequency, 
with  large  detuning  A  from  |2).  We  use  x,  p,  M,  fli  h  (=  k2)  to  represent  the 

position,  momentum,  atomic  mass,  the  two  Rabi  frequencies  (assumed  real)  and  the  two 
wavevectors,  respectively.  The  relative  phase  of  the  two  standing-waves  is  denoted  by 
For  generality  we  employ  a  set  of  natural  units  by  scaling  all  the  parameters,  i.e.,  =  A 

for  X,  p’^  =  h/X  for  p,  t°  =  MX^/U  for  the  time  variable  t,  =  2/t°  for  A,  Qi  and  ^2-  In 
terms  of  these  units,  the  dynamical  equations  will  not  explicitly  contain  the  atomic  mass, 
the  effective  wavevector  is  given  hy  k  =  27r,  and  [x,p]  =  i  in  the  full  quantum  dynamics.  In 
the  rotating  wave  approximation  and  in  the  interaction  picture,  the  Hamiltonian  describing 
the  translational  motion  along  the  laser  beams  is  if  =  p‘^/2  +  {Vij),  with  the  potential  matrix 
{Vij)  {h  j  =  1,2,3)  given  by 
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2A  sin(A:a;)  0 

0,1  sin(/cx)  0  0.2  sm{kx  +  (j))  ■  (1) 

0  1^2  sin(A:a:  +  (f))  2A  j 

To  demonstrate  phase  control  of  the  dynamics  consider  numerical  results  for  the  case 
where  (1)  =  6.0  x  10^,  ^2  =  7.0  x  10^,  A  =  1.5  x  10^;  (2)  the  atom  is  initially  in 

internal  state  |1);  and  (3)  the  average  momentum,  average  position,  momentum  variance, 
and  position  variance  of  the  initial  Gaussian  wavepacket  are  given  by  (p)  =  25.0,  (x)  =  0.0, 
5p  =  10/-\/2  and  Sx  =  1.0/10-\/2,  respectively.  In  ^He,  this  corresponds  to  ~  77  psec, 
the  detuning  ~  27r  •  62  MHz  (about  38  times  the  linewidth  of  |2)),  and  the  initial  kinetic 
temperature  ~  29  pK.  The  results  shown  below  represent  typical  observations  for  a  wide 
range  of  system  parameters  and  initial  conditions  [5]. 

The  solid  lines  in  Fig.  1  show  the  time  dependence  of  the  momentum  expectation  value 
(p)  of  time  evolving  wavepackets  for  various  (j).  The  (j)  =  0  case  [Fig.  la]  displays  a  perfectly 
regular  recurrence  pattern.  By  contrast,  the  <f)  =  0.257r  case  [Fig.  lb]  is  characteristic  of  a 
relaxation  process,  in  which  one  sees  significantly  irregular  oscillations  of  small  amplitude. 
In  addition,  the  associated  power  spectrum,  not  shown,  is  also  quite  noisy.  Further  tuning 
0  leads  to  another  totally  different  situation:  in  the  (f)  =  0.57r  case  [Fig.  Ic],  (p)  lies  very 
close  to  its  initial  value  and  undergoes  regular  oscillations,  with  a  characteristic  frequency 
that  is  much  higher  than  that  in  the  ^  =  0  case  (The  dashed  curves  in  Fig.  1  are  discussed 
later  below). 

The  phase-controlled  regular  and  irregular  motion  shown  in  Fig.  1  is  associated  with 
entirely  different  type  of  sensitivity  of  the  dynamics  to  slight  changes  of  (f).  Figure  2  shows 
the  time  dependence  of  the  absolute  value  of  the  overlap  x  of  two  time  evolving  wavefunctions 
emanating  from  the  same  initial  Gaussian  wavepacket,  with  the  relative  phase  of  the  two 
laser  fields  given  by  and  0-l-7r/4OO,  respectively.  For  ^  =  0  or  =  0.57r,  x  remains  nearly 
one  throughout,  indicating  that  the  dynamics  is  highly  insensitive  to  tiny  changes  of  (j).  By 
contrast,  for  (j)  =  0.257r,  x  is  less  than  0.70  at  t  =  0.7.  This  interesting  hypersensitivity  [6] 
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quantum  chaos.  Further,  in  the  <j)  =  O.Stt  case  [Fig.  3c],  the  regular  classical  motion  is 
restored,  with  a  characteristic  frequency  identical  to  that  in  Fig.  Ic.  Clearly,  the  essence 
of  the  optical  phase  control  shown  in  Fig.  1  is  manifest  in  our  mixed  classical-quantum 
treatment. 

Also  enlightening  is  the  ensemble  statistics  in  the  classical  treatment  of  translational  mo¬ 
tion.  The  dashed  lines  in  Fig.  1  display  the  time  dependence  of  the  average  momentum  (p) 
for  a  classical  ensemble  of  trajectories  initially  centered  at  x  =  0  and  p  =  25.0,  with  the  same 
initial  variances  as  in  the  quantum  calculations.  Each  individual  trajectory  in  the  ensemble 
is  obtained  by  solving  Eqs.  (2),  (3),  and  (4).  The  quantum-classical  correspondence  for  the 
regular  dynamics  at  times  t  <  0.15  in  Figs,  la  and  Ic  is  impressive,  further  confirming  our 
understanding  of  the  full  quantum  dynamics.  On  the  other  hand,  as  seen  in  Fig.  lb,  {p)  for 
the  classical  ensemble  quickly  relaxes  to  zero,  whereas  (p)  for  the  quantum  ensemble  remains 
far  away  from  zero.  This  quantum-classical  difference  constitutes  an  excellent  example  of 
quantum  suppression  of  classical  chaos  in  an  unbounded  Hamiltonian  system. 

Further  insights  into  the  origin  of  phase  control  can  be  obtained  by  considering  the 
dynamics  in  an  adiabatic  representation.  To  do  so  let  us  introduce  an  orthogonal  transfor¬ 


mation  (Ojj)  {i,i  =  1,2,3)  to  diagonalize  the  potential  matrix  {Vij).  (Oij)  is  given  by 


/ 


Oi  sin  kx 
a/2(j72-A77) 


iOii)  = 


ti-A 

sin(fcx-h(/>) 

V  \/2(7j2-Ar?) 


^2  sin{kx+(f>)  111  sin(A:x) 

^  a/2(7j2+A77) 

0  -7-^-^ 

y/2{r]^+AT]) 

—Cli  sin(fca;)  ^2  sin{kx-\-(j)) 

^  \/2(^  +Ar?)  / 


(5) 


where  ^{x,(j})  =-^(2^  sin^(A:a;)  +  Q.2^in^{kx  +  ^)  and  T]{x,(j))=  \Ji'^{x^  (f>)  +  A^.  Correspond¬ 
ing  to  the  three  eigenvectors  {pij,02j,0zj)  {j  =  1,2,3),  are  three  eigen-potentials  Vi{x,(j)) 
given  by  Vi{x,  (f))  =  A  +  r]{x,  (j)),  the  constant  potential  V2  =  2A,  and  V3{x,  (j))  =  A  —  r]{x,  (j)). 
For  the  special  case  of  0  =  0,  Vj  and  V2  are  degenerate  at  kx  —  n-ir,  and  the  eigenvector 
(O12, 022, 032)  is  x-independent;  for  the  general  cases  of  0  7^  0,  ki(x,  (j))  >  V2>  V3(x,  (j)),  i.e.. 
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the  three  potential  curves  do  not  cross  one  another.  Of  particular  interest  is  the  constant 
potential  V2,  associated  with  the  eigenvector  (012,022,032).  Since 


sin(A:a:)Oi2  +  O2  sin(kx  +  (f))032  =  0, 


(6) 


V2  results  from  the  complete  quantum  destructive  interference  between  the  two  standing- 
wave  laser  fields.  As  such,  V2  is  an  extension  of  the  “dark  optical  lattice”  in  the  presence  of 
two  counter-propagating  plane- wave  laser  beams  [4,9,10]. 

Now  let  us  transform  Eqs.  (3)  and  (4)  to  the  eigen-potential  (adiabatic)  representation. 
Specifically,  consider  the  dynamics  in  terms  of  Oj,  i  =  1,2, 3,  where  Ci  =  Ylk=i  OkiCk-  Using 
Xyjk=i  OkiOkj  ~  ^ij  &n.d  Ylk=i  Oki^Okj/dx  =  Sfc=:i  OkjdOki/dx,  Eqs.  (3)  and  (4)  can  be 
transformed  to 

idVi{x,(j))  -  2^14(2;, (^) 


dp 

dt 


'  ''  dx  '  ^ 


dx 


(7) 


and 


^  dCi  ^ 
dt 

^  Vi{x,(l))  it  12  -iti3 

dC<i 

dt 

—it  12  V2  ~it23 

dC?, 

\  / 

iti3  it23  V3{x,<f>)  j 

C2 


(8) 


where  the  diagonal  terms  are  the  three  adiabatic  potentials  given  above,  and  the  poten¬ 
tial  coupling  terms  are  given  by  ti2{x,(j))  =  pkQ,iQ2sin{(f))/[2^‘^{Tf  —  Ar/)]^^^  ^13(2:,^)  = 
pkA^nl  sm{2kx)  +  sin(2/sa;  -t-  2^)]/477^i^,  and  ^23(2;,  </>)  =  pk^liQ,2  sin(0)/[2^^(r;^  4-  ATy)]^^ 
[11].  Note  that  ty  (i  ^  j  =  1,2,3)  is  proportional  to  the  momentum  p.  Thus,  the  coupling 
between  optical  potentials  is  due  to  the  nonadiabatic  effects  associated  with  translational 
motion.  Further,  for  the  computational  example  discussed  above  (and  many  other  cases  in 
which  A  >  0)  one  has  min[Vi(Xj0)  —  V2]  <<  min[V2  —  U3(x,  (^)]  and  ti2{x,(f))  »  t23{x,4>), 
suggesting  that  V3{x,(f))  is  effectively  decoupled  from  Vi{x,(j))  and  V2.  Note  also  that  at 
the  initial  location  3:  =  0,  the  initial  internal  state  |1)  is  a  superposition  state  of  the  two 
eigenvectors  associated  with  Vi  and  V2  for  (^  =  0,  and  reduces  to  the  eigenvector  associated 
with  V2  for  0  0. 
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The  key  role  of  (j)  becomes  clear  as  one  compares  the  magnitude  of  the  nonadiabatic  cou¬ 
pling  term  ti2{x,  <f>)  with  that  of  (Vi  —  Vi).  For  case  (a),  0  =  0  and  ^12(2;,  0  =  0)  =  0,  so  the 
dynamics  is  adiabatic.  Thus,  in  the  case  of  Fig.  la,  the  quantum  ensemble  divides  into  two 
sub-ensembles:  one  is  trapped  in  one  well  of  Vi  around  2;  =  0  and  undergoes  periodic  oscilla¬ 
tions,  and  the  other  experiences  the  trivial  motion  on  the  constant  potential  Vi-  For  case  (b), 
0  =  0.257r.  Here  the  smallest  gap  between  Vi  and  Vi  is  given  by  ^(0)  =  -f-  —  A, 

where  i4^(0)  =  ~  \l^\  +  ^2  +  cos(20)]/2.  The  corresponding  ratio  of  the 

potential  coupling  term  ii2  to  g{4>)  is  given  by 

TiS\  =  sin(0)  .  . 

x/2[^2(0)+A2]V4^(0)53/2(^)- 

Since  T(0  =  0.257r)  w  1.0,  the  magnitude  of  the  nonadiabatic  coupling  is  comparable  to 
that  of  (T^i  —  Vi),  resulting  in  strong  nonadiabatic  effects.  Thus,  the  chaotic  motion  seen 
in  Fig.  3b  is  induced  by  the  significant  nonadiabatic  coupling  between  the  two  simple  one¬ 
dimensional  potentials  Vi  and  Vi.  Finally,  for  case  (c),  0  =  O.Stt.  Here  T{(f>  =  O.Stt)  = 
min[T(0)]  Pi  0.16,  i.e.,  the  nonadiabatic  coupling  is  appreciably  weaker  than  in  the  case  of 
0  =  0.257r.  As  such,  the  translational  motion,  initially  launched  on  the  adiabatic  potential 
Vi,  would  essentially  remain  on  Vi,  with  small  perturbations  from  the  insignificant  Rabi 
population  oscillation  between  Vi  and  Vi-  To  further  confirm  this  picture,  one  finds  that  the 
characteristic  frequency  of  the  regular  dynamics  in  Fig.  Ic  and  Fig.  3c  is  ~  1425,  a  value 
consistent  with  the  Rabi  frequencies  given  by  y(V^'^^l^)^”+'4^  [see  Eq.  (8)]. 

A  number  of  additional  remarks  are  in  order.  First,  the  two-standing- wave  configuration 
is  essential  in  our  model.  That  is,  if  either  or  both  of  the  two  standing-wave  fields  are 
replaced  by  a  traveling-wave,  the  nonadiabatic  coupling  or  the  spacing  between  Vi  and  V2 
is  not  a  sensitive  function  of  0,  and  there  is  no  significant  phase  control.  On  the  other 
hand,  a  three-level  atom  in  two  standing-wave  laser  fields  of  different  but  commensurable 
frequencies  also  shows  dynamics  which  is  controllable  by  changing  0  [12].  Second,  in  contrast 
to  some  recent  studies  on  optical-magneto  lattice  [13,14],  the  coupling  between  different 
optical  potentials  discussed  above  is  not  due  to  additional  magnetic  fields,  but  directly 
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due  to  nonadiabaticity.  Further,  unlike  the  work  in  Ref.  [14],  here  we  have  observed  clear 
signatures  of  quantum  chaos  in  the  quantum  dynamics.  Thus,  this  model  is  the  first  all¬ 
optics  realization  of  nonadiabaticity-induced  quantum  chaos,  a  phenomenon  first  discovered 
in  molecular  systems  [15].  Third,  in  this  work  we  have  neglected  decoherence  effects  (e.g., 
due  to  the  spontaneous  emission  from  the  excited  state  |2)).  However,  based  on  previous 
study  of  decoherence  effects  in  conservative  quantum  chaotic  systems  that  are  far  from  the 
classical  limit  [16],  one  can  expect  that  including  decoherence  effects  will  simply  improve 
the  quantum-classical  correspondence  already  seen  in  this  study. 

In  conclusion,  we  have  demonstrated  optical  phase  control  of  nonadiabaticity-induced 
quantum  chaos  in  a  A-type  3-level  system  in  a  two-standing-wave  optical  lattice.  The  func¬ 
tional  dependence  on  (f>  has  been  exposed  analytically,  guiding  experimental  studies  of  the 
0-dependent  regular  to  chaotic  transition.  Recent  experimental  progress  in  atom  optics  and 
quantum  chaos  [4,10,13,17]  suggests  that  the  results  should  be  experimentally  achievable 
with  existent  technology. 
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FIGURE  CAPTIONS 


Fig.  1; 

Time  dependence  of  (p)  obtained  from  quantum  wavepacket  dynamics  calculations  (solid 
lines)  and  the  ensemble  statistics  in  a  mixed  classical-quantum  description  (dashed  lines). 
The  initial  internal  state  is  |1),  and  the  {x)  and  (p)  of  the  initial  Gaussian  ensemble  are 
0.0  and  25.0,  respectively.  The  initial  variances  in  position  and  momentum  are  chosen  to 
be  1.0/10\/2  and  10.0/\/2,  respectively.  The  relative  phase  equals  0.0,  0.257r,  and  O.Stt  in 
(a),  (b)  and  (c),  respectively. 

Fig.  2: 

The  sensitivity  of  the  quantum  dynamics  to  slight  changes  of  the  relative  phase  parameter 
(j).  X  is  the  absolute  value  of  the  overlap  between  the  two  time  evolving  wavefunctions 
emanating  from  the  same  initial  state  as  in  Fig.  1,  with  the  relative  phase  of  the  two 
standing- wave  laser  fields  given  by  0  and  0  -f  7r/400. 

Fig.  3: 

Time  dependence  of  momentum  for  classical  trajectories  obtained  by  solving  Eqs.  (2), 
(3),  and  (4),  with  the  initial  position  x  =  0  and  the  initial  momentum  p  =  25.0.  The  initial 
internal  state  is  given  by  |1).  <(>  equals  0.0  ,  0.257r,  and  0.57r  in  (a),  (b)  and  (c),  respectively. 
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FIG.  2.  Gong  and  Brumer 
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We  show  that  quantum  systems  with  broken  symmetry  which  lack  an  inversion  center,  e.g.  chiral 
molecules  and  pairs  of  asymmetric  quantum  wells,  can  be  selectively  excited  due  to  the  coexistence 
of  one-  and  two-photon  transitions  between  the  same  states.  Discrimination  between  left-  and  right- 
handed  chiral  systems  can  be  accomplished  by  a  “Cyclic  Population  Transfer”  (CPT)  process,  in 
which  one  optically  couples  states  |1)-(-^|2)<h>|3)*H>|1),  enabling  the  complete  and  preferential 
population  of  final  state'  |2)  and  |3)m  (i.e.,  state  |3)  of  the  mirror  imaged  system)  or  state  |3) 
and  I  2  )mj  depending  on  the  laser  phases. 

33.15.Bh,  33.80.Be,  42.50.Hz,  78.67.-n 


Adiabatic  Passage  phenomena  [1]  are  known  to  cause 
complete  population  transfers  between  quantum  states. 
In  the  particular  realization  of  AP,  called  Stimulated 
Rapid  Adiabatic  Passage  (STIRAP)  [2,3],  population  in 
state  |1)  is  transferred  to  state  |3),  by  a  sequence  of 
two  one-photon  transitions  using  as  an  intermediate  state 
I  2 ) .  The  method  has  been  applied  to  atomic  and  molec¬ 
ular  systems  [2,3],  as  well  as  to  quantum  dots  [4]. 

Ordinary  STIRAP  is  only  sensitive  to  the  energy  levels 
and  the  magnitudes  of  transition-dipole  coupling  matrix 
elements  between  them.  These  quantities  are  identical  for 
a  chiral  system  and  its  mirror  image  (such  pairs  are  called 
“enantiomers”  [5]).  Its  insensitivity  to  the  phase  of  the 
transition-dipole  matrix  elements  renders  STIRAP,  and 
ordinary  weak  field  absorption  [6],  incapable  of  selecting 
between  enantiomers.  Recently  [7],  we  have  shown,  how¬ 
ever,  that  this  objective  can  be  realized  by  other  (phase 
sensitive)  optical  processes  in  the  weak  field  regime. 

In  this  Letter,  we  demonstrate  that  precisely  the 
lack  of  inversion  center,  which  characterizes  chiral  and 
other  broken-symmetry  systems,  allows  us  to  combine 
the  weak-field  one-  and  two-photon  method  [8-11]  with 
the  strong-field  STIRAP,  to  render  a  phase-sensitive  AP 
method.  In  the  method  we  term  “Cyclic  Population 
Transfer”  (CPT),  one  closes  the  STIRAP  two-photon 
process  |1)  <->  |2)  |3)bya  one-photon  process 
1 1)  ^  1 3).  One-photon  and  two-photon  processes  can¬ 
not  coexist  in  the  presence  of  an  inversion  center,  where 
all  states  have  a  well  defined  parity,  because  a  one-photon 
absorption  (emission)  between  states  |1)  and  |3),  re¬ 
quires  that  these  states  have  opposite  parities,  whereas 
a  two-photon  process  requires  that  these  states  have  the 
same  parity. 

Contrary  to  systems  possessing  an  inversion  center,  in 
which  the  interference  between  a  one-photon  and  a  two- 
photon  process  can  only  lead  to  phase-control  of  differen¬ 
tial  properties,  e.g.,  current  directionality  [8-11],  we  show 
here  that  the  CPT  process  of  broken  symmetry  systems 
allows  us  to  control  integral  properties  as  well,  a  prime 
example  of  which  is  the  control  of  the  excited  states  pop¬ 
ulation  of  two  enantiomers. 

Specific  examples  for  the  use  of  CPT  are  illustrated  in 


Fig.  1  (upper  plot).  One  example  deals  with  a  pair  of 
asymmetric  quantum  wells,  one  being  the  mirror  image 
of  the  other.  Another  example,  consists  of  two  heteronu- 
clear  molecules  aligned  in  an  external  DC  electric  field 
[12],  or  a  mixture  of  two  enantiomeric  molecules  [7]. 

E - >  < -  E 
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FIG.  1.  (Upper  plot)  An  asymmetric  quantum  well  and  its 
mirror  image.  Also  shown  are  two  field-oriented  heteronuclear 
molecules.  (Lower  plot)  Illustration  of  the  three  pulses  used 
in  these  CPT  systems.  The  two  systems  can  be  discriminated 
by  their  different  matter-radiation  phases  cp. 


In  the  setup  of  Fig.  1  (lower  plot),  we  consider  op¬ 
erating  on  states  \i)  and  their  mirror  images  \i)M  by 
three  pulses  in  a  “counter-intuitive”  order  [2,3],  i.e., 
two  “pump”  pulses  with  Rabi  frequencies  and 

which  follow  a  “dump”  pulse  ^23{i)’  The  Rabi 
frequencies  are  defined  as,  ilij{t)  =  Pij£ij{t)lh  = 
\Ctij{t)\e*^'^  =  0,ji{t),  where  fiij  and  £ij{t)  are,  respec¬ 
tively,  the  transition-dipoles  and  the  envelopes  of  electric 
fields,  of  central  frequencies  u)ij,  operating  between  states 
i  ^  j  {i,j  =  1,2, S),  If  we  symmetrically  detune  the 
pulse  center-frequencies,  as  shown  in  Fig.  1,  we  satisfy 
the  1 1 }  ^  1 2 )  ^  1 3 )  and  1 1 )  <->  ]  3 )  1 2 )  two-photon 

resonance  condition,  while  keeping  the  one-photon  pro- 
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cesses,  |1)  |3)  and  |1)  o  |2},  ofF-resonance.  As  a 

result,  the  loop  formed  by  the  three  transitions  is  not 
resonantly  closed.  Therefore,  the  one  and  two-photon 
processes  only  interfere  at  isolated  points  in  time,  when 
the  pulses  are  on. 

We  now  solve  explicitly  the  problem  by  first  writing  the 
CPT  (radiation  +  matter)  Hamiltonian  in  the  rotating 
wave  approximation  as, 

j-l  i>j-l 

where  uj  are  the  energies  of  the  states  |  j),  and  atomic 
units  {h  =  1)  are  used  throughout.  The  system  wave 
function  can  be  written  as 

=  (1) 

n— 1 


where  c(i),  the  column  vector  of  the  (hopefully  slow  vary¬ 
ing)  coefficients  c  =  (01,02,03)'*'  (where  T  denotes  the 
matrix-transpose)  can  be  evaluated  from  the  Schrodinger 
equation 

c{t)  =  -i  H(t)  •  c(^)  (2) 


with  H(^),  the  effective  Hamiltonian  matrix,  given  as, 


H  = 


0  0^2 

ni2  0  njg 

ni3  ^23  0 


(3) 


where  the  detunings  are  defined  as,  Aij  =  uji  —uj  -huij  = 
-Aji.  For  brevity,  we  have  omitted  writing  explicitly  the 
time-dependence  of  ntj(^). 

In  contrast  to  ordinary  STIRAP,  unless  E  =  A12  4- 
A23  +  A31  =  0,  it  is  not  possible  to  transform  away 
the  rapidly  oscillating  e”*^*^‘*  components  from  the  CPT 
Hamiltonian  (Eq.  3).  Asa  result,  the  system  phase  factor 
varies  as  (e~*^^)  during  the  time  when  the  three  pulses 
overlap.  As  a  result,  in  CPT,  unless  E  =  0,  null  states 
(i.e.  states  with  zero  eigenvalue)  cease  to  be  so  when 
the  pulses  overlap.  Moreover,  due  to  non-adiabatic  cou¬ 
plings,  the  population  does  not  follow  the  adiabatic  states 
during  the  entire  time-evolution,  migrating  at  the  near- 
crossing  region  from  the  initially  occupied  null  state. 

We  can  quantify  the  above  statements  by  examining 
the  eigenvalues  of  the  Hamiltonian  of  Eq.  (3),  given  as. 


E2  = 


■£^1,3  = 


2i/3a  c 

.3c  '*'3  21/3’ 

(lii^/3)o  {l^i>/S)c 

3  22/3  c  6  21/3  ’ 


(4) 


where  a  =  3  (10x2  P  +  1^23 P  +  b  =  3^Det(H)  = 

3^  2  Re  O  and  c  =  ^6  -f  _|_  4  (_  ^  ^  q  _ 

fii2  ^23  ^31 


We  see  that  the  three  eigenvalues  depend  only  on  the 
overall  phase  of  O.  This  phase  is  composed  of  a  time- 
independent  part  v?  =  012  +  023  +  031 ,  of  the  product  of 
the  Rabi  frequencies,  and  a  time- dependent  part  Ei.  In 
particular,  it  follows  from  Eq.  4,  that  when  ip  =  ±1^/2 
and  E  =  0,  6  =  0,  hence,  c  =  i2i/^ai/2  and  E2  =  0. 

In  Fig.  2  we  present  the  time  dependence  of  the 
eigenvalues  Ei{t)  {i  =  1,2,3)  for  three  Gaussian 

pulses  parameterized  as,  1^23 (^)|  =  fimaxexp[-^2/.^2j^ 
|ni2(t)|  =  O-Tfimax  exp[-{t  -  t2)^/r^]  and  \^iz{t)\  = 
0.7fimaxexp[-(i  -  h)^/T%  with  fimax  =  30/r,  where  r 
is  the  pulse  width.  The  pulse  delays  are  tz  =  t2  =  2r 
and  the  detunings,  chosen  to  give  maximal  selectivity, 
are  A12  =  -A13  =  -A23  =  0.08/r.  The  eigenvalues  are 
presented  for  the  phases  (p  =  0.235  tt  (see  Fig.  4)  and 
ip  =  (0.235  +  0.5)  TT. 

For  the  problem  defined  by  the  parameters  of  Fig.  2, 
(|cil,  |c2|,  |c3|),  the  vector  of  magnitudes  of  the  expansion 
coefficients  of  the  |  Ei )  eigenvectors  in  the  “bare”  basis, 
starts  in  the  remote  past  {t  ->  —00)  as  (1,0, 0)  for  |  E2 ), 
and  as  (0,  l,l)/\/^  for  |.Ei)  and  |£73).  At  the  end  of 
the  process,  we  have  that  (|ci|,  lc2|,  jcsl)  (0, 1,  l)/y/2 

for  \E2),  and  (v^,l,l)/2  for  |£;i),|£;3).  Since 
the  evolution  starts  with  bare  state  j  1 ),  only  the  |  E2 ) 
eigenstate  gets  initially  populated. 


FIG.  2.  The  three  dressed  eigenvalues  Ei{t)  at  two  different 
phases.  The  solution  for  p  =  0.235  tt  and  p  =  (0.235  -h  0.5)  tt 
is  plotted  by  thick  and  thin  lines,  respectively.  An  initial 
population  at  state  1 1)  stays  on  the  null  state  \E2{t))  with 
^2(0  «  0  up  to  the  avoided  crossing  region  where  the  popu¬ 
lation  becomes  shared  with  the  eigenstate  |  Ei{t) )  or  |  E3{t) ), 
depending  on  the  phase  p.  The  horizontal  short  lines  denote 
the  approximate  times  of  action  of  the  Rabi  frequencies  . 

Figure  2  clearly  shows  that  the  system  evolution  is 
governed  by  the  interference  between  the  “clockwise” 
(|1)^|3)— ^|2))  and  the  “counter-clockwise”  (|  1 )  -> 
I  2}  ->  1 3))  two-photon  processes  depicted  in  Fig.  1. 
This  interference  results  in  the  appearance  of  an  avoided- 
crossing  between  the  E2{t)  eigenvalue  and  (depending  on 


2 


the  phase  ^p)  either  the  Ei{t)  or  the  £2(1)  eigenvalue.  In 
the  crossing  region,  the  adiabatic  description  ceases  to 
be  valid,  and  the  system  populates  a  superposition  state 
Oi2  1^2)  4*  ai  \Ei)  (z  =  1  or  z  =  3). 


t/x 

FIG.  3.  The  pci^iilations,  given  as  Si{t)  =  \{Ei(t)  \‘ip{t))f, 
of  the  field-dressed  states,  given'  that  |  ^(<  =  0) }  =  1 1 )  and 
(p  =  0.235  TT.  All  other  parameters  are  as  in  Fig.  2.  The  thin 
vertical  (—  •  —  •  — )  line  points  at  the  time  after  which  the 
populations  in  the  bare  states  ( i )  roughly  cease  to  vary. 

Figure  3  displays  the  evolution  of  the  populations 
Si{t)  =  \{Ei{t)\ijj{t))\'^  of  the  field-dressed  states,  hav¬ 
ing  started  with  |  =  0) )  =  1 1 ).  The  parameters  are 

as  in  Fig.  2,  with  ip  being  confined  to  the  0.235  tt  value. 
We  see  that  the  eigenstate  |  £^2 )  is  populated  exclusively 
until  the  avoided  crossing  region,  where  the  system  goes 
to  the  state  \E2)  +  ai  \Ei) .  As  the  pulses  wane  and 
all  i^ijit)  0,  non-adiabatic  processes  populate  also  the 
I  Ez  )  state.  The  populations  of  the  |  Ex )  and  |  Ez )  states 
have  roughly  the  same  magnitudes  Si  «  Sz  at  the  end  of 
the  process,  as  expected  from  the  roughly  equal  final  val¬ 
ues  of  the  |ci|,  |c2|,|c3|  coefficients  shown  above.  Hence, 
by  varying  p  and  E  we  can  adjust  the  a*  coefficients  such 
that  \Ei)  1 2 )  or  1 3 ). 


FIG.  4.  Dependence  of  pi,  the  final  populations  of  the  bare 
states  \i)  on  the  phase  p.  The  two  vertical  arrows  show  the 
phases  for  the  best  separation  of  the  chiral  systems,  where  the 
population  is  transferred  from  state  1 1 )  to  state  1 2 )  or  1 3 ). 


An  example  of  the  degree  of  control  attainable  in  this 
manner  is  given  in  Fig.  4,  where  we  display  the  phase 
dependence  of  the  final  populations  pi  of  the  bare  states 
I  z ),  using  the  parameters  of  Figs.  2-3.  The  main  feature 
of  Fig.  4  is  that  the  role  of  state  (2)  vs.  state  |3)  is 
reversed  as  we  translate  the  phase  p  by  tt.  This  features 
serves,  as  discussed  below,  to  establish  the  discrimination 
between  left-handed  and  right-handed  chiral  system. 

The  calculations  of  Fig.  4  show  enhanced  sensitivity  of 
the  final  populations  pi  on  p  at  small  detunings  A^.  The 
population  transfer  can  be  made  essentially  complete  by 
choosing  p  «  0.235  tt  (denoted  by  a  small  arrow  at  the 
bottom  of  Fig.  4).  In  that  case,  99%  of  the  population  is 
transferred  from  state  1 1 )  to  state  1 3 ) .  As  the  phase  p 
is  shifted  by  tt,  the  system  switches  over,  with  the  same 
efficiency,  to  the  1 1 )  — >►  |  2 )  population  transfer  process. 


FIG.  5.  The  Bloch  vector  (|ci|^  —  |ci|^,Re(cI  Cj),Im(cl  Ci)) 
evolution,  where  i  =  3  and  i  =  2  holds  for  the  top  and  bottom 
plot,  respectively.  Population  starting  in  the  initial  state  |1) 
is  clearly  transferred  to  the  final  state  |3). 

A  complementary  view  of  the  dynamics  is  provided 
by  examining  the  two  Bloch  vectors  with  components 
(|cip  “  |cip,  Re(cJ  Ci),  Im(cJ  c*))  (z  =  2,3),  shown  in 
Fig.  5.  Starting  from  the  initial  position  of  (1,0,0),  both 
vectors  leave  the  avoided-crossing  region  in  a  superposi¬ 
tion  state  a2  \E2)  +  ax  |Ei),  where  they  oscillate  with  the 
Rabi  frequency  |ni2|  =  Ifiial.  The  final  populations  pi  of 
the  bare  states  |z)  are  determined  by  the  second  mixing 
of  the  |jEi)  states,  during  the  waning  of  the  pulses.  This 
non-adiabatic  process  reduces  the  population  to  the  ap- 
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proximate  final  state  |3},  so  the  two  Bloch  vectors  end  in 
the  positions  (—1,0,0)  and  (0,0,0). 

The  phase-dependence  of  CPT  can  be  used  to  discrim¬ 
inate  between  left  and  right-handed  chiral  systems.  De¬ 
noting  by  I  i"*" )  (formerly  1 0)  given  symmetry-broken 
state  and  by  |z“)  (formerly  \i)M)  its  mirror  image, 
we  can  write  these  states  in  terms  of  symmetric  |  Si ) 
and  antisymmetric  |Ai)  states  of  the  two  systems  as 
[5,7],  \i^)  =  Si\Si)  ±ai  \Ai).  Because  dipole  moments 
can  only  connect  states  of  opposite  parity,  we  obtain 
that  the  Rabi  frequencies  for  transition  between  differ¬ 
ent  symmetry-broken  states  \i^)  and  |j^}  are  given  as 
±  [s*  ( Si  ImI  )  +  a.*  Sj  { Ai  |/i|  Sj )]  Sij.  We  see 

that  the  Rabi  frequencies  between  any  pair  of  left  and 
right-handed  states  differ  by  a  sign,  i.e.,  a  phase  factor  of 
TT.  Since  in  the  CPT  processes  the  two  enantiomers  are 
influenced  by  the  phase  ip^  of  the  products  0^2  ^^3 
we  always  have  that  =  tt.  This  property  is  m- 

variant  to  any  arbitrary  phase  change  in  the  individual 
wave  functions  of  the  states  |i=^). 

It  therefore  follows  from  Fig.  4,  where  a  change  in  tt 
of  the  phase  (f  is  seen  to  switch  the  population-transfer 
process  from  |l)“4|2)to|l)->'|3),  and  vice  versa, 
that  we  can  affect  the  transfer  of  population  in  one  chiral 
system  relative  to  its  mirror-image.  Because  the  overall 
material  phase  <pf  of  the  product  of  the  dipole  matrix 
elements  ^>^2  ^ti  a  fixed  quantity  {pj  -  <pt  =  vr), 
and  =  iff  -{-(ff ,  it  is  the  overall  phase  (f/  oi  the  three 
laser  fields  Eij  which  acts  as  the  laboratory  knob  allow¬ 
ing  us  to  determines  which  population-transfer  process  is 
experienced  by  each  of  the  two  enantiomers. 

The  ability  of  CPT  to  separate  two  enantiomers  also 
depends  on  the  individual  detuning  parameters  and 
on  the  related  dynamical  phase  2 Sr.  At  resonance 
Aij  =  0  and  ip  =  ±7r/2,  the  exact  null  eigenstate  |  E2{t) ) 
gives  a  complete  population  transfer  from  state  1 1 )  to 
a  combination  of  states  |2)  and  |3).  In  that  case,  the 
P2/P3  branching  ratio  of  the  final  populations  is  given, 
as  in  the  double  STIRAP  case  [14,15],  by  the 
ratio  and  no  enantiomeric  selectivity  is  then  possible. 

Once  each  enantiomer  has  been  excited  to  a  different 
state  (1 2)  or  |3)),  the  pair  can  be  physically  separated 
using  a  variety  of  energy-dependent  processes,  such  as 
ionization,  followed  by  ions  extraction  by  an  electric  field. 
If  we  execute  the  excitation  in  the  IR  range  and  ionize 
the  chosen  excited  enantiomer  after  only  a  few  nsec  delay, 
losses  from  fluorescence,  whose  typical  lifetimes  in  that 
regime  are  in  the  msec  range,  are  expected  to  be  minimal. 

In  summary,  we  have  shown  that  cyclic  population 
transfer  (CPT)  in  a  |1),  |2),  |3),  three  level  system  can 
operate  in  molecules  and  other  nano-systems  lacking  a 
center  of  inversion,  leading  to  phase-sensitive  complete 
population  transfer  processes  that  can  discriminate  be¬ 
tween  enantiomers.  The  scheme  is  based  on  the  co¬ 
existence  of  a  one-  and  two-photon  processes  operating 
between  the  same  initial  and  final  states,  leading  to  in¬ 


terferences  between  the  |1)  ->  |3)  |2),  “clockwise”  and 

the  |1)  |2)  |3),  “counter-clockwise”  optical  pro¬ 

cesses.  This  interference,  which  depends  on  the  (labo¬ 
ratory  controlled)  overall  phase  of  the  three  laser  fields 
involved,  results  in  a  selective  excitation  of  one  asymmet¬ 
ric  system  relative  to  its  mirror  image.  Following  such  a 
selective  excitation,  a  number  of  simple,  energetically- 
dependent,  physical  separation  schemes,  such  as  ioniza¬ 
tion,  followed  by  ions  extraction  by  an  electric  field,  can 
be  employed. 
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gramme  HPRN-CT-1999-00129  and  the  Office  of  Naval 
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Abstract 

Extensive  phase  control  of  quantum  chaotic  diffusion  is  demonstrated  for 
diatomic  molecules  periodically  kicked  with  microwave  pulses.  In  paxticular, 
both  complete  suppression  of  chaotic  diffusion  as  well  as  its  enhancement  can 
be  achieved  by  varying  the  phase  of  the  initial  superposition  state.  The  origin 
of  this  control  in  deviations  from  random  matrix  theory  is  also  discussed.  The 
results  should  motivate  experiments  that  are  relevant  to  both  coherent  control 
and  to  quantum  chaos. 
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I.  INTRODUCTION 


Interference  is  at  the  heart  of  quantum  mechanics.  The  observation  that  quantum  in¬ 
terference  and  hence  molecular  dynamics  can  be  altered  via  experimentally  controllable 
parameters  motivated  the  rapidly  developing  field  of  coherent  control  (CC)  of  molecular 
processes  [1].  The  essence  of  several  scenarios  of  CC  of  molecular  processes  consists  of  three 
steps:  (1)  create  a  superposition  state  composed  of  several  basis  states,  (2)  control  the  rel¬ 
ative  phases  of  these  basis  states,  and  (3)  subject  the  molecular  system  to  external  fields 
that  yield  multiple  coherent  pathways  to  the  same  target  state.  Successful  control  results 
when  the  cross  section  of  particular  target  states  can  be  extensively  and  selectively  altered 
by  changing  the  relative  phases  in  the  second  step.  Studies  of  this  kind  include,  for  example, 
our  original  bichromatic  control  scenarios  [2],  two-pulse  control  schemes  applied  to  various 
problems  [3],  and  the  CC  of  molecular  scattering  [4]. 

Traditional  studies  in  coherent  control  typically  deal  with  integrable  systems  where  very 
few  energy  levels  are  involved  in  the  dynamics.  By  contrast,  the  majority  of  real  molecular 
systems  are  complex:  the  quantum  dynamics  may  involve  many  energy  levels  and  the  under¬ 
lying  classical  dynamics  may  be  strongly  chaotic.  For  this  reason,  consideration  of  control 
for  chaotic  systems  is  of  general  interest  and  importance. 

Classical  chaotic  systems  display  intrinsic  stochasticity  that  is  generated  by  the  dynamics 
itself  [5].  Thus,  even  without  external  noise,  a  classical  chaotic  system  “loses  its  memory” 
of  the  initial  state  exponentially  fast.  Considering  the  quantum-classical  correspondence 
principle  in  quantized  chaotic  systems  [6],  it  is  expected  that  various  manifestations  of 
classical  chaos  should  occur  in  the  quantum  dynamics  when  the  relevant  actions  are  much 
larger  than  Planck’s  constant  [7].  With  this  perspective,  there  are  those  who  intuitively 
believe  that  quantum  phases  embedded  in  initial  states  should  play  a  minor  role  in  classically 
chaotic  systems,  and  that  controlling  quantized  chaotic  dynamics  in  the  semiclassical  regime 
could  be  just  as  difficult  as  controlling  classical  Hamiltonian  chaos  [8].  This  is  in  fact  the 
case.  However,  coherent  control  over  quantum  chaotic  dynamics  far  from  the  classical  limit. 
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as  demonstrated  below,  should  be  feasible. 

Recently,  we  computationally  demonstrated  that  extensive  phase  control  of  quantum 
chaotic  diffusion  is  achievable  [9]  using  the  delta-kicked  planetary  rotor  (DKPR)  model  [10] 
in  the  quantum  regime.  In  particular,  preparing  a  simple  superposition  state  comprising  two 
basis  states  allowed  for  a  wide  range  of  control  over  the  ensuing  diffusive  dynamics.  Further, 
the  control  was  found  to  persist  in  the  presence  of  weak  decoherence,  and  diminished,  as 
expected,  with  increasing  decoherence  strength.  This  result  opened  an  interesting  direction 
for  coherent  control,  overlapping  with  fields  such  as  quantum  chaos  and  chaos  control. 

In  this  paper,  we  consider  quantum  chaotic  diffusion  in  diatomic  molecules  in  pulsed  mi¬ 
crowave  fields  in  an  effort  to  extend  our  studies  to  realistic  systems  and  in  order  to  motivate 
experimental  coherent  control  studies  of  quantum  chaotic  diffusion.  Indeed,  experimental 
studies  of  microwave-pulse-kicked  diatomic  molecules  appear  feasible  today  and  may  be 
easier  to  realize  than,  for  example,  atomic  physics  approaches  discussed  in  Ref.  [9]  (e.g., 
kicked  atoms  in  a  single  quantum  well,  or  ultracold  atoms  in  a  periodic  standing  wave  of 
near-resonant  light). 

This  paper  is  organized  as  follows.  In  section  II,  we  briefly  introduce  the  DKPR  model. 
In  section  III,  we  consider  both  the  classical  dynamics  and  quantum  dynamics  in  detail  for 
diatomic  systems  kicked  by  periodic  microwave  pulses.  In  section  IV,  we  present  represen¬ 
tative  results,  followed  by  discussions  on  the  mechanism  of  phase  control.  Conclusions  and 
a  summary  comprise  section  V. 

II.  THE  DELTA-KICKED-PLANETARY  ROTOR 

Before  considering  molecular  systems,  it  is  beneficial  to  introduce  the  DKPR  model,  a 
paradigm  of  both  classical  and  quantum  chaos,  that  will  be  compared  to  the  kicked  diatom. 
The  DKPR  Hamiltonian  is  givep  by 

/f(L,«)  =  ^+Acos(«)j;i((/r-n),  (1) 


3 


where  L  =  -ih-^  is  the  angular  momentum  operator,  6  is  the  conjugate  angle,  I  is  the 
moment  of  inertia,  A  is  the  strength  of  the  kicking  field,  and  T  is  the  time  interval  between 
kicks.’  The  Hilbert  space  is  spanned  by  the  angular  momentum  eigenstates  exp{im9) / 

(m  =  0,  ±1,  ±2,  •  •  •).  The  quantum  time  evolution  operator  M  between  two  kicks  is  given 
by  [10] 


r  52  7.  92 

M  =  exp[i-— I  exp[~ikcos(9)]  exp[i-— ], 


(2) 


where  r  _  fiT/I  and  k  =  XT /h  are  dimensionless  parameters.  The  parameter  r  plays  the 
role  of  the  effective  Planck  constant  of  the  system.  If  we  fix  the  value  of  the  product  kr 
and  decrease  the  value  of  r,  the  system  approaches  the  classical  limit.  This  classical  limit  is 
given  by  the  standard  map  [10],  which,  when  expressed  in  terms  of  dimensionless  variables 
9  and  the  scaled  classical  angular  momentum  L  =  Lr/h,  takes  the  following  form. 


9pi  —  9i^-i  +  (Zjv  +  Ln-.\)/2, 

Ln  =  Ln-1  +  (kr)  sin(0iv_i  +  Ln-i/2).  (3) 

As  is  seen  from  Eq.  (3),  the  classical  dynamics  depends  only  on  the  product  kr.  When 
kr  >  0.9716,  the  last  KAM  invariant  curve  vanishes  and  chaotic  trajectories  can  diffuse  into 
the  entire  unbounded  phase  space.  The  scaled  mean  energy  (Z^/2)  of  classical  ensembles 
then  displays  unrestricted  diffusive  growth,  whose  approximate  diffusion  constant  can  be 
evaluated  analytically.  By  contrast,  the  quantum  DKPR  displays  “quantum  localization” 
[11].  That  is,  energy  absorption  is  restricted,  the  external  field  only  excites  a  finite  number  of 
unperturbed  energy  levels  that  is  related  to  the  classical  diffusion  constant  [12].  Thus,  there 
is  a  marked  difference  between  the  classical  and  quantum  dynamics  manifest  in  qualitatively 
different  energy  absorption  behavior. 

Recently  [9],  we  found  that  the  extent  of  quantum  chaotic  diffusion  can  be  actively  con¬ 
trolled  by  manipulating  the  initial-state  coherence.  Specifically,  we  considered  the  dynamics 
resulting  from  an  initial  superposition  state  comprising  two  basis  states  exp{im9)/y/^  and 
exp{m(9)/v/^.  By  varying  the  relative  phase  between  the  two  basis  states,  we  were  able  to 
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change  the  quantum  diffusion  from  almost-completely-suppressed  to  much-enhanced  with 
the  latter  behavior  much  closer  to  classical  diffusion.  Thus,  quantum  chaotic  dynamics  in 
the  DKPR  is  both  vulnerable  to  decoherence  effects  [13]  and  sensitive  to  initial-state  coher¬ 
ence  effects.  The  DKPR  model  is  experimentally  achievable  via  atom  optics  [14],  but  the 
control  experiment  in  such  a  system  would  be  difficult.  In  addition,  the  system  is  somewhat 
contrived.  To  this  end  we  examine  microwave  absorption  in  diatomics,  which  provides  an 
alternative  realistic  system  for  consideration. 


III.  MICROWAVE  KICKED  DIATOMIC  MOLECULES 


The  proposal  to  use  microwave  kicked  diatomic  molecules  as  a  molecular  analog  of  the 
DKPR  was  advanced  more  than  a  decade  ago  [15].  In  particular,  with  the  vibrational 
degree  of  freedom  frozen,  the  Hamiltonian  for  the  rotational  motion  of  diatomic  molecules 
subject  to  periodic  microwave  pulses  resembles  that  of  the  DKPR.  That  is,  if  the  orientation 
of  a  diatomic  molecule  is  described  by  two  angles  9  and  (j)  [16],  then  the  corresponding 
Hamiltonian  is 


t 


if  =  —  -H  ixEq  cos(9)  A(-  -  n). 


(4) 


where  J  is  the  angular  momentum  operator  in  three  dimensions: 


J\= 


— M0)^]  +  ::t-27 - 


.  J 


(5) 


^sin(9)d9^"“'^'''d9^  '  sin^(9)d</>^ 
is  the  molecular  electric  dipole  moment,  Eq  is  the  amplitude  of  the  driving  field  whose 
polarization  direction  defines  the  z  direction,  I  is  the  moment  of  inertia  of  the  molecule  about 
an  axis  perpendicular  to  the  symmetry  axis,  and  A{t/T  —  n)  is  the  pulse  shape  function 
simulating  the  delta  kicking  in  the  DKPR  model.  Microwave  pulses  may  be  realized  by  an 
array  of  phase-locked  microwave  generators  and,  following  Bliimel  et  al.  [15],  we  assume  A 
takes  the  form 


t  t 

-n)  =  l  +  2j2  cos[2m7r(-  -  n  -  1/2)]. 

^  m=l  ^ 


(6) 
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The  kicked  Csl  molecule  appears  to  be  an  excellent  candidate  for  experimental  studies  of 
chaotic  rotational  excitation  by  microwave  pulses  [15]  since:  (1)  it  has  a  large  dipole  moment, 
thus  dramatically  increasing  the  molecule-field  coupling  strength,  and  (2)  the  excitation 
energy  of  the  first  vibrational  energy  level  in  Csl  corresponds  to  that  of  the  71th  rotational 
energy  level,  so  that  vibrational  excitation  and  rotation- vibration  coupling  can  generally  be 
neglected.  Bliimel  et  al.  also  estimated  [15,16]  that  for  Csl,  r  =  hT/I  =  1.0  translates 
into  a  driving  frequency  of  T~^  «  9  GHz,  and  that  k  =  fiE^T/h  =  5.0  translates  into  the 
relatively  moderate  field  amplitude  £"0  «  1  kV/ cm. 

Since  the  projection  of  the  angular  momentum  onto  the  z  direction  is  a  constant,  we 
choose  it  to  be  zero.  As  a  result,  the  second  term  in  Eq.  (5)  gives  zero  contribution,  and 
the  kicked  diatomic  molecule  has  only  one  relevant  degree  of  freedom  {9).  Nonetheless, 
there  remain  still  several  important  differences  between  the  DKPR  model  and  the  kicked 
diatomic  systems.  First,  the  kicking  microwave  field  can  only  approximate  the  delta  kicks. 
Second,  9  ranges  from  0  to  27r  in  the  DKPR  model,  whereas  it  ranges  from  0  to  tt  for  a 
three-dimensional  rotor.  Third,  the  Hilbert  space  for  the  kicked  molecule  case  is  spanned  by 
the  basis  states  |j,  0),  where  0  denotes  the  zero-projection  of  the  angular  momentum  onto 
the  z  axis,  and  j  is  the  rotational  quantum  number;  while  in  the  DKPR  model  rotational 
quantum  numbers  m  can  be  both  positive  and  negative,  representing  two  possible  directions 
of  the  angular  momentum  of  the  planetary  rotor.  Fourth,  in  the  DKPR  model,  the  matrix 
elements  of  the  coupling  potential  cos(0)  are  given  by 

{?7i|  COs(0)  [tTI  )  =  1  ,01+1)1  (7) 

while  in  the  kicked  molecule  case,  we  have 

{j,  0|  cos(0)|_j  ,  0)  =  CjSjtj^i  +  Cj.^.l5jlJ^l,  (8) 

where 

Cj  =  .  ^  (9) 

^{2j  -  l){2j  +  1) 
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Given  these  differences,  it  is  necessary  to  independently  establish  conditions  for  phase  control 
of  quantum  diffusion  in  kicked  diatomic  systems. 


A.  Classical  Dynamics 


With  the  vibrational  degree  of  freedom  frozen  and  the  projection  of  the  angular  momen¬ 
tum  onto  the  polarization  vector  of  the  driving  field  being  zero,  the  classical  Hamiltonian 
Hci  for  diatomic  molecules  kicked  by  microwave  pulses  is  given  by 


Ta2  ± 

Hcl  =  ^+  I^Eo  cos(«)  Yi  A(^  -  n). 


(10) 


The  Classical  equation  of  motion  for  d  is  then: 


(11) 


If  we  define  ^  =  t/T,  J  =  6T,  the  above  equation  can  be  re-expressed  as  two  canonical 
equations  in  J  and  0\ 


de 

_ =7 

d^ 

dJ 


d^ 


-  =  (A:r)sin(0)^A(^-n). 


(12) 


Clearly,  J  is  the  counterpart  of  L  in  the  DKPR  model  [see  Eq.  (3)],  and  the  classical 
dynamics  depends  only  on  the  product  of  k  and  r.  Note  also  that  the  quantum  counterpart 
of  P  is  j{j  -t-  l)r^,  where  j  is  the  rotational  quantum  number. 

Figure  1  displays  the  Poincare  surfaces  of  section  for  kr  =  0.5, 1.0, 2.5,  and  5.0.  The 
results  are  obtained  by  numerical  integration  of  15  different  initial  trajectories  with  J(0)  =  0 
and  0(0)  =  In/16,  /  =  1, 2  •  •  • ,  15,  for  time  equal  to  720  kicks.  It  is  clear  from  Fig.  1  that 
when  kr  >  5.0,  the  classical  dynamics  is  predominately  chaotic  in  the  entire  J  region.  We 
focus  below  on  quantum  dynamics  in  this  kr  regime. 
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B.  Quantum  Dynamics 


To  solve  for  the  time-evolving  wavefunction  |^(t))  for  the  kicked  molecule,  we  first  expand 
the  wavefunction  in  the  Hilbert  space  basis 

IV’W)  =E^i(Oli,.0).  (13) 

j 

Substituting  this  expansion  into  the  time-dependent  Schrddinger  equation  and  using  Eq. 
(8),  we  have 

^  ~  ~27  —  '^){CjAj^x{t)  +  Cj+iAj+i{t)).  (14) 

The  dynamical  equations  can  be  further  simplified  by  working  with  an  interaction  picture 
[16].  Specifically,  let  Bj{t)  -  Aj{t)  exp[ihj{j  +  l)t/{21)],  we  finally  get 

^  E  -  »^){exp[irie]C'j5j_i(0  +  exp[-ir(i  +  l)e]Cj+iH,+i(e)}.  (15) 

Clearly,  in  contrast  to  classical  dynamics,  the  quantum  dynamics  of  the  kicked  molecule 
depends  on  two  parameters,  r  and  k.  Thus,  by  decreasing  the  magnitude  of  r  with  kr 
fixed,  we  can  arbitrarily  decrease  the  quantum  effects  due  to  the  quantization  of  angular 
momentum  while  keeping  the  underlying  classical  dynamics  unaffected. 

The  coupled  equations  of  motion  for  the  expansion  coefficients  Bj{t)  can  be  readily 
solved  using  the  fourth  order  Runger-Kutta  method,  with  a  time  step  of  lO'^T,  and  with 
the  number  of  basis  states  chosen  to  be  500/t.  With  these  choices,  convergence  of  the  results 
was  excellent. 

IV.  PHASE  CONTROL  OF  QUANTUM  CHAOTIC  DIFFUSION  IN  KICKED 

MOLECULES 

As  clearly  seen  from  Eqs.  (4)  and  (6),  the  Hamiltonian  of  the  system  considered  here  is 
strictly  periodic  with  time.  Hence  the  time  evolution  operator  F  associated  with  one  period 
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T  is  of  particular  interest  and  will  prove  useful  in  the  analysis  of  the  results.  The  formal 
solution  for  F  can  be  written,  with  the  help  of  the  time-ordering  operator  F,  as 

F  =  r[exp{-^^  (16) 

where 

V[Cit)D{t')]  =  C{t)D{t'),if  t>t' 

r[C{t)D{t')]  =  D{t')Cit),if  t  <t'.  (17) 

Although  it  is  not  possible  to  give  an  explicit  form  of  F  in  the  kicked  molecule  case,  the 
existence  of  this  formal  solution  yields  a  stroboscopic  description  of  the  dynamics, 

Wr!T))  =  j"-‘|V.((n-l)T))  =  /"|V.(0)).  (18) 

More  importantly,  as  we  will  see  below,  eigenfunctions  and  eigenphases  of  the  quantum 
map  operator  F  help  provide  clear  insights  on  how  chaotic  rotational  excitations  may  be 
controlled  by  manipulating  quantum  phase  in  the  initial  state. 

A.  Formal  Dynamics  and  Initial-state  Coherence  Effects 

Consider  now  an  initial  superposition  state  prepared  as 

IV'(O))  =  cos(q;)|A,  0)  -1-  sin(a!)  exp(-i;d)|j2, 0).  (19) 

Here  we  use  only  two  basis  states  (more  basis  states  can  be  considered,  providing  more 
adjustable  -  parameters  for  control).  After  the  molecule  is  kicked  N  times,  the  quantum 
state  evolves  to  F^|V'(0)).  In  order  to  compare  quantum  results  for  our  case  with  that 
for  the  DKPR  model  and  the  classical  limit,  we  define  the  dimensionless  rotational  energy 
E  =  +  l)r^/2,  where  Pj  =  \Bj^  is  the  occupation  probability  of  the  |j,  0)  state. 

The  classical  limit  of  E  is  given  by  {J‘^/2).  F  can  be  formally  diagonalized  by  a  unitary 
transformation. 
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(20) 


<  3ai  0)  —  ^6Xp( 

jc 

where  Uj^j^  =  {jc,  0\U\ja,  0)  {ja  =  0, 1, 2,  •  •  •)  is  the  eigenvector  with  eigenphase  More¬ 
over,  since  the  basis  states  \j,  0)  are  time-reversal  invariant,  one  can  prove  that  the  matrix 
elements  can  be  chosen  as  real  numbers  [7],  i.e., 

^jc,ja  ~  ja,  Jc  =  0)  1)  2,  •  •  •  .  (21) 

Further,  evaluating  E  a.tt  =  NT  with  Eqs.  (19),  (20)  and  (21)  gives 
OP 

=  cos?(a)  Yi  id  + 

jjajb 

+  sin2(a)  Y  id  + 

jjajb 

+ism(2o){e-‘»  Y  id  + 

3Mb 

+C.C.).  (22) 

Evidently,  the  first  two  terms  are  incoherent  since  they  do  not  depend  on  the  value  of 
p.  They  represent  quantum  dynamics  associated  with  each  of  the  states  |ji,0)  and  |j2,0) 
independently.  The  last  two  terms  represent  interference  effects  due  to  initial-state  coherence 
between  \ji,  0)  and  \j2, 0).  Below  we  show  that  quantum  diflfusion  over  the  energy  space  can 
be  extensively  controlled  by  manipulating  the  initial  quantum  phase  described  by  which 
corresponds  to  manipulating  the  interference  term  in  Eq.  (22) . 

B.  Phase  Control  Results 

In  Fig.  2  we  present  two  representative  examples  (r  =  1.0,  A:  =  5.0  in  Fig.  2a  and 
r  =  1.2,  A:  =  4.8  in  Fig.  2b)  to  illustrate  phase  control  of  quantum  chaotic  diffusion  in 
kicked  diatomic  molecules.  In  both  examples  the  underlying  classical  dynamics  of  rotational 
excitation  is  strongly  chaotic,  as  shown  in  Fig.  1.  We  choose  ji  =  1  and  =  2  to  create  the 
initial  superposition  state  (|1, 0)±|2, 0))/\/2,  i.e.,  a  =  7r/4  and /3  =  0,7rinEq.  (19)  (Reasons 
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for  choosing  /5  to  be  0  or  tt  will  be  explained  in  subsection  C).  As  seen  in  Fig.  2,  the  phase 
control  is  striking.  For  both  examples,  (|1, 0)  —  |2, 0))/v^  results  in  almost  no  diflFusion  over 
the  energy  space  whereas  (|1, 0)  + 12, 0))/-\/5  shows  extraordinarily  fast  diffusion  (even  faster 
than  the  semiclassical  diffusion  shown  in  Fig.  5  later  below)  before  it  essentially  stops  at 
t  «  lOT.  Note  (1)  that  this  huge  difference  is  achieved  solely  by  changing  the  initial  relative 
phase  between  the  two  participating  states  |1, 0)  and  [2, 0)  in  the  initial  superposition  state, 
and  (2)  that  by  contrast,  each  of  |1, 0)  or  |2, 0)  individually  would  give  very  similar  diffusion 
behavior  lying  between  the  solid  and  dashed  lines  in  Fig.  2.  In  effect,  the  two  participating 
states  |1,0)  and  |2, 0)  can  either  constructively  or  destructively  interfere  with  each  other, 
even  though  the  underlying  classical  dynamics  is  strongly  chaotic.  Details  of  the  respective 
wavefunctions  at  t  =  60T  are  shown  in  Fig.  3  in  terms  of  the  occupation  probability  Pj 
versus  j.  In  both  Fig.  3a  and  Fig.  3b,  one  sees  vividly  that  changing  ^  from  0  to  tt  alters 
the  occupation  probability  of  many  states  by  almost  an  order  of  magnitude.  This  further 
demonstrates  the  role  of  the  initial  quantum  phase  embedded  in  the  initial  nonclassical  states 
in  chaotic  molecular  processes. 

In  an  effort  to  gain  insight  into  the  nature  of  this  control  we  examined  the  evolving  wave- 
functions  |'0(nT))  in  the  0  representation.  Figure  4  displays  |(0|^(nT))psin(0)  versus  dJ-K 
for  n  =  0,  2,  10  and  20,  for  the  case  of  r  =  1.0  A:  =  5.0  and  for  V’(O))  =  (il)  0)  + 12, 0))/v^  or 
(|1, 0)  —  |2, 0))/\/2.  Note  that  due  to  wavefunction  normalization  Jq  \{9\ip{nT))\‘^ sm{9)d9  = 
1.  At  t  =  0  [Fig.  4a],  the  relative  phase  between  the  basis  states  |1, 0)  and  |2, 0)  is  manifest 
as  a  difference  in  molecular  orientation.  In  particular,  for  the  initial  state  (|1, 0)  — 12, 0)) / \/2 
the  highest  of  the  three  significant  peaks  of  |(0|'0(OT))psin(0)  is  located  at  9q  «  O.IStt, 
whereas  for  |'0(O))=(|1,O)  -f  |2, 0))/\/2)  the  peak  is  at  tt  —  ^  0.857r.  However,  since  the 

kicking  force  is  proportional  to  sin(0)  and  since  sin(0o)  =  sin(7r  — 0o),  such  orientation  effects 
can  not  be  the  direct  origin  of  our  phase  control.  Indeed,  after  only  two  kicks  [Fig.  4b],  it 
becomes  very  hard  to  see  any  significant  difference  between  the  two  evolving  wavefunctions 
in  the  9  representation,  although  their  energy  absorption  behavior  afterwards  (see  Fig.  2a) 
continues  to  be  completely  different.  Also  of  interest  is  the  comparison  in  Fig.  4c  and  Fig. 
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4d  at  times  t  =  lOT  and  20T  (at  these  times  the  energy  absorption  shown  in  Fig.  2a  has 
stopped).  We  find  that,  in  the  suppressed  diffusion  cases,  the  wavefunction  displays  fairly 
smooth  behavior  over  the  entire  range  of  9,  whereas  in  the  enhanced  diffusion  cases  the 
magnitude  of  the  wavefunction  drastica,lly  oscillates  with  9.  However,  the  wavefunctions  in 
Fig.  4c  and  Fig.  4d  for  both  the  suppressed  and  the  enhanced  cases  show  similar  behavior 
on  the  average.  Hence,  the  9  dependence  of  the  wavefunction  sheds  little  light  on  the  origins 
of  the  observed  control.  Indeed,  gaining  insight  into  the  origins  of  the  control  is  difficult 
insofar  as  it  is  a  nonresonant  multi-photon  absorption  process. 

To  further  demonstrate  that  our  phase  control  results  are  quantal  in  nature,  we  show  [Fig. 
5]  the  dynamics  after  reducing  the  effective  Planck  constant  r  by  50  times,  while  keeping  A:r 
constant.  As  further  discussed  below,  when  the  system  is  closer  to  the  semiclassical  limit, 
one  expects  the  extent  of  phase  control  to  decrease.  This  is  confirmed  in  Fig.  5.  For  both 
the  case  of  r  =  0.02  and  k  =  250  in  Fig.  5a  and  the  case  of  r  =  0.024  and  k  =  240  in 
Fig.  5b,  the  energy  diffusion  only  shows  slight  dependence  on  /3.  In  essence,  phase  control 
disappears.  We  therefore  confirm  the  expectation  that  quantum  chaotic  dynamics  in  the 
classical  limit  is  insensitive  to  initial-state  coherence. 

We  have  also  examined  the  stability  of  the  results  in  Fig.  2  for  r  far  from  resonance. 
We  have  checked  that  control  in  Fig.  2a  (Fig.  2b)  remains  essentially  the  same  when  r  is 
changed  from  1.01  to  1.0  to  0.99  or  from  1.21  to  1.20  to  1.19.  This  insensitivity  may  be 
important  for  experimental  studies,  suggesting  that  extensive  control  of  quantum  diffusion 
should  be  robust  to  small  fluctuations  of  the  frequency  of  the  periodic  kicking  field.  It 
should  be  noted  that  for  periodically  kicked  systems,  the  dynamics  can  be  very  sensitive  to 
the  exact  value  of  r.  For  example,  when  r  =  pn/q,  where  p,  q  are  integers,  the  free  evolution 
of  the  kicked  system  is  in  resonance  with  the  kicking  field,  and  the  corresponding  quantum 
diffusion  can  be  extremely  fast  [7,10].  Indeed,  when  the  resonance  condition  is  satisfied,  the 
spectrum  of  the  system  assumes  a  completely  different  form  (for  example,  in  the  DKPR 
model,  the  spectrum  is  continuous  at  resonance).  Here  we  have  examined  cases  of  r  far 
from  resonance  since  the  uncontrolled  dynamics  for  the  case  of  resonant  r  is  still  poorly 
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understood.  Nevertheless,  we  note  that  the  possible  range  of  quantum  diffusion  rates  due 
to  phase  control,  as  shown  in  Fig.  2,  is  comparable  to,  or  even  larger  than,  that  induced 
by  quantum  resonances  in  kicked  diatomic  systems.  For  r  near  or  on  resonance,  we  also 
observed  extensive  phase  control  in  many  cases  (e.g.,  for  r  =  7r/2,  k  —  4.5;  or  r  =  27r/5, 
k  =  5.0).  However,  due  to  the  sensitivity  of  the  dynamics  to  r,  the  phase  control  for  r  near 
or  on  resonance  is  also  very  sensitive  to  r. 

Finally,  we  examine  the  pulse-shape  dependence  of  our  phase  control.  Our  previous 
calculations  have  used  the  microwave  pulse  given  by  Eq.  (6),  which  needs  seven  consecutive 
harmonically  related  microwave  frequencies.  Although  this  case  is  indeed  very  close  to 
delta-kicked  dynamics,  it  is  challenging  experimentally  since  one  has  to  phase-lock  so  many 
different  microwave  fields.  Fortunately,  we  found  that  similar  phase  control  can  be  observed 
using  only  three  consecutive  harmonically  related  microwave  fields.  Figure  6  displays  the 
somewhat  less  extensive  phase  control  results,  where  the  pulse  shape  function  A(t/r n) 
in  Eq.  (4)  is  replaced  by 

t  m=3  ± 

-n)  =  1  +  2^,  cos[2m7r(-  -  n  -  1/2)].  (23) 

m=l 

It  is  clear  that,  the  main  characteristics  of  the  phase  control  results  in  Fig.  2  are  also 
observed  in  Fig.  6.  Thus,  utilizing  Eq.  (23)  should  significantly  reduce  technical  difficulties 
in  experimental  studies  of  phase  control  of  quantum  chaotic  diffusion. 

C.  Discussion 

The  results  obtained  for  Csl  are  similar  to  those  in  the  DKPR  model  [9],  despite  the 
fact  that  there  are  several  differences  between  the  DKPR  model  and  the  kicked  molecule 
case.  This  suggests  that  the  mechanism  for  phase  control  of  microwave  kicked  diatomics 
may  be  the  same  as  that  for  the  DKPR  model.  Below  we  discuss  the  fact  that  phase  control 
is  based  upon,  and  is  a  manifestation  of,  strong  statistical  deviations  from  random  matrix 
theory  (RMT). 
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One  of  the  main  results  of  the  study  of  quantum  chaos  is  that  statistical  properties 
of  eigenfunctions  and  eigenvalues  of  the  quantum  map  operator  F  (or  the  Hamiltonian 
operator  for  conservative  systems)  tend  to  be  well  described  by  RMT  if  the  underlying 
classical  dynamics  is  chaotic  [7].  Indeed,  statistical  behavior  close  to  RMT  predictions  are 
regarded  as  clear  signatures  of  classical  chaos.  In  particular,  RMT  claims  that  eigenvector 
components  of  F  are  random  and  obey  universal  statistical  laws.  However,  in  the  case 
of  the  DKPR  model  and  the  kicked  diatoms,  deviations  from  RMT  are  observed  in  the 
suppressed  quantum  diffusion  [10].  Here  we  demonstrate  that  quantum  control  is  another 
strong  manifestation  of  the  deviation  from  RMT. 

We  first  note  that  Eq.  (22)  can  be  further  simplified,  for  relatively  large  N,  by  making  a 
fairly  good  approximation.  That  is,  the  factor  tends  to  oscillate  so  rapidly  that 

essentially  only  those  terms  with  ja  =  jb  contribute  in  the  sum  over  ja  and  jb-  We  then 
obtain 

op 

=  COs2(q;)  Y,j{j  +  1)  E  I" 

j  ja 

+  Sin2(Q:)  Y.jU  +  1)  E 

j  ja 

+  sin(2a)  cos(/?)  E  +  1)  E  (24) 

j  ja 

Evidently,  the  last  term  in  Eq.  (24)  arising  from  quantum  interference  is  proportional  to 
cos(/3),  and  would  be  most  effective  when  /?  =  0  or  /5  =  tt.  This  explains  our  previous  choice 
of  ^  =  0,  TT  for  the  demonstration  of  extensive  phase  control. 

Consider  then  RMT  applied  to  the  statistics  of  the  eigenvectors  in  Eq.  (24).  Sup¬ 
pose  the  effective  dimension  of  the  Hilbert  space  is  £)  a  1/r,  r  being  the  effective  Planck 
constant.  We  then  assume  that  and  Uj^j^  are  independent  random  numbers 

with  mean  value  0  and  variance  1/D,  in  accord  with  RMT.  With  this  statistical  descrip¬ 
tion,  we  are  now  ready  to  compare  the  magnitudes  of  the  interference  term  and  the  in¬ 
coherent  terms  in  Eq.  (24).  Consider  first  the  interference  term.  As  an  approximation, 
Sja  ~  V-^ Eja ).  whcro  high  Order  correlations  between 

and  tTjaji are  neglected.  Note  that  the  ensemble  average  of  Uj^j^Uj^j^  (ji  ^  j2)  is  zero. 
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Hence  the  the  standard  deviation  of  1/D  is  given  by  1/ y/D  times  the  standard 

deviation  of  (which  is  of  the  order  of  1/D).  It  follows  that  the  standard  deviation 

of  jah)  order  of  1/VD.  On  the  other  hand,  for  the  incoherent 

terms,  say,  the  first  term,  Y,ia  Wjia.\^Wjah^  ~  Wjah?'  =  1/D.  Thus,  according  to 

RMT,  the  interference  term  is  zero  statistically,  and  the  magnitude  of  the  fluctuation  of  the 
interference  term  is  l/yfD  times  smaller  than  that  of  the  incoherent  term.  That  is,  RMT 
predicts  that  phase  control  of  quantum  diffusion  is  bound  to  fail.  Further,  since  D  scales 
with  1/r,  we  have  that  the  magnitude  of  the  fluctuations  of  the  quantum  interference  term 
in  Eq.  (24)  scales  with  As  we  approach  the  classica,!  limit  by  decreasing  the  effective 
Planck  constant  r,  initial  state  coherent  effects,  and  thus  phase  control  necessarily  vanish. 

Thus,  our  control  results  imply  that  RMT  is  not  a  good  statistical  description  when  the 
periodically  kicked  molecular  system  is  not  close  to  the  semiclassical  limit.  Just  as  in  the 
DKPR  model,  when  quantum  effects  are  large,  the  F  matrix  and  thus  the  U  matrix  are 
banded  matrices  [17]  in  the  representation  of  angular  momentum  eigenstates.  This  band 
structure  causes  strong  statistical  deviations  from  RMT  expectations.  In  particular,  in  the 
sum  Yjja  only  those  terms  with  \j  —  ja\  less  than  the  band  width  of  the  U 

matrix  (or  the  localization  length  of  the  eigenvector  Ujj^)  will  contribute,  i.e.,  the  number 
of  contributing  terms  in  the  sum  will  be  much  less  than  D,  the  effective  dimension  of  the 
Hilbert  space.  This  directly  leads  to  enhanced  fluctuations  of  Y,ja  Wjja\'^^jaji^jaj2^ 
interference  term  in  Eq.  (24)  can  be  comparable  to  the  first  two  incoherent  terms.  As  a 
result,  extensive  phase  control  of  quantum  chaotic  diffusion  becomes  possible. 

Based  on  the  observation  that  statistical  deviations  from  RMT  are  responsible  for  control, 
in  Ref.  [9]  we  quantitatively  obtained  a  necessary  condition  for  extensive  phase  control. 
Specifically,  in  the  DKPR  model,  we  require  k  <  50//c  or  r  >  k^/50  for  control.  The 
essence  of  this  condition  is  evident.  That  is,  larger  quantum  effects  induce  more  phase 
control.  It  is  thus  very  natural  to  conjecture  that  this  condition  could  also  apply  to  the 
model  of  periodically  kicked  molecules.  Indeed:  (1)  under  this  condition,  for  numerous  cases 
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of  varying  a,  k  and  r,  we  have  obtained  extensive  phase  control  results  similar  to  those 
in  Fig.  2,  and  (2)  outside  that  domain,  phase  control  is  not  extensive  in  general. 

V.  CONCLUSION  AND  SUMMARY 

The  results  of  this  paper  should  impact  strongly  on  two  research  areas,  that  of  quantum 
chaos  and  that  of  coherent  control.  The  focus  of  traditional  studies  in  quantum  chaos  is 
quantum-classical  correspondence,  i.e.,  the  conditions  under  which  quantum  and  classical 
dynamics  agree,  and  how  this  agreement  breaks  down  with  time  as  a  result  of  quantum 
interference  effects.  In  order  to  understand  interference  effects,  most  studies  have  used  clas¬ 
sical  initial  states  and  have  avoided  using  nonclassical  initial  states.  As  such,  the  literature 
of  quantum  chaos  rarely  considers  initial-state  coherence  effects.  Rather,  people  often  take 
the  semiclassical  view  that  the  classical  chaotic  dynamics  leads  to  a  randomization  of  the 
phase  in  quantum  evolution,  and  that  the  quantum  dynamics  is  insensitive  to  the  form  of  the 
initial  condition  [18].  By  contrast,  studies  in  coherent  control  [1]  emphasize  the  significance 
of  quantum  phases,  both  in  the  initial  state  and  the  ensuing  dynamics. 

Our  study  clearly  demonstrates  the  importance  of  initial-state  coherence  in  quantized 
chaotic  dynamics.  Specifically,  we  have  demonstrated  that  initial-state  coherence  can  dra¬ 
matically  alter  the  dynamics  of  quantum  diffusion  when  the  system  is  far  from  the  semi¬ 
classical  limit.  This  sensitivity  is  lost  as  the  system  approaches  the  classical  limit.  This 
phase  control  is  based  on,  and  is  a  manifestation  of,  strong  statistical  deviations  from  RMT. 
Further,  it  is  distinct  from  other  studies  of  control  in  diatomic  excitation  [19,20],  which  can 
essentially  be  described  classically  [21]. 

Having  theoretically  shown  that  initial-state  coherence  can  be  used  to  control  chaotic 
rotational  excitation  of  diatomic  molecules,  the  only  remaining  issue  is  the  experimental 
preparation  of  initial  superposition  states  such  as  (|1, 0)  ±  |2, 0))/V2,  or,  more  generally,  the 
generation  of  rotational  coherence  before  the  periodic  kicking  field  is  turned  on.  We  note 
that  STIRAP  [22]  provides  a  natural  choice  for  such  superposition  state  preparation.  In 
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Abstract 

Conditions  for  achieving  “optical  asymmetric  synthesis” ,  an  example  of  con¬ 
trolled  chiral  symmetry  breaking,  using  the  electric-dipole  light  field  interac¬ 
tion  are  derived.  These  include  scenarios  in  which  neither  the  medium  nor 
the  light  is  chiral  by  itself.  Specifically,  parity  requirements  are  used  to  show 
that  any  optical  scenario  in  which  the  dynamics  of  the  molecule  depends  on 
the  overall  sign  of  the  electric  field  allows  for  control  over  the  production  of 
one  chiral  species  in  preference  to  its  mirror  image.  A  sample  laser-molecule 
scenario  is  used  to  demonstrate  these  conditions. 
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The  ability  to  produce  a  specific  broken-symmetry  system  and  in  particular  a  chiral 
system  of  specific  handedness,  in  preference  to  its  equal  energy  broken-symmetry  forms,  is 
of  great  interest,  both  practically  as  well  as  theoretically.  Examples  of  broken-symmetry 
systems  of  interest  include  a  pair  of  asymmetric  quantum  wells,  one  being  the  mirror  image 
of  the  other;  two  heteronuclear  molecules  aligned  in  a  DC  electric  field;  and  a  1:1  mixture 
(called  a  “racemic”  mixture)  of  chiral  molecules  and  their  mirror  images  (such  pairs  are 
called  “enantiomers”).  Although  the  results  described  below  may  be  applied  to  a  rather 
general  class  of  broken-symmetry  systems,  we  focus  here  on  the  conversion  of  a  racemic 
mixture  to  a  single  enantiomeric  form,  a  process  we  term  “optical  asymmetric  synthesis” . 
Our  interest  is  in  identifying  general  conditions  under  which  linearly  polarized  light  can  be 
used  to  achieve  this  goal. 

The  use  of  circularly  polarized  light  [1-3]  to  selectively  enhance  a  desired  enantiomer, 
results  in  a  very  small  effect  for  most  molecules.  The  reason  for  this  can  be  traced  to  the 
reliance  on  the  presence  of  the  weak  molecular  magnetic-dipole.  Alternatively  we  can  explain 
the  minuteness  of  the  effect  by  noting  that  although  circularly  polarized  light  is  chiral,  this 
chirality,  which  is  due  to  the  combined  sense  of  the  rotation  of  the  electric  (or  magnetic) 
field  and  the  direction  of  propagation,  is  hardly  felt  by  the  molecule  due  to  the  differences 
of  at  least  three  orders  of  magnitudes  between  the  wavelength  of  light  in  the  visible  range 
and  the  molecular  size. 

In  contrast,  coherent  control  methods  which  utilize  the  far  stronger  electric-dipole  in¬ 
teraction,  in  conjunction  with  either  polarization  {Mj  selection)  of  photofragments  [4]  or  of 
the  initial  racemic  mixture  [5,6],  or  orientation  [7,8]  of  the  initial  sample,  have  been  shown 
theoretically  to  yield  a  very  high  degree  of  enantio-selectivity.  In  the  former  cases  [4,5],  lin¬ 
early  polarized  light  was  used,  so  that  neither  the  system,  nor  the  light,  was  chiral  by  itself. 
As  discussed  below,  chiral  molecules  of  specific  handedness  may  be  generated,  in  a  process 
we  term  “optical  asymmetric  synthesis” ,  by  combining  a  phase-specific  electromagnetic  field 
with  a  polarized  racemic  mixture. 

In  this  note  we  derive  the  general  conditions  under  which  an  optical  asymmetric  synthesis 
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based  purely  on  the  electric-dipole  light-field  interaction  is  possible.  The  conditions  are 
completely  general,  taking  into  account  the  properties  of  both  the  medium  and  the  incident 
light. 

Consider  a  molecule,  described  by  the  total  Hamiltonian  ( including  electrons  and  nuclei) 
Hm-  Within  the  Born-Oppenheimer  approximation  adopted  below,  the  nuclear  wavefunction 
associated  with  the  ground  electronic  state  has  two  enantiomers  denoted  L  and  D,  related 
to  one  another  through  inversion  I.  Specifically,  Hm  eigenstates  describing  L  and  D  and 
are  denoted  |  Li )  and  |  A )  (*  =  1, 2, 3....)  and  satisfy 

I\Li)  =  -\Di);  Z|A)  =  -|ii>,  (1) 

The  dipole  interaction  of  this  molecule  with  an  incident  time  dependent  electric  field 
E(t)  is  described  by  the  Hamiltonian: 

H(E)  =  HM-fi--E,  (2) 

Here  n  is  the  total  dipole  operator,  including  both  electron  and  nuclear  contributions,  and  we 
have  explicitly  indicated  the  dependence  of  the  Hamiltonian  on  the  electric  field.  Consider 
now  the  effect  of  inversion  on  H.  Since  I  operates  on  the  coordinates  of  the  molecule,  we 
first  note  that  it  reverses  the  sign  of  the  dipole  operator,  i.e,  l^fiT  =  — //.  Secondly  we 
note  that  the  molecular  Hamiltonian  is  invariant  to  the  action  of  X.  Thus,  since  =  X, 
that  [Hm,^  =  0.  Combining  the  above  results,  we  have  [9]  that,  XH(E)I  =  H{—E), 
where  H{—E)  =  Hm  +  /i  •  E.  This  implies,  defining  i7(E)  and  C/(— E)  as  the  propagators 
corresponding  to  dynamics  under  jH(E)  and  H{—E),  respectively,  that, 

U{E)I  =  IU{-E).  (3) 

To  expose  the  underlying  principles  allowing  optical  asymmetric  synthesis,  consider  ir¬ 
radiating  a  racemic  mixture  of  D  and  L  in  its  ground  electronic  state  with  an  electric  field 
E  and  examine  the  difference  5  between  the  amount  of  D  and  L  formed.  We  consider  first 
the  coherent  process  using  transform  limited  light  in  the  absence  of  collisions.  Then,  the 
difference  5  is  given  by 
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S  =  ElKAIl^(E)IA>l"  +  Kr’i|C'(E)|L,)n-||(L,|C/(E)|A)P  +  Kii|(/(E)|Lj)p| 

i  3 

(4) 

where  Pi  is  the  probability  of  state  \Li)  and  |  A)  in  the  initial  mixed  state.  (Since  the 
initial  state  is  a  racemic  mixture,  the  states  |  Li )  and  |  Di )  appear  with  equal  probability.) 

If  <5  =  0  then  there  is  no  control  over  the  chirality  in  the  scenario  defined  by  t/(E). 

To  determine  the  conditions  under  which  6  is  nonzero,  we  rewrite  Eq.  (4)  as 

«  =  £«  E[KAIt^(E)IA>f-|(iilt^(E)|ii>Pl  +  [|(AI£'(E)|ii)P-Kiilc'(E)IA>Pl 

i  3 

(5) 

and  recast  the  second  and  third  terms  using: 

I  ( A I  c/(E)  I A  >  p  =  I  ( A I  i'mm  A )  p  =  I  ( Ai  c^(-E)  I A )  p 

I  ( A I  t^(E)  I A  >  P  =  I  ( A,  I  t;(B)I|  A  >  P  =  I  { A I  A^(-E)  I A )  P  =  I  ( Al  C^(-E)  I A )  IM6) 

giving 

^  =  T,Pi  E[KAIAe)|A)P-Ka,IA-e)IA>P1  +  [|(AIA-e)|a>P-|{AIAe)|a>P1 

^  3 

(7) 

Equation  (7),  the  essential  result  of  this  work,  provides  the  general  condition  under  which 
electric  fields,  assuming  a  dipole  interaction,  can  break  the  right/left  symmetry  of  the  initial 
state,  and  result  in  enhanced  production  of  a  desired  enantiomer.  Specifically,  the  difference 
between  the  amount  of  D  and  L  formed  is  seen  to  depend  entirely  on  the  difference  between 
the  molecular  dynamics  when  irradiated  by  E  and  by  — E.  Hence,  barring  cancellation  of 
matrix  elements  of  different  j,  any  scenario  where  the  dynamics  of  the  molecules  depends  on 
the  overall  sign  of  the  electric  field  can  give  a  nonzero  enantiomeric  excess  and  a  breaking 
of  the  left-right  symmetry,  even  for  cases  with  initial  achiral  precursors.  Note  that  the 
fact  that  molecular  dynamics  can  depend  on  the  phase  of  the  incident  electric  field  is  well 
substantiated  [10,11],  but  its  utility  for  asymmetric  synthesis  is  only  evident  from  this  result. 
Finally,  note  that  the  result  is  completely  consistent  with  symmetry  based  arguments  that 
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can  usefully  provide  conditions  under  which  5  must  equal  zero.  For  example,  a  racemic 
mixture  of  thermally  equilibrated  molecules  is  rotationally  invariant.  Hence  any  rotation 
that  converts  E  to  — E  could  not,  in  this  case,  result  in  enantiomeric  control.  In  particular, 
in  this  case  the  sum  over  Mj  (where  Mj  is  the  component  of  the  total  angular  momentum 
along  the  direction  of  laser  polarization)  implicit  in  the  sum  over  Pi  in  Eq,  (7)  would  result 
in  (5  =  0.  By  contrast,  for  example,  a  racemic  mixture  of  Mj  polarized  molecules  irradiated 
with  linearly  polarized  light  [5]  gives  nonzero  5.  New  J  0  examples  emanating  from  Eq. 
(7)  are  also  expected  to  display  similar  non-traditional  characteristics. 

Both  qualitative  and  quantitative  applications  of  Eq.  (7)  are  possible.  Qualitatively,  for 
example,  a  traditional  scheme  where  the  ground  electronic  state  of  L  and  D  are  incoherently 
excited  to  bound  levels  of  an  excited  state,  gives  5  =  0.  This  is  because  all  processes 
connecting  the  initial  and  final  |  Li )  and  |  Dj )  states,  i.e.  contributions  to  the  matrix 
elements  in  Eq.  (7),  are  even  in  the  power  of  the  electric  field.  Hence,  propagation  under  E 
and  — E  are  identical.  By  contrast,  consider  the  four  level  model  scheme  in  Fig.  1,  where 
the  states  |  Di )  and  |  Li )  are  denoted  |  D )  and  \L).  (E.g.  these  may  be  four  levels  of  fixed 
Mj).  In  this  enhanced  version  of  the  scenario  introduced  in  Ref.  [5],  two  states  1 1 )  and  |  2 ) 
of  energy  Ei  and  E2,  which  are  associated  with  an  excited  electronic  state,  are  coupled  to 
the  ground  state  at  energies  Ed  —  El  by  two  narrow  pulses  e2{t)  of  linearly  polarized 
coherent  light.  Here  the  ro-vibrational  component  of  1 1 )  is  symmetric  with  respect  to  X 
whereas  |  2)  is  antisymmetric  [12].  The  latter  two  levels  are  coupled  to  one  another  by  an 
additional  pulse  of  coherent  linearly  polarized  light  of  amplitude  eo(i)-  When  eo(^)  7^  0  there 
exist  processes  connecting  the  initial  and  final  ]  L )  and  j  D )  states  which  are  of  the  form 
|I/)^|1)— )-|2)— )-|£))  and  hence  there  are  terms  in  Eq.  (7)  that  are  odd  in  the  power  of 
the  electric  field.  One  therefore  anticipates  the  possibility  of  altering  the  enantiomeric  excess 
using  this  combination  of  pulses,  providing  the  basis  for  the  control  results  reported  in  Ref 
[5] .  Further,  if  Sq  =  0  then  the  situation  reverts  to  the  case  discussed  above,  where  only 
processes  even  in  the  electric  field  contribute  to  transitions  between  the  initial  \D),\L)  and 
final  \D),\L)  transitions,  and  hence  control  over  the  enantiomeric  excess  is  lost.  For  this 
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reason,  the  eo{t)  coupling  laser  is  crucial  to  enantiomeric  control.  This  qualitative  picture 
is  substantiated  quantitatively,  below. 

Quantitatively,  the  time  evolution  of  the  system  shown  in  Fig.  1  is  given  by  the  wave- 
function 

I  boit)  exp{-iEDt/h)\D)  +  bi{t)  exp(-ijE'Lf//i)|  L)  -f  61(f)  exp(— iF^if/^)|  1 ) 

-f- 62(f)exp(-ijE'2f//l)|  2).  (8) 

Inserting  Eq.  (8)  into  the  time  dependent  Schrodinger  Equation,  invoking  the  rotating  wave 
approximation,  and  noting  the  symmetry  properties  of  the  nuclear  component  of  1 1 )  and 
1 2 )  gives  a  set  of  equations  [5]  which  can  be  solved  numerically  for  the  time  dependence  of 
the  coefficients  6i(f).  Specifically, 

61  =  iexp{iAit)Cl*u  i[bD  +  6/,]  -I-  i  exp(iAof)f2o^2 

62  =  i  exp{iA2t)Qjj2[bD  -bil  +  i  exp{-iAot)Qoh 

•  .  (9) 

&£)  =  iexp(— iAif)r2£»_i6i  -t-  iexp(— iA2f)fii),262 

bi  =  iexp{—iAit)Q,D,ibi  —  i  exp(—iA2t)nD^2b2 
where  the  Rabi  frequencies  Qijit)  =  Hijej{t)/h  ,  z  =  D, L  ,  j  =  1, 2, and 
detunings  Aj  =  ujjo  -  uj,  Aq  =  W21  -  where  Hij  =  {i\fj,- ek\j),  with  i  =  D,L]k  =  0, 1, 2 
and  j  =  1,2.  Here  cuy  =  (Ei  —  Ej)/h  and  Ck  defines  the  direction  of  the  linearly  polarized 
pulse  ek{t).  We  take  the  pulses  ei  and  S2  much  narrower  in  bandwidth  than  u;2i,  and  neglect 
the  effect  of  pulse  1  on  level  2  and  of  pulse  2  on  level  1. 

Analytically,  the  solution  to  Eq.  (9)  depends  on  the  sign  of  E  when  eo  7^  0,  Specifically, 
changing  E  to  -E  means  changing  all  Sj{t)  to  -ej{t).  Doing  so,  and  defining  b[  =  -61  and 
62  =  —  62  converts  Eq.  (9)  into 

b[  =  i  exp{iAit)Qpi[bD  +  bi]  —  zexp(zAof)f^o^2 

62  =  iexp{iA2t)Q})2[bD  -  bi]  -  i  exp{-iAot)Q.ob[ 

(10) 

bo  =  zexp(— iAif)fl£),i6i  +  i  exp{—iA2t)Q,o,2b2 

bi  =  iexp{—iAit)Q.D,ib'i-iexp{-iA2t)Q,D,2b2 
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Thus,  Eq.  (10)  is  the  same  as  Eq.  (9)  barring  the  change  of  sign  in  the  fio  terms.  Hence  by 
the  above  argument,  this  scenario  therefore  allows  for  chirality  control  when  eo{t)  0. 

Numerical  studies  indeed  confirm  that  control  over  the  |  D )  and  |  L )  populations  is, 
indeed,  extensive  when  laser  properties  (pulse  widths,  central  frequencies,  time  delay,  etc.) 
are  varied  in  this  scenario.  Consider,  for  example,  excitation  from  a  racemic  mixture.  Fig.  2a 
shows  the  dependence  of  the  populations  of  |  D )  and  |  L )  on  the  phase  9  =  62  oi  S2{t),  where 
the  pulses  are  assumed  Gaussians  [5]  of  the  form  £k{t)  =  exp[— ((t— tjt)/afc)^]  (k  =  0, 1, 2), 
with  Pk  =  |/5fc|  exp(z0fc).  Clearly,  one  can  preferentially  deplete  ground  state  L  or  ground 
state  D  just  by  changing  6  by  tt.  Similarly,  Fig.  2b  shows  the  extensive  dependence  of  the 
L  and  D  populations  on  the  intensity  ratio  Pq/ Pi- 

Finally,  we  note  that  control  depends  upon  the  ability  to  coherently  prepare  excited  state 
levels  by  one  or  more  simultaneous  excitation  routes,  embodied  in  the  simultaneous  radiative 
coupling  of  levels  1 1 )  and  1 2 )  to  one  another  and  to  \Di)  and  \Li).  Thus,  this  constitutes 
a  demonstration  of  the  use  of  coherent  control  [13]  to  alter  the  overall  chirality  of  a  system 
without  the  use  of  chiral  input.  What  is  required  experimentally  is  control  over  the  phase 
of  the  electric  field.  One  possible  approach  is  to  use  ultra  short  pulses  [14,15]  which  allow 
defining  the  overall  electric  field  phase. 

In  summary,  we  have  derived  the  basic  principle  that  allows,  using  the  dominant  electric- 
dipole  light  interaction,  for  phase  selective  transfer  of  a  racemic  mixture  into  the  pure  D 
or  L  enantiomeric  form.  In  doing  so  we  have  ignored  collisional  effects,  as  well  as  radiative 
emission  to  the  ground  state,  discussed  in  Ref.  [5],  because  they  do  not  modify  the  principles 
described  above. 
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Figure  Captions 


Figure  1;  Model  system  and  laser  scenario,  as  described  in  text. 

Figure  2  :  Probability  of  observing  D  (solid  lines)  and  of  observing  L  (dot-dashed  lines)  after 
laser  excitation  of  a  racemic  mixture  as  function  of  (a)  the  phase  9  of  e2{t)  and  (b)  the  ratio 
of  amplitudes  Po/Pi.  System  parameters  are:  Hn  =  nw  =  1  a.u.,  /X2L  =  — A*2d  =  1  a-u., 
Pi  =  1  *  10“®  a.u.,  i  =  1,2,  Oj  =  2  psec  ,i  =  0,1,2,  Ai  =  A2  =  —5  cm“^,  ti  =  t2  and 
(a)  ;0o  =  4  X  10“®  a.u.,  Aq  =  0  and  to  =  (b)  Po  =  1  x  10“^  a.u.,  Aq  =  —5  cm“^  and 

^0  ~  =  —2  psec. 
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Chiral  Molecules  With  Achiral  Excited  States:  A  Computational 
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Abstract 

Molecular  orbital  computations  using  the  configuration  interaction  singles  (CIS)  method 
and  complete  active  space  self-consistent  field  (CASSCF)  method  were  used  to  map  out 
the  electronic  ground  and  excited  states  of  1,3-dimethylallene.  Both  open  shell  and  closed 
shell  singlet  configurations  were  taken  into  account.  Potential  Energy  Surfaces  (PES)  for 
the  ground  and  the  first  two  excited  states  were  obtained  over  a  two-mode  grid  composed 
of  the  C-C-C  bending  angle  and  the  dihedral  angle  between  the  planes  defined  by  the 
carbon  atoms  of  the  HaC-C^C  and  C=C-CH3  groups.  Several  critical  points  located  on 
the  ground  and  first  excited  PES  were  fully  optimized  by  allowing  all  degrees  of  freedom 
to  relax.  The  ground  state  racemization  reaction  from  the  left-handed  enantiomer  to  the 
right-handed  was  found  to  proceed  via  a  barrier  of  41  kcal/mol,  in  excellent  agreement 
with  the  experimental  value  of  45.1kcal/mol  for  the  enthalpy  of  racemization.  The  ground 
state  transition  state  geometry  is  shown  to  be  planar-bent.  The  results  indicate  that  1,3- 
dimethylallene  shows  chiral  structures  in  the  ground  state  and  achiral  structures  in  the  first 
excited  state.  Coupled  with  the  reported  dipole  moment  function,  1,3-dimethylallene  is 
shown  to  be  a  useful  molecule  for  coherently-controlled  racemic  purification  using  our  “laser 
distillation”  scheme[Phys.  Rev.  Lett,  2000,  84,  1669]. 
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I.  INTRODUCTION 


There  has  been  a  great  deal  of  interest  recently  [1-5]  in  the  interaction  of  chiral 
molecules  or  racemic  mixtures  with  coherent  light.  This  includes,  for  example,  efforts  to 
understand  the  nature  of  coherent  superpositions  of  chiral  molecules  [1]  as  well  work  such 
as  ours  on  coherently  controlled  asymmetric  synthesis  using  linearly  polarized  light  [3],  a 
process  that  we  term  “laser  distillation” .  Many  of  these  studies  share  the  common  feature 
that  the  molecules  are  assumed  to  have  a  ground  state  potential  which  supports  chiral 
structures  and  an  electronically  excited  state  which  is  achiral.  Despite  the  interest  in  such 
molecules,  however,  there  has  been  no  systematic  effort  to  identify  molecules  displaying 
these  characteristics. 

In  this  paper  we  show  that  1,3-dimethylallene  is  a  molecule  of  this  type.  1,3- 
dimethylallene,  a  chiral  molecule  by  virtue  of  the  perpendicular  positioning  of  the  two  methyl 
groups,  was  initially  chosen  for  consideration  due  to  its  unique  geometry,  which  allows  the 
interconversion  between  the  D  and  L  enantiomers  by  simply  breaking  either  of  the  double 
bonds,  followed  by  a  180*^  rotation  about  that  bond  (see  Figure  1).  This  suggests,  as  con¬ 
firmed  below,  that  although  the  breaking  of  a  double  bond  is  expected  to  be  prohibited 
energetically  on  the  ground  state,  it  may  well  be  facile  on  some  of  the  excited  states.  Sub¬ 
sequent  work,  reported  elsewhere  [6]  showed  that  the  structure  of  the  potential  surfaces, 
coupled  with  the  dipole  moment  function  reported  in  this  paper,  allows  for  extensive  chiral 
selectivity  using  our  laser  distillation  scenario  [3]. 

To  assess  the  utility  of  a  molecule  for  laser  distillation,  or  for  the  other  studies  cited 
above,  requires  that  we  characterize  all  critical  points.  In  the  case  of  1,3-dimethylallene  there 
are  a  few  studies  of  the  spectra  and  internal  rotation  [7,8].  However,  the  many  experimental 
[9-14]  and  computational  [15-18]  studies  on  the  ground  and  excited  states  of  allene,  amongst 
them  the  computational  study  of  the  ring  opening  of  substituted  cyclopropylidenes  to  cyclic 
allenes  [16],  suggest  that  computations  must  be  done  with  care.  Specifically,  computational 
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studies  on  the  excited  states  of  non-substituted  allene  are  inconclusive  regarding  the  char¬ 
acter  of  local  minima  and  other  critical  points  on  the  first  excited  state  surface.  While 
Density  Functional  Theory  (DFT)  results  in  the  first  excited  PES  having  a  single  minimum 
[16],  CASSCF  based  computations  [17]  suggest  that  the  critical  point  at  that  geometry  is 
a  saddle  point.  For  this  reason  we  have  initiated  a  careful  and  systematic  exploration  of 
the  ground  and  excited  state  surface  of  1,3-dimethylallene  of  all  relevant  critical  points, 
characterizing  their  geometries  and  electronic  configurations. 

Section  II  below  describes  the  methods  of  computation,  followed  by  results  for  ground 
and  excited  state  critical  points  and  the  dipole  moment  function,  in  Section  III. 


II.  METHOD  OF  CALCULATION 

The  ground  and  excited  state  surfaces  were  computed  over  a  rigid  grid  using  single¬ 
excitation  configuration  interaction  (CIS)  [19,20]  spanned  by  a  double-zeta  6-31-f-G(d,p) 
basis  set.  In  addition,  full  geometry  optimizations  of  the  critical  points  on  the  first  excited 
PES  of  the  planar  1,3-dimethylallene  geometries  were  carried  out  using  the  “Complete  Active 
Space  Multiconfiguration  Self  Consistent  Field”  [21,22]  (CASSCF)  with  a  triple  zeta  6- 
311-1-G(d,p)  basis  set.  As  the  active  CASSCF  space,  termed  CASSCF(4,6),  we  have  chosen 
four  electrons  and  six  orbitals.  In  the  C^  planar  configurations  we  have  chosen  four  A'  and 
two  A"  molecular  orbitals,  whereas  for  Cat,  geometries  the  active  space  includes  a  single 
bi,  ba,  and  aa  orbital  and  three  ai  orbitals.  The  active  space  for  the  Ca/i  geometries  is 
composed  of  an  ag,  bg,  au  and  three  bu  orbitals. 

All  the  calculations  were  carried  out  using  the  GAUSSIAN  94  [23]  program.  The 
molecular  orbital  diagrams  were  generated  by  MOLDEN  [24]. 
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III.  RESULTS 


A.  Two  variable  PES  for  the  ground  and  first  excited  states 

The  potential  surfaces  were  computed  on  a  grid  as  a  function  of  two  variables,  a, 
the  C-C-C  bending  angle,  and  9,  defined  as  the  dihedral  angle  between  the  H3C-C=C  and 
C=C-CH3  planes  (see  Fig.  2),  for  “in-plane”  a  and  a  =  0, 180®,  and  as  <f)  —  90°  where  (j)  is 
the  dihedral  angle  between  the  H3C-C=C  plane  and  the  C=C=C  plane  for  the  out-of-plane 
bending  angle  a'  7^  0, 180°. 

For  linear  1,3-dimethylallene  6  is  identical  to  the  torsional  angle  H3C-C...C-CH3. 
The  range  of  9  explored  was  [0°,  180°]  ,  where  (see  Figure  1)  0°  and  180°  correspond  to 
the  two  planar  geometries  and  90°  -  to  one  of  the  orthogonal  1,3-dimethylallene  geometries. 
Because  of  symmetry  we  did  not  need  to  explore  the  180°  to  360°  range. 

Due  to  the  methyl  substituents  there  are  three  principal  inequivalent  bending  di¬ 
rections  of  the  linear  C=C=C  group  (see  Figure  3):  (a)  “In-plane”  bending  by  angle  a  - 
confined  to  the  frozen  H3C-C=C  plane,  (b)  “Out-of-plane”  bending  by  angle  a'  -  i.e.  bend¬ 
ing  in  a  direction  orthogonal  to  the  frozen  H3C-C=C  plane.  This  bending  will  generate 
non-planar  geometries,  which  are  precursors  for  ring  closure  to  yield  the  cyclopropylidene 
[16].  (c)  Bending  at  45°  between  the  above  directions.  Bending  in  this  direction  preserves 
the  C2  symmetry  of  1,3-dimethylallene. 

We  have  computed  the  potential  energy  surfaces  for  the  bending  motion  in  the  (a) 
and  (b)  directions,  where  the  bending  angle  was  allowed  to  vary  between  100°  and  260°. 
Figure  4  shows  the  ground  and  the  first  two  excited  PES  generated  by  the  CIS  method  for 
the  in-plane  bending.  Figure  5  shows  the  same  data  for  the  out-of-plane  bending.  Note  that 
in  both  cases  the  ground  state  shows  two  wells  with  a  barrier  between  them  along  9  =  180°, 
corresponding  to  the  two  ground  state  chiral  species,  whereas  the  first  excited  state  shows 
a  well  with  a  minimum  a,t  9  =  a  =  180°.  This  is  precisely  the  PES  structure  one  seeks  for 
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the  chiral  studies  cited  above-i.e.  the  ground  state  is  chiral  whereas  the  (first)  excited  state 
is  not. 

The  geometries  of  the  rigid  scan  critical  points  are  shown  in  Fig.  6  and  Fig.  7.  In 
Fig.  6  we  display  six  critical  geometries  of  the  planar  1,3-dimethylallene  molecule.  Since  the 
planar  geometries  at  (^,  Q!)=(180°,120°),  and  (180°, 240°)  geometries  are  identical,  there  are 
five  independent  critical  geometries.  We  note  that  the  structure  located  at  (360°, 240°),  for 
which  the  two  methyl  groups  are  very  close  to  one  another,  is  very  unfavorable  energetically. 

In  Fig.  7  we  display  six  critical  geometries  in  the  out-of-plane  bending  configurations 
of  the  first  excited  state.  Only  two  of  them,  {6,  a')  =  (180°, 180°)  and  (360°, 180°)  are  of 
sufficient  low  energy  to  be  of  interest  in  this  study.  They  are  similar  to  the  in-plane  critical 
points.  The  other  four  geometries  are  precursors  to  the  cyclopropylidene  ring  closure. 

B.  CASSCF  optimization  at  the  planar  critical  points 

The  limited  scan  over  two  angles  reported  above  only  yields  approximate  locations 
for  the  critical  points.  In  order  to  refine  our  understanding  we  have  performed,  using 
CASSCF,  full-dimensional  optimization  at  the  planar  critical  geometries  uncovered  by  our 
two-dimensional  search.  These  calculations  were  performed  for  both  closed-  and  open-shell 
singlets  and  for  one  open-shell  triplet  state. 

Figure  8  shows  the  six  orbitals  and  the  four  electrons  considered  in  the  active  space. 
The  electronic  configurations  are  identified  by  four  numbers  composed  of  the  orbital  number 
(1,2,. . .  ,6),  with  the  first  two  numbers  carrying  an  a  spin  and  the  last  two  number  a  /?  spin. 
For  example,  the  notation  (1,2)(1,2)  implies  that  the  first  electron  is  assigned  to  orbital  1, 
the  second  electron  to  orbital  2,  both  with  a  spins;  the  third  electron  to  orbital  1  and  the 
fourth  electron  to  orbital  2,  both  with  ^  spins. 

Save  for  some  specific  configurations,  all  the  geometric  parameters  were  relaxed  in 
the  optimization,  with  no  symmetry  constraints  imposed.  The  resultant  energies  [25]  and 
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coefficients  for  the  most  important  electronic  states  are  given  in  Table  I  and  Table  II.  The 
calculated  geometries,  the  atom  serial  numbers,  the  bond  length  and  bond  angles  are  given  in 
Figs.  2,9,10,  Table  III  and  Table  IV.  The  highest  occupied  and  lowest  unoccupied  molecular 
orbitals  are  shown  in  Fig.  11. 

It  is  instructive  to  follow  the  way  in  which  the  bending  of  the  C-C-C  angle  affects 
the  closed  shell  planar  energies.  To  do  so  we  performed  single  point  CASSCF  calculations 
at  the  linear-onti  and  the  slightly  bent  C-C-C  geometries.  The  results  are  shown  in  Fig. 
12.  Bending  from  180®  to  «  165°  shows  smooth  energy  variations  on  the  excited  electronic 
state  with  closed  shell  singlet  configuration.  Additional  bending  below  165°  leads  to 
the  sudden  “collapse”  of  the  CASSCF  calculation  to  the  lower  energy  open-shell  ground 
state  configuration.  At  bending  angles  of  130°  and  below,  the  stable  excited  state  CASSCF 
configuration  again  returns  to  a  closed-shell  excited  state. 

Figure  12  shows  the  presence  of  a  near  crossing  between  the  open-shell  (1,2)(1,2) 
singlet  and  the  closed-shell  (1,2)(1,3)  singlet  at  «  165°.  The  existence  of  an  “avoided 
crossing”  is  further  confirmed  by  the  interchange  of  the  HOMO-LUMO  orbitals  in  linear 
and  bent  geometries  as  seen  in  Fig.  11  .  It  is  conceivable  that  the  “collapse”  of  the  CASSCF 
calculation  noted  above  is  due  to  the  failure  of  the  Born-Oppenheimer  approximation  in  this 
near  crossing  region.  In  the  present  study  we  did  not  try  to  locate  the  crossing  point  more 
accurately  because  our  main  purpose  was  to  study  the  planar  structures,  further  details 
about  which  are  given  in  section  IV. 

C.  The  electric  dipole- moment  for  the  ground  and  the  first  excited  states 

Studies  of  light  induced  processes  in  chiral  molecules,  the  motivation  for  this  study, 
require  the  electric  dipole  moment  as  input  into  the  computation  of  Franck-Condon  factors. 
Computational  results  on  the  electric  dipole  are  provided  in  this  section. 

We  have  computed  the  electric  dipole  moment  for  the  ground  state  and  first  electronic 
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excited  state  of  1,3-dimethylallene  using  the  same  procedure  as  for  the  potential  energy 
surfaces.  The  X,  Y  and  Z  components  (see  note  [26])  of  the  dipole  in  ground  and  excited 
electronic  states  are  shown  in  Figs.  13  and  14  for  fixed  a,  and  as  a  function  of  9.  We 
find  that  for  the  linear  orthogonal-conformation  {9,  a)  =  (90, 180)  the  dipole  moment  of 
the  first  excited  state  is  four  times  larger  than  that  of  the  ground  state.  In  contrast,  the 
dipole  moment  for  the  planar  anti-conformation  {9,  a)  =  (180, 180)  is  essentially  zero  in  both 
ground  and  first  excited  states  and  remaining  linear  planar  conformations  show  a  generally 
small  dipole  in  both  the  ground  and  excited  states.  The  dipole  functions  for  the  bent 
conformations  are  somewhat  more  complicated.  The  total  electric  dipole  moment  surfaces 
for  the  ground  state  and  first  electronic  excited  state  are  shown  in  Fig.  15. 


IV.  OPTIMIZED  CONFIGURATIONS  AND  RACEMIZATION 

In  this  section  we  discuss  the  results  of  fully  optimized  studies,  carried  out  at  select 
geometries  using  the  CASSCF  method,  as  well  as  the  energetics  of  the  1,3-dimethylallene 
racemization  reaction. 

^From  the  viewpoint  of  electronic  structure,  our  most  important  finding  is  that  the 
ground  PES  is  dominated  by  a  closed-shell  (1,2)(1,2)  configuration  in  the  orthogonal  ge¬ 
ometry  and  by  an  open-shell  (1,2)  (1,3)  configuration  in  the  planar  geometries.  The  reverse 
occurs  in  the  first  excited  state:  this  state  is  dominated  by  the  open-shell  (1,2)  (1,3)  config¬ 
urations  in  the  orthogonal  geometries  and  by  a  closed-shell  configuration  (1,2)  (1,2)  in  the 
planar  geometries.  This  alternation  between  open  and  closed  shell  configurations  is  similar 
to  that  found  for  allene  [16]. 

We  find  that  at  the  same  geometry,  the  ground  PES  has  a  saddle  point  and  the 
first  excited  PES  has  a  minimum.  We  identify  the  ground  PES  saddle  point  with  the 
transition  state  for  the  interconversion  of  L  1,3-dimethylallene  to  D  1,3-dimethylallene.  In 
addition,  we  find  that,  a)  the  first  excited  surface  minimum  is  characterized  by  a  closed-shell 
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configuration;  b)  at  the  geometry  of  the  first  excited  state  minimum  the  first  excited  state 
is  higher  in  energy  than  the  ground  state;  c)  the  ground  PES  saddle  point,  occurring  at  the 
same  geometry,  is  dominated  by  an  open  shell  configuration. 

A.  Planar  Geometries 

1.  Planar-Linear  Geometries 

At  the  planar-linear  geometries  the  CASSCF  coefficients  show  that  the  ground  PES 
is  almost  entirely  made  up  of  the  (1,2)  (1,3)  open-shell  configuration,  while  the  first  excited 
PES  is  dominated  by  the  (1,2)  (1,2)  closed-shell  configuration.  We  find  that  the  energy 
difference  between  the  open  and  closed  shell  planar-linear  geometries  is  «26  kcal/mol.  These 
findings  are  qualitatively  similar  to  the  situation  in  non-substituted  allene,  though  for  1,3- 
dimethylallene  the  energy  gap  is  higher. 

In  both  electronic  states  there  is  no  difference  in  energy  between  the  anti  and  syn 
planar-linear  geometries.  Presumably  the  distance  between  the  methyl  groups  is  so  large 
that  there  is  essentially  no  interaction  between  these  two  groups  at  these  geometries  (see 
Table  III  and  Ref.  [27]). 

2.  Planar-Bent  Geometries 

At  the  planar-bent  geometries  the  ground  and  first  excited  states  have  a  similar 
electronic  character  to  that  of  the  planar-linear  geometries,  except  for  some  mixing  with  the 
(2,3) (2,3)  doubly-excited  closed  shell  configuration  [28]  (see  Table  I). 

Contrary  to  the  situation  in  the  planar-linear  case,  in  the  planar-bent  case  the  energy 
difference  between  the  ground  and  first  excited  state  does  depend  on  whether  the  system 
is  in  the  anti  or  syn  geometry:  The  energy  difference  is  «8.6  kcal/mol  for  the  planar-bent 
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anti  geometries,  and  «1.0  kcal/mol  for  the  planar-bent  syn  geometries  (see  Table  II,  Fig.  9 
and  Fig.  10),  the  syn  being  always  lower  in  energy  in  the  first  excited  state.  The  energy 
difference  between  these  two  planar-bent  geometries  is  «  7  kcal/mol.  By  contrast,  there  is 
essentially  no  difference  in  energy  between  these  geometries  in  the  ground  state. 

The  syn- anti  energy  difference  is  a  direct  result  of  the  C-C-C  bending  angle  where 
the  PES  has  a  local  minimum.  In  the  first  excited  state  anti  configuration  this  angle  is 
113°,  whereas  in  the  syn  configuration  it  is  108°,  both  values  being  much  smaller  than  the 
C-C-C  bending  angle  minimizing  the  ground  PES,  which  is  139°  in  the  anti  configuration 
and  137.5°  in  the  syn  configuration  (see  Table  IV).  As  a  result,  the  methyl  groups  are  much 
closer  in  the  first  excited  state  [27]  and  interact  more,  thereby  explaining  the  difference  in 
energy  between  the  syn  and  anti  geometries  in  the  first  excited  state. 

One  of  the  most  prominent  features,  seen  from  Table  III,  to  come  out  of  our  cal¬ 
culation  is  the  shortening  of  the  C-C  bond-lengths  in  the  first  excited  state  planar-linear 
geometry.  The  optimized  geometries  are  displayed  in  Fig.  9(la)  for  the  first  excited  state 
C2/1  symmetry  and  in  Fig.  9(2a)  for  the  first  excited  state  C^  symmetry.  The  ground  state 
geometry  having  a  C2/1  symmetry  is  shown  in  Fig.  9(lb),  and  that  belonging  to  the  C2V 
symmetry  is  shown  in  Fig.  9(2b).  The  shortening  of  the  C-C  bond  length  occurs  for  both 
the  anti  and  the  syn  geometries. 

The  open  shell  triplet  planar  structures  are  about  2  kcal/mol  lower  in  energy  than 
the  open  shell  singlet  structures.  There  is  almost  no  difference  between  the  open  shell  singlet 
and  the  open  shell  triplet  geometries,  as  shown  in  Table  III. 


B.  The  Racemization  Reaction 

In  order  to  complete  the  calculation  of  the  minimum  energy  path  for  the  racemiza¬ 
tion  reaction,  which  is  the  transition  from  one  orthogonal-linear  geometry  to  its  enantiomeric 
form,  we  have  performed  CASSCF  optimization  at  the  orthogonal  geometry.  At  this  geome- 


9 


try  the  ground  state  was  found  to  be  composed  essentially  of  a  single  closed-shell  (1,2)(1,2) 
configuration.  In  contrast,  the  first  excited  state  was  found  to  be  composed  of  a  number  of 
open-shell  configurations,  with  the  (1,2)  (1,3)  configuration  being  most  prominent. 

Having  performed  the  optimization  for  both  the  orthogonal-linear  and  planar  ge¬ 
ometries  the  current  calculation  suggests  that  the  racemization  reaction  proceeds  via  the 
planar-bent  geometry.  The  transition-state  energy-barrier  at  this  geometry  without  any 
temperature  correction  was  computed  here  to  be  41  kcal/mol.  This  barrier  height  and  the 
transition-state  geometries  are  in  good  agreement  with  experimental  findings  [8].  In  partic¬ 
ular,  the  experimental  value  for  the  enthalpy  of  racemization  was  found  to  be  45.1  kcal/mol 
[8],  is  in  excellent  agreement  with  our  computed  energy  barrier.  In  contrast,  the  path  which 
proceeds  via  the  planar-linear  geometry  is  more  costly  in  energy:  it  involves  a  barrier  of  50 
kcal/mol. 

V.  CONCLUSIONS 

We  have  computed  the  ground  and  first  excited  state  PES  of  1,3-dimethylallene  as  a 
function  of  the  C-C-C  bending  angle  and  the  dihedral  angle  between  H3C-C=C  and 
C=C-CH3  planes  at  the  CIS  level.  We  have  also  performed  a  full  CASSCF  optimization  at 
a  number  of  critical  configurations  in  both  the  ground  and  first  excited  PES. 

We  have  shown  that  the  ground  state  racemization  reaction  from  one  enantiomeric 
form  of  1,3-dimethylallene  to  the  other  proceeds  via  a  barrier  of  41  kcal/mol,  in  excellent 
agreement  with  the  experimental  value  of  45.1  kcal/mol  for  the  enthalpy  of  racemization. 
The  ground  state  transition  state  geometry  was  shown  to  be  planar-bent. 

We  have  also  found  that  the  first  excited  PES  possesses  a  stable  low  energy  critical 
point  at  the  planar-bent  geometry  corresponding  to  the  ground  state  transition  state.  Thus, 
this  study  suggests  that  1,3-dimethylallene  has  a  ground  state  potential  energy  surface  that 
supports  chiral  structures,  and  an  excited  electronic  state  that  is  achiral.  Further,  the 
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minimum  in  the  upper  potential  lies  above  the  ground  state  transition  state  from  the  Dextro 
to  the  Levo  form.  As  a  consequence  1,3-dimethylallene  is  a  useful  molecule  for  many  of  the 
proposed  studies  of  coherent  light  interacting  with  a  chiral  species  [1-4].  In  particular,  in  a 
subsequent  publication  [6]  we  demonstrate  the  ability  to  “laser  distill”  [3]  1,3-dimethylallene 
so  as  to  selectively  produce  a  large  enantiomeric  excess  using  linearly  polarized  light  and  a 
polarized  dimethylallene  medium. 
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TABLES 

TABLE  I.  The  CAS  coefficients  of  the  most  important  configuration". 


State 

an^i- linear 

5yn-linear 

anti-hent 

52/n-bent 

Closed  shell  singlet  (1,2)(1,2) 

0.99926 

0.99940 

0.96199 

0.96601 

Open  shell  singlet  (1,2)  (1,3) 

0.99998 

0.99998 

0.99999 

0.99999 

Open  shell  triplet  (1,2,3)  (1) 

0.99998 

0.99997 

0.99999 

0.99998 

“  Planar-linear  geometries  with  a  (1,2)  (1,2)  CAS  coefficient  bigger  then  0.999  are 
considered  to  be  “pure” .  In  the  planar-bent  geometries,  in  addition  to  the  dominant 
(1,2)(1,2)  configuration,  there  is  a  small  contribution  from  the  doubly  excited  (2,3)(2,3) 
configuration. 
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TABLE  II.  CAS(4,6)/6-311+G(d,p)  energies  for  the  ground  state  and  excited  state  planar 
1,3-dimethyl  allene“. 


CAS  energy  [hartree] 

Electronic  state 

anfi- linear 

syn-lineen 

anti’-hent 

s?/n-bent 

Closed  shell  singlet  (1,2)  (1,2) 

-193.866194 

-193.867627° 

-193.909096 

-193.920042 

Open  shell  singlet  (1,2)  (1,3) 

-193.908078 

-193.907871 

-193.922921 

-193.921624 

Open  shell  triplet  (1,2,3)  (1) 

-193.911049 

-193.910845 

-193.926780 

-193.925483 

CAS  energy  relative  to  the  open 

shell  singlet  species  [kcal/mol]*’ 

Closed  shell  singlet  (1,2)  (1,2) 

26.283  (76.439) 

25.253  (75.540) 

8.675  (49.518) 

0.993  (42.649) 

Open  shell  singlet  (1,2)(1,3) 

0.000  (50.156) 

0.000  (50.287) 

0.000  (40.843) 

0.000  (41.656) 

Open  shell  triplet  (1,2,3)  (1) 

-1.864  (48.293) 

-1.866  (48.421) 

-2.422  (38.421) 

-2.422  (39.235) 

“For  ground  state,  orthogonal  1,3-dimethylallene  'Ejcas  =  -193.988008, CAScoeff  =  0.99999, 
C=C=C  angle  =  179.9°;  ^’Numbers  are  given  to  three  significant  figures,  as  obtained  in  the 
calculation.  No  claim  of  such  accuracy  is  of  course  claimed  here.  If  judging  by  the 
agreement  with  the  experimental  [8]  ^B.racemizaUon=  45.1  kcal/mol  value,  than  these 
numbers  are  only  accurate  to  ±2  —  3  kcal/mol.  °See  [25];  ‘^Bracketed  numbers  are 
calculated  with  respect  to  the  orthogonal  1,3-dimethylallene. 
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TABLE  III.  Bond  lengths  and  bending  angles  for  linear  and  planar-bent  geometries^ 


Linear  anti 

Linear  syn 

Bond  length  [A] 

Bond  length  [A] 

Atom  label 

la 

lb 

Ic 

2a 

2b 

2c 

2,1 

1.318 

1.344 

1.343 

1.318 

1.344 

1.343 

3,1 

1.318 

1.344 

1.343 

1.318 

1.344 

1.343 

4,2 

1.517 

1.507 

1.507 

1.518 

1.508 

1.508 

5,2 

1.079 

1.083 

1.083 

1.078 

1.083 

1.083 

6,3 

1.079 

1.083 

1.083 

1.078 

1.083 

1.083 

7,3 

1.517 

1.507 

1.507 

1.518 

1.508 

1.508 

8,4 

1.086 

1.088 

1.088 

1.086 

1.088 

1.088 

9,4 

1.085 

1.083 

1.083 

1.085 

1.084 

1.084 

10,4 

1.086 

1.088 

1.088 

1.086 

1.088 

1.088 

11,7 

1.086 

1.088 

1.088 

1.086 

1.088 

1.088 

12,7 

1.086 

1.088 

1.088 

1.086 

1.088 

1.088 

13,7 

1.085 

1.083 

1.083 

1.085 

1.084 

1.084 

Bending  angle  [degrees] 

Bending  angle  [degrees] 

3,1,2 

180.000 

180.000 

180.000 

179.634 

180.000*’ 

180.000*’ 

4,2,1 

123.822 

124.881 

124.952 

123.410 

125.031 

125.107 

5,2,1 

114.285 

119.123 

119.114 

114.852 

118.978 

118.965 

6,3,1 

114.285 

119.123 

119.114 

114.852 

118.978 

118.965 

7,3,1 

123.822 

124.881 

124.952 

123.410 

125.031 

125.107 

8,4,2 

111.281 

110.608 

110.611 

111.257 

110.808 

110.809 

9,4,2 

111.065 

111.480 

111.476 

111.241 

111.136 

111.138 

10,4,2 

111.281 

110.608 

110.611 

111.257 

110.808 

110.809 

11,7,3 

111.281 

110.608 

110.611 

111.257 

110.808 

110.809 

12,7,3 

111.281 

110.608 

110.611 

111.257 

110.808 

110.809 

14 

13,7,3  111.065  111.480  111.476  111.241  111.136  111.138 


“The  triplet  open  shell  geometries,  Ic  and  2c,  were  included  for  comparative  purposes 
**  The  C-C-C  bending  angle  together  with  four  dihedral  angles  were  frozen  during  the 
optimization. 
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TABLE  IV.  Bond  lengths  and  bending  angles  for  planajr-bent  geometries“ 


Bent  anti 

Bent  syn 

Bond  lengths  [A] 

Bond  angles  [A] 

Atom  label 

3a 

3b 

3c 

4a 

4b 

4c 

2,1 

1.399 

1.413 

1.413 

1.392 

1.357 

1.357 

3,1 

1.392 

1.321 

1.321 

1.392 

1.357 

1.357 

4,2 

1.506 

1.503 

1.503 

1.492 

1.500 

1.500 

5,2 

1.083 

1.075 

1.075 

1.091 

1.082 

1.082 

6,3 

1.087 

1.083 

1.083 

1.091 

1.082 

1.082 

7,3 

1.493 

1.504 

1.504 

1.492 

1.500 

1.500 

8,4. 

1.088 

1.088 

1.088 

1.089 

1.088 

1.088 

9,4 

1.080 

1.083 

1.083 

1.081 

1.084 

1.084 

10,4 

1.088 

1.088 

1.088 

1.089 

1.088 

1.088 

11,7 

1.089 

1.088 

1.088 

1.089 

1.088 

1.088 

12,7 

1.089 

1.088 

1.088 

1.089 

1.088 

1.088 

13,7 

1.081 

1.084 

1.084 

1.081 

1.084 

1.084 

Bond  angles  [degree] 

Bond  angles  [degree] 

3,1,2 

113.442 

139.161 

138.763 

108.746 

137.530 

137.202 

4,2,1 

133.243 

123.932 

124.103 

124.461 

124.704 

124.737 

5,2,1 

115.738 

118.000 

117.927 

121.364 

117.772 

117.806 

6,3,1 

123.571 

118.606 

118.638 

121.364 

117.772 

117.806 

7,3,1 

123.134 

124.917 

124.850 

124.461 

124.704 

124.737 

8,4,2 

108.722 

110.764 

110.764 

109.826 

110.929 

110.905 

9,4,2 

115.292 

111.948 

111.968 

111.048 

111.211 

111.219 

10,4,2 

108.722 

110.764 

110.764 

109.826 

110.929 

110.905 

11,7,3 

109.845 

110.779 

110.780 

109.826 

110.929 

110.905 

12,7,3 

109.845 

110.779 

110.780 

109.826 

110.929 

110.905 

16 


13,7,3  110.967  111.178  111.188  111.048  111.211  111.219 


“The  triplet  open  shell  geometries,  3c  and  4c,  were  included  for  comparison. 
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frequencies.  The  C-C  bond-length  and  the  C-C-C  bending  angle  are  1.318A  and 
179.634°,  respectively.  The  lower  energy  structure,  with  Ecas  =  —193.888821  hartree, 
has  a  CAS  coefficient  of  0.982.  In  this  case  the  main  (1,2)  (1,2)  configuration  is  mixed 
with  the  doubly  excited  (1,3) (1,3)  configuration.  The  lower  energy  structure  has  four 
imaginary  frequencies.  The  C-C  bond-length  and  the  C-C-C  bending  angle  are 
1.329A  and  179.690°,  respectively.  In  this  structure  the  symmetries  of  the  active  space 
orbitals  changed  from  (A" A" A' A' A' A')  to  (A" A" A" A'  A' A').  The  closeness  of  the  two 
structures  suggests  the  existence  of  an  avoided  curve-crossing  or  of  a  conical 
intersection  near  the  2a  conformation. 

[26]  The  central  C=C=C  carbon  atom  defines  the  origin  of  XYZ  axis.  The  C=C=C  group 
is  located  along  the  Z  axis,  the  X  axis  is  contained  in  the  frozen  plane  defined  by 
CH3-C-H  group  and  the  Y  axis  is  orthogonal  to  this  plane. 

[27]  In  the  ground  state  the  distance  between  the  two  Carbons  belonging  to  the  two 
Methyl  groups  in  the  syn  configuration  is  4.32A.  The  smallest  distance  between  two 
Hydrogens  belonging  to  the  two  Methyls  is  3.06A.  These  distances  are  well  outside  the 
sum  of  the  van  der  Waals  radii  of  two  Carbon  atoms,  which  is  3.40  A  and  that  of  two 
Hydrogen  atoms  which  is  2.40  A. 

[28]  On  the  basis  of  previous  DFT  calculations  for  the  non-substituted  allene,  where  a 
first-excited-state  minimum  in  the  planar-linear  configuration  was  found,  we  have  used 
the  DFT  method  to  optimize  the  planar  geometries  of  1,3-dimethylallene.  Since  the 
DFT  methods  is  strictly  applicable  to  ground  closed-shell  configurations,  the  use  of 
DFT  for  excited  state  calculations  might  appear  questionable.  However,  in  our  case, 
the  excited  state  geometries  have  closed  shell  electronic  states,  for  which  DFT  is 
applicable.  Using  DFT  in  conjunction  with  the  B3LYP  method  with  a  smaller  basis 
set  [6-3lH-G(d,p)]  yielded  a  non-p^anor  minimum  energy  geometry  of  the  Cj  symmetry, 
with  the  two  C-H  hydrogen  atoms  oriented  out-of-plane.  This  finding  was  confirmed 
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by  a  preliminary  CASSCF  optimization,  yielding  a  critical  point  at  a  non-planar 
conformation. 
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FIGURE  CAPTION 


Figure  1:  Racemization  of  1,3-dimethylallene  through  internal  rotation.  The  orthogonal 
left-handed  enantiomer  is  converted  to  the  right-handed  enantiomer  via  the  planar 
geometry. 

Figure  2:  The  geometry  of  the  1,3-dimethylallene  used  in  the  two  dimensional  scan.  The 
two  variables  in  the  rigid  scan  are  (1)  6  -  the  dihedral  angle  between  the  H3C-C=C  and 
C=C-CH3  planes;  (2)  a  -  the  C-C-C  bending  angle,  here  shown  by  an  arrow  which  brings 
the  H3C-C-H  out  of  the  plane  of  the  paper. 

Figure  3:  Three  main  modes  of  distortion  for  the  1,3-dimethylallene  C=C=C  group.  The 
Newmann  projection  is  shown  along  the  C=C=C  moiety.  Arrows  show  the  movement  of 
the  CH3-C-H  mobile  group  (the  second  C  atom  from  the  left  is  symbolized  by  a  black  dot). 

Figure  4:  In-plane  bending  surfaces,  a  is  the  C-C-C  bending  angle  and  9  is  the  dihedral 
angle.  The  orthogonal  linear  1,3-dimethylallene  is  the  global  ground  state  minimum. 

Figure  5:  The  same  as  in  Fig.  4  but  for  the  out-of-plane  bending  surfaces.  In  this  case 
the  C-C-C  bending  angle  is  denoted  a\ 

Figure  6:  The  geometries  of  some  low  energy  critical  points  found  by  an  “in-plane”  rigid 
scan  over  the  ground  and  first  excited  PES.  Numbers  below  the  figures  denote  values  of 
{6,  a).  Note  that  the  figure  in  the  center  is  on  the  ground  electronic  state  and  those  on  the 
outside  are  on  the  first  excited  electronic  state. 

Figure  7:  The  same  as  in  Fig.  4  but  for  the  “out-of-plane”  scan.  In  this  case  the  numbers 
below  the  figures  denote  values  of  {6,  a'). 

Figure  8:  Examples  of  closed  and  open  shell  electronic  configurations  included  in  the 
active  space  in  CAS (4, 6)  and  their  symbolic  notation. 

Figure  9:  Calculated  planar-linear  geometries.  The  la,  2a  geometries  have  closed  shell 
configurations.  The  lb,  2b  geometries  have  open  shell  configurations. 
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Figure  10:  Calculated  planar-bent  geometries.  The  3a,  4a  geometries  have  closed  shell 
configurations.  The  3b,  4b  geometries  have  open  shell  configurations. 

Figure  11:  Molecular  orbitals  of  the  planar-linear  C2/1  and  planar-bent  C2V  symmetries. 

Figure  12:  The  energy  of  planar-aniz  1,3-dimethylallene  as  a  function  of  the  C-C-C 
bending. 

Figure  13:  The  ground  state  electric-dipole  moment  as  a  function  of  9  for  two  values  of  a 
[a  =  180  for  the  linear  configuration  in  the  upper  panel,  and  a  =  160  in  a  bent 
configuration  in  the  lower  panel].  Shown  are  the  X  (denoted  by  plus  signs),  Y  (denoted  by 
x’s),  and  Z  (stars)  components  of  the  electric  dipole,  as  well  as  the  total  electric  dipole 
moment  (denoted  by  boxes). 

Figure  14:  As  in  Fig.  13,  but  for  the  first  excited  state  electric-dipole  moment. 

Figure  15:  The  electric  dipole  moment  as  a  function  of  9  and  a  -  the  dihedral  and 
bending  angles. 
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Considerable  attention  has  recently  been  directed  to¬ 
wards  using  lasers  to  alter  the  enantiomeric  excess  of  an 
initially  racemic  mixture.*"^  Traditionally,  light-induced 
asymmetric  synthesis  scenarios  have  relied  on  the  ability  of 
left  or  right  circularly  polarized  light^  to  differentiate  be¬ 
tween  enantiomers  via  the  (weak)  magnetic  dipole  interac¬ 
tion.  Recently^’^  we  demonstrated  that  it  is  possible  to  use 
linearly  polarized  light,  and  hence  the  strong  dipole-electric 
field  interaction,  to  control  the  interconversion  of  enanti¬ 
omers  if  the  molecules  that  are  laser  excited  are  My-selected, 
where  Mj  is  the  projection  of  the  total  angular  momentum  J 
along  the  direction  of  laser  polarization.^  Related  arguments 
have  been  made  by  others  about  enantiomer  control  for  ori¬ 
ented  molecules, with  Ref.  4  relying  upon  the  excitation  of 
oriented  molecules  with  shaped  laser  pulses.  In  both  cases, 
specifying  conditions  on  the  molecules  plus  including  laser 
phase  introduces  chirality  into  the  total  electric  field- 
molecule  system. 

In  our  -selected  scenario  a  particular  laser  arrange¬ 
ment,  discussed  below,  serves  to  excite  more  or  less  of  the 
population  of  one  enantiomer  than  the  other.  The  excited 
molecules  then  collisionally  relax  and  radiate  back  to  the  D 
and  L  ground  state.^  Laser  pumping  followed  by  relaxation 
in  the  ground  and  excited  states  is  repeated  again  and  again 
until  convergence,  leading  to  an  excess  of  population  of  the 
desired  enantiomer.  This  scenario,  which  we  call  laser  distil¬ 
lation,  is  one  example  of  a  more  general  theorem®  on  pos¬ 
sible  scenarios  for  asymmetric  synthesis  based  on  the 
dipole-electric  field  interaction.  It  is  of  interest  since  neither 
the  incident  light  nor  the  initial  molecular  system  are  chiral, 
but  chiral  discrimination  and  the  enhancement  of  the  popu¬ 
lation  of  one  enantiomer  over  the  other  in  a  racemic  mixture 
is  nonetheless  possible. 

In  this  communication  we  demonstrate  computationally 
that  1,3  dimethylallene  provides  an  excellent  candidate  for 
this  scenario,  and  that  virtually  total  control  over  the  enan¬ 
tiomeric  excess  resulting  from  irradiating  a  racemic  mixture 
of  1,3  dimethylallene  is  possible.  Specifically,  we  use  our 
recently  computed^  potential  energy  surfaces  and  electric  di- 
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pole  moments  for  1,3  dimethylallene  in  conjunction  with  a 
three-laser  version  of  the  laser  distillation  scenario,  to  dem¬ 
onstrate  a  vast  range  of  control  over  the  enantiomeric  excess 
in  an  irradiated  Mj  polarized  racemic  mixture  of  D  and  L  1,3 
dimethylallene. 

Consider  first  the  initial  laser  excitation  scheme.  Specifi¬ 
cally,  we  examine  a  three-laser  extension'®  of  the  scenario 
discussed  in  Ref.  2.  Here,  an  electric  field  E(0  comprising 
three  pulses  is  incident  on  a  racemic  mixture  of  chiral  mol¬ 
ecules  in  a  fixed  Mj  state.  The  field  E(t)  is  given  by 

E(0=  2  E*(f)=  2  2e*Re[e4(0exp(ja)t(f))], 

k=0X2  k^0X2 

(1) 

where  €j^{t)  is  the  pulse  envelope,  is  the  central  laser 
frequency,  and  €j^  is  the  polarization  direction.  The  central 
frequency  of  6i(f)  is  chosen  to  couple  the  ground  vibrational 
states  \D)  and  |L)  of  the  right  and  left  handed  enantiomers 
with  energies  to  eigenstate  |l)  of  energy  Ex ,  ei^t) 

to  couple  eigenstates  |D}  and  |L)  to  state  |2)  of  energy  E2 , 
and  eo(^)  couples  states  |l)  and  |2)  to  one  another.  Here  |l) 
and  |2)  are  eigenstates  of  nuclear  motion  in  the  excited  elec¬ 
tronic  state,  and  we  choose  ^0=  =  ^2  lo  define  the  z  axis. 

The  molecule  under  consideration  is  assumed  character¬ 
ized  by  an  achiral  excited  potential  energy  surface"  so  that 
|l)  can  be  chosen  to  be  symmetric  with  respect  to  inversion 
and  |2)  is  antisymmetric  with  respect  to  inversion.  By  choos¬ 
ing  (Oi  near-resonant  with  ft>;£,=(£'/-££,)/^,  (i=l,2)  and 
=  and  by  making  the  pulse  widths  nar¬ 

row,  the  system  is  well  described  as  a  laser  coupled  four 
level  system.  This  being  the  case,  we  expand  the  total  wave 
function  |^)  as 

I^I^)  =  />^(r)exp(  -  iEom\D)  +  t) 

X  exp(  -  iEitIh)  I L)  +  /?  1  ( r )  exp(  -iExtlfi)\\) 

+  /72(f)exp(-/E2f/^)|2).  (2) 

Substituting  Eq.  (2)  into  the  time  dependent  Schrodinger 
equation  gives  the  following  set  of  coupled  differential  equa¬ 
tions  within  the  rotating  wave  approximation: 
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^i=iexp(iA,<)fl^,i[fcD+i’L]  +  iexp(iAor)floi2 
i2=«exp(/A20fip,2[*D-^L]+'exp(-fAoOfio^i 

(3) 

0^=1  exp(-’/AiOf^i),i^i  +  J  exp(  — iA2f)fiz>.2^2 

exp(  - zA/On^,  1  -  i  exp(  -  • 

Here  ilij(t)  =  /Xijejit)lh,  Aj=coj^-u)j,  fiij={i\flk- 
with  i=DyL,  k  =  0,lX  y  =  l,2,  Ao=W2i-a)o,  and  XloCO 
=  fi\2€Q(t)lh,  The  quantity  /I;  is  the  electric  dipole  operator 
relevant  to  the  particular  transition.  In  obtaining  Eq.  (3)  we 
have  used  the  relations  =  and  fl£>,2== 
which  are  consequences^  of  the  symmetric  and  antisymmet¬ 
ric  nature  of  |l)  and  |2).  The  extent  to  which  control  can  be 
achieved  over  enantiomer  populations  depends  upon  numer¬ 
ous  system  parameters,  including  the  nature  of  the  states  |l), 
|2),  the  laser  parameters,  etc.  Equation  (3)  can  be  solved 
numerically  for  various  system  parameters  to  display  this 
dependence,  as  shown  below.  Specifically,  we  present  results 
for  the  probabilities  and  \bi}^  at  long  times.  Note  that 
control  arises,  as  in  all  coherent  control  scenarios,  through 
quantum  interference  effects.  Specifically,  the  presence  of  the 
three  excitation  frequencies  in  Eq.  (1)  allows  for  at  least  two 
interfering  routes  for  excitation  from  states  \D)  and  \L)  to 
state  |l)  or  |2). 

To  apply  this  approach  to  dimethylallene  we  require  the 
Franck-Condon  factors  for  excitation  from  the  D  and  L 
eigenstates  of  the  ground  electronic  state  to  the  excited  state 
levels.  Essential  input  into  this  study  are  the  results  of  our 
previous  molecular  structure  computations.^  Specifically,  we 
constructed  a  cut  through  the  full  dimethylallene  potential 
surface  by  computing  ground  and  excited  state  energies  as  a 
function  of  the  dihedral  angle  a  between  the  H3C — C==C 
and  C=C — CH3  planes  and  the  C — C — C  bending  angle  0. 
Consideration  of  these  cuts  showed  that  dimethylallene,  a 
chiral  molecule  by  virtue  of  its  overall  molecular  geometry, 
possesses  two  stable  conformations  in  the  ground  state,  cor¬ 
responding  to  the  right-  and  left-handed  enantiomeric  states,  ' 
and  does  have  an  achiral  first  electronic  state,^  as  required 
above.  Further,  we  computed  the  electronic  dipole  moment^ 
and  the  eigenstates  of  the  potentials  as  a  function  of  6  and  a, 
the  latter  using  the  discrete  variable  representation  with  pe¬ 
riodic  boundary  conditions'^  in  a.  Only  high  lying  states 
were  found  to  give  significant  Franck-Condon  overlap  with 
the  ground  state  wave  functions,  hence  the  DVR  computa¬ 
tions  required  very  large  numbers  of  basis  function  (e.g.,  on 
the  order  of  25  000)  for  convergence.  In  addition,  we  ap¬ 
proximate  the  rotational  eigenfunctions  of  dimethylallene  by 
those  of  a  symmetric  top  with  quantum  numbers  7,  My ,  X., 
where  X  is  the  projection  of  7  on  a  body  fixed  axis. 

The  reliability  of  our  calculated  eigenstates  was  verified 
by  comparing  computed  absorption  spectra  to  experimental 
data.  Starting  with  Fermi’s  golden  rule,  the  absorption  cross 
section  is  given  by  cr=D^cuL(w)/(6€o^c),  where 
=  is  the  square  of  the  transition  dipole  moment,  o)  is 
the  transition  frequency,  and  L(6>)  is  the  lineshape  function 
which  includes  both  spontaneous,  emission  and  Doppler 
Broadening.  The  results  are  remarkably  accurate  when  com¬ 
pared  to  experimental  values.*^  That  is,  the  computed  extinc- 


Eigenvector  |2) 


Eigenvector  |1) 


FIG.  1.  Contour  plots  of  |l)  and  |2)  where  dash-dash  lines= 0.012  a.u., 
dot-dot  lines  -  0,004  a.u.,  solid  lines- —0.004  a.u.,  and  dot-dash  lines= 
—  0.012  a.u.  Note  that  |l)  is  symmetric  with  respect  to  inversion  and  |2)  is 
antisymmetric.  Inversion  here  corresponds  to  changing  (a— 180®)  to  {a 
+  180®). 


tion  coefficient  at  the  absorption  maximum  of  196.3  nm  is 
6601  (cm"’^  moF^  L)  as  compared  to  the  experimental  value 
of  6300,  with  the  absorption  maxima  shifted  by  only  6  nm. 

Below  we  choose  two  eigenstates  which  have  large 
Franck-Condon  transition  probabilities  to  demonstrate  the 
extent  of  possible  control.  The  a,  0  dependence  of  the  wave 
functions  for  these  two  states,  shown  in  Fig.  1,  make  clear 
the  symmetric  and  antisymmetric  character  of  the  states,  as 
well  as  the  very  high  level  of  excitation  to  which  they  cor¬ 
respond.  Since  we  approximate  dimethylallene  by  a  symmet¬ 
ric  top,  we  consider  specific  7,  My,  X  to  7\My,X'  transi¬ 
tions.  Our  computations  gave,  for  these  wave  functions  and, 
for  example,  for  rotational  quantum  numbers  7,  My,X  of  3, 
2,  2  and  4,  2,  2  for  the  ground  and  excited  electronic  states: 
(l|/x|D)  =  {l|^tlL)  =  5.44X  10“^  a.u.,  {2\jx\D)--{2\^\L) 
=  4.01X10'’^a.u.,  {l|yu|2>=-8.17XlO’^a.u.,  and  a>2i 
=  261.78  cm”^  Many  other  pairs  of  states  defined  by  differ¬ 
ent  vibrational  or  rotational  quantum  numbers  show  qualita¬ 
tively  similar  control  to  the  results  for  this  case,  discussed 
below. 

We  consider  the  extent  of  control  achievable  using 
Gaussian  pulses  of  the  form 
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FIG.  2.  Control  over  dimethylallene  enantiomer  populations  as  a  function  of 
the  detuning  Ai  for  various  laser  powers.  The  first  column  corresponds  to 
probabilities  of  L  (dot-dash  curves)  and  D  (solid  curves)  after  a  single  laser 
pulse,  assuming  that  the  initial  state  is  all  £,  the  second  column  are  similar, 
but  for  an  initial  state  which  is  all  D.  The  right  most  column  corresponds  to 
the  probabilities  of  L  and  D  when  one  starts  with  a  racemic  mixture  and 
carries  out  repeated  excitations  followed  by  spontaneous  emission  and  col¬ 
lision^  relaxation. 


e/(^)  =  /3/exp{-[(^-v)/a/f}  (/=0,1,2).  (4) 

Results  are  presented  for  pulses  with  P\  —  P2 

with  all  pulses  of  100  ps  duration  full  width  at  half  maxi¬ 
mum.  These  pulses  are  sufficiently  narrow  in  frequency  so 
that  they  excite  only  single  levels  in  the  excited  state  region, 
where  the  density  of  states  for  our  2-dimensional  model  is 
0.34  states  per  wave  number.  Control  results  are  shown  in 
Fig.  2  as  a  function  of  the  detuning  Aj  of  cuj  from  {E\ 
and  with  A2= Aj  for  various  laser  powers.  The  other 
pulse,  roo  =  261.78  cm”  \  is  resonant  with  the  transition 
noted  above.  Three  different  sets  of  results  are  shown — those 
corresponding  to  a  single  pulse  sequence  starting  with  an 
initial  state  which  is  solely  L  (column  1),  those  correspond¬ 
ing  to  a  single  pulse  sequence  where  the  initial  state  is  solely 
D  (column  2),  and  the  “converged  result”  which  are  com¬ 
posed  of  repeated  steps  of  radiative  excitation  followed  by 
relaxation  until  equilibrium  has  been  established  (column  3). 
In  the  latter  case  the  initial  state  is  taken  as  a  racemic  mix¬ 
ture.  The  results  clearly  show  outstanding  enantiomeric  con¬ 
trol  over  the  dimethylallene  enantiomers  for  a  wide  variety 
of  powers.  For  example,  the  most  impressive  result  is 
achieved  for  Ai= -0.0986 cm” ^  and  10“"^ a.u., 

=  corresponding  to  laser  powers  of 

3.16X  10^  W/cm^  and  3.16X  10^  W/cm^,  respectively.  Here  a 
racemic  mixture  of  dimethylallene  can  be  converted,  after  a 
series  of  pulses,  to  a  mixture  of  dimethylallene,  containing 
92.7%  of  the  D-dimethylallene  in  this  state.  Similarly,  detun¬ 
ing  to  Aj  =  0.0986 cm” ^  results  in  a  similar  enhancement  of 
L-dimethylallene.  Slightly  lower  extremes  of  control  are  seen 
to  be  achievable  for  the  two  other  laser  powers  shown.  Fur¬ 
ther,  control  was  achievable  to  field  strengths  down  to 
lO'^W/cm^.  Control  can  also  be  affected  by  varying  other 
laser  parameters  such  as  the  time  ordering  of  the  pulses,  the 
relative  laser  powers,  the  remaining  detunings,  etc.  For  ex¬ 
ample,  Fig.  3  shows  control  as  a  function  of  the  field  strength 
ratio  for  ^i  =  yS2~3.0X  10“^  a.u.  for  various  differ¬ 


Converged  Result 


FIG.  3.  Control  over  dimethylallene  enantiomer  probability  as  a  function  of 
the  field  ratio  for  )3|  =/32'^3.0x  10”^  a.u.,  Ai  =  0.09  cm"*  and  vari¬ 
ous  values  of  the  time  delay  Af==/i— /o  with  ^i=/2- 


ent  time .  orderings  Af=fo”fi,  with  /i  =  f2*  Control  is 
clearly  affected  by  a  wide  range  of  control  parameters. 

More  detailed  consideration  of  the  results  shown  in  Fig. 
2  is  enlightening.  To  do  so,  note  that  the  probability  Vp  for 
forming  the  D  enantiomer,  after  repeated  iterations  of  laser 
excitation  followed  by  collisional  and  radiative  relaxation  is 
given  by^ 


\  +  Pd-P[ 

^^~2-Pd+Pl+Pd-P'l’ 

where  Pp  and  Pi^  denote  the  probabilities  of  |D)  and  |L) 
resulting  from  a  single  laser  pulse  sequence  assuming  that 
the  system  is  initially  solely  in  |D)  (i.e.  the  results  in  column 
2  of  Fig.  2),  and  Pp  and  denote  results  of  a  single  laser 
pulse  sequence  exciting  a  system  composed  solely  of  |L)  (i.e. 
the  results  shown  in  column  1  of  Fig.  2).  The  probability  of 
forming  L  in  the  specific  7,  M y-state  after  the  full  iterative 
process  is  Vi=l—Vp.  (Note  that  it  is  Vi  and  Vp  that  are 
shown  as  the  “converged  results”  in  Figs.  2  and  3.) 

Given  Eq.  (5)  we  may  extract  trends  that  are  responsible 
for  increasingly  good  enantiomeric  discrimination  in  the  con¬ 
verged  results.  For  example,  results  in  Fig.  2  show  that  the 
enantiomeric  discrimination  is  best  for 
iP^-P^l^l,  but  with  Pp=^Pl  and  Ppi^P^  -  For  example, 
at  the  maximal  control  point  Ai  = —0.153 cm” ^  in  the  top 
row  in  Fig.  2  P^  =  0.998  40,  P[=  0.975  92,  and  Pp--Pt 
«7.0X10”^.  In  this  instance  the  iterative  laser  distillation 
process  gives  an  excellent  result  of  P/)  =  0.915.  (Note  that 
the  small  difference  between  Pp  and  P^  and  between  Pp 
and  P^  is  necessary  for  control;  if  these  quantities  are  equal 
then  enantiomeric  control  is  lost.)  Such  large  values  of  Pp 
and  P[  are,  of  course,  not  necessary  for  high  quality  control. 
For  example,  the  maximum  control  in  the  middle  row  of  Fig. 
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2  (at  Ai  =  ~ 0.0986  cm'“\  giving  the  results  noted  above, 
i.e.,  =  0.927)  is  obtained  with  0.452  99, 

=  0.97350,  =  =  0.017  75. 

Finally,  note  that  each  Aj  point  in  the  converged  result 
column  in  Fig.  2  required  a  different  number  of  iterations  for 
convergence,  although  none  required  an  excessive  number  of 
pulses.  For  example,  the  point  of  maximal  control  the  top 
row  of  Fig.  2  required  852  pulses,  the  middle  row  required 
42  pulses,  and  the  bottom  row  required  29  pulses.  In  general, 
the  number  of  pulses  required  is  related  to  the  difference 
between  and  the  greater  the  difference,  the  less 
amount  of  pulses  will  be  needed  to  reach  equilibrium.  These 
numbers  constitute  lower  bounds  to  the  real  experiment 
which  include  other  levels  to  which  the  system  radiatively 
and  collisionally  relaxes. 

To  implement  the  above  procedure  experimentally  one 
could  impose  an  external  magnetic  field  to  split  the  M  j  levels 
and  excite  the  system  on  the  required  7,  My  to  7', My  tran¬ 
sitions  by  appropriate  laser  tuning.  Collisions  and  radiative 
relaxation  re-equilibrate  the  7,  My  levels  within  each  enanti¬ 
omer.  The  laser  pulses  followed  by  re-equilibration  is  re¬ 
peated  many  times.  In  this  way  we  are  able  to  affect  the 
populations  of  all  7,  My  levels  of  the  system,  converting 
them  from  L  to  D,  even  though  we  pump  only  on  a  particular 
7,  My  to  7', My  transition. 

In  summary,  we  have  shown  that  dimethylallene  is  a 
strong  candidate  for  laser  control  over  the  enantiomeric  ex¬ 
cess,  which  can  be  extensively  enhanced  using  linearly  po¬ 
larized  light  from  an  initial  racemic  mixture.  The  method 
emphasizes  the  role  of  quantum  interference  in  the 
symmetry-breaking  control.  Enantiomeric  excesses  of  up  to 
92.7%  can  be  achieved  using  very  realistic  pulse  parameters. 
A  full  computation  utilizing  the  asymmetric  top  levels  of 
dimethylallene  and  including  alternate  pulse  durations,  colli- 
sional  effects  and  competition  due  to  internal  conversion  are 
underway. 
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state-to-state  quantum  mechanical  reactive  scattering  problem  to  obtain  control  results.  These  exact 
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representation  method  to  investigate  coherent  control  in  the  generic  photodissociation  of  a  triatomic 
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I.  INTRODUCTION 

Developing  new  laser  techniques  for  controlling  the 
quantum  dynamics  of  polyatomic  systems  is  one  of  the  im¬ 
portant  challenges  in  modem  photochemistry.  The  most  suc¬ 
cessful  of  these  approaches  is  coherent  control,*’^  where 
quantum  interference  effects  are  manipulated  to  alter  the  dy¬ 
namics.  With  coherent  control  having  been  demonstrated 
both  computationally  and  experimentally  for  simple  photo¬ 
dissociation  reactions,  the  challenges  ahead  range  from  in¬ 
vestigating  yield  control  in  complex  molecular  environments 
to  demonstrating  routes  to  new  products  in  realistic  poly¬ 
atomic  reactions. 

Progress  in  coherent  control  relies  heavily  on  theoretical 
and  computational  approaches  which  allow  an  understanding 
of  the  dominant  interference  phenomena  and  provide  a 
means  of  designing  new  control  scenarios.  However,  such 
approaches  are  currently  restricted  to  small  systems,  a  limi¬ 
tation  of  modem  computational  quantum  mechanics.  The 
purpose  of  this  paper  is  to  develop  an  efficient  and  rigorous 
semiclassical  approach  to  simulate  coherent  control  sce¬ 
narios  to  allow  applications  to  larger  molecular  systems.  We 
focus  on  coherent  control  scenarios  involving  interference 
via  one  photon  routes.  This  includes  controlled  photodisso¬ 
ciation  via  bichromatic  coherent  control^  or  weak  field 
pump-dump  schemes."^ 

We  consider  photodissociation  from  an  initial  bound 
state  |/)  to  the  final  continuum  state  \Ey^,n^).  Here,  E,^,n 
denote  the  total  energy,  arrangement  channel  and  internal 
quantum  numbers  of  the  product  state  with  which  the  con¬ 
tinuum  state  correlates.  In  coherent  control  of  pho¬ 

todissociation  involving  one  photon  routes,  the  probability  of 
forming  a  desired  product  is  a  sum  of  terms,  some  corre¬ 
sponding  to  the  direct  photodissociation  of  a  bound  state  \k) 
of  the  form  and 
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some  to  terms  of  the  form  pLji^  =  2„{j\fM^\E,^,n~) 
x{Ey^,n'^\pL^\k).  The  latter  correspond  to  interference  be¬ 
tween  one  photon  absorption  routes  to  the  continuum  from 
level  \j)  and  from  level  |/:).  Both  of  these  terms  involve  a 
sum  over  all  final  states.  It  therefore  appears  that  obtaining 

requires  solving  the  scattering  problem  at  the  complete 
state-to-state  level,  a  task  which  becomes  increasingly  diffi¬ 
cult  as  the  size  of  the  system  increases.  In  this  paper  we 
show  that  this  is  not  the  case,  i.e.,  that  a  direct  method  for 
obtaining  these  terms,  based  on  a  correlation  function  ap¬ 
proach,  considerably  simplifies  this  computation. 

In  particular,  in  this  paper  we  make  two  contributions 
towards  the  goal  of  developing  useful  methods  for  coherent 
control  computations.  First,  we  develop  formally  exact  quan¬ 
tum  expressions  for  cumulative  transition  matrix  elements 
that  circumvent  the  need  to  solve  the  reactive  scattering 
problem  at  the  complete  state-to-state  level.  Second,  we 
implement  this  approach  semiclassically  via  the  initial  value 
representation  (SC-IVR)  to  examine  a  specific  control  sce¬ 
nario,  bichromatic  control,  on  a  (collinear)  polyatomic  prob¬ 
lem  dissociating  to  two  chemically  distinct  products,  and 
show  that  the  results  are  in  very  good  agreement  with  exact 
quantum  computations. 

In  recent  years,  there  has  been  a  rebirth  of  interest  in  the 
SC-IVR  approach,  a  method  originally  due  to  Miller,^  as  a 
means  of  including  quantum  effects  in  molecular 
dynamics.^”^^  However,  to  date,  the  only  SC-IVR  applica¬ 
tion  to  coherent  control  is  our  recent  study  of  bichromatic 
coherent  control  of  nonadiabatic  ICN  photodissociation In 
that  work,  the  SC-IVR  was  shown  capable  of  reproducing 
both  amplitudes  and  phases  of  the  in  an  approach  that 
required  solving  the  full  scattering  problem  at  the  asymptotic 
state-to-state  level.  The  resultant  semiclassical  photofrag¬ 
mentation  ratios  were  found  to  be  in  good  agreement  with 
quantum  simulations.  Here  we  extend  this  approach,  dealing 
with  a  reactive  photodissociation  problem  via  the  “direct” 
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implementation  procedure  of  the  SC-IVR  for  computations 
of  cumulative  transition  matrix  elements. 

The  paper  is  organized  as  follows:  In  Sec.  II,  and  the 
Appendix,  we  review  the  bichromatic  coherent  control  sce¬ 
nario  and  derive  formally  exact  expressions  for  the  cumula¬ 
tive  transition  matrix  elements.  Sections  III  and  IV  describe 
procedures  to  implement  these  expressions  in  terms  of  the 
SC-IVR,  and  also  in  terms  of  exact  quantum  mechanical 
methods  based  on  the  split-operator  propagation  scheme.^^ 
Section  V  evaluates  these  expressions  for  a  simple  example 
of  unimolecular  decomposition,  and  compares  the  semiclas- 
sical  results  with  full  quantum  mechanical  simulations.  The 
Appendix  contains  a  derivation  of  an  important  expression 
for  the  projection  operator  onto  fixed  total  energy  and  spe¬ 
cific  product  channel.  Section  VI  contains  a  summary  and 
conclusions. 

II.  COHERENT  CONTROL  IN  A  CONTINUUM  STATE 

We  consider  bichromatic  coherent  control^  in  the  unimo¬ 
lecular  decomposition  reaction  of  a  generic  polyatomic  mo¬ 
lecular  system  ABC  that  photodissociates  according  to 

ABC+tioi  ^ 

^  C+A5(n) 

(^-2) 

^  A  +  fiC(/z).  (2.1) 


Here  ^=1,2  denotes  the  final  arrangement  and  n  denotes  the 
internal  states  of  the  product. 

The  molecule  ARC  is  prepared  in  an  initial  superposi¬ 
tion  state, 

l'*'oO‘.*))=l^*«)[cj|y)  +  Ct|*>],  ■  (2.2) 

where  is  the  ground  electronic  state  wave  function,  and 
\j)  is  the  nuclear  eigenstate  of  energy  Ej  associated  with 
excitation  in  the  yth  vibrational  state.  The  system  is  subse¬ 
quently  photo-excited  with  two  CW  lasers  with  a  total  elec¬ 
tric  field  e(0, 

=  +  +  (2.3) 

where  the  field  amplitudes  sj  and  ejt  are  time  independent 
vectors  of  length  |ij|,  and  The  quantities  dj  and  6j^,  in 
Eq.  (2.3),  are  the  phases  of  the  two  CW  fields.  If  the  frequen¬ 
cies  a)j  and  Wjt  are  chosen  such  that  fio)i^+Ei^=fio}j+Ej 
=  £,  then  both  \j)  and  |/:)  are  raised  by  the  laser  field  to 
continuum  states  of  an  electronic  excited  state  with 

energy  E.  These  two  photoexcitation  routes  interfere  with 
one  another,  and  assuming  that  the  field  is  sufficiently  weak 
to  allow  the  use  of  first  order  perturbation  theory,  the  relative 
probability  ratio  /?(^,^',E),  of  producing  product  in  ar¬ 
rangement  channel  ^  to  that  in  arrangement  at  energy  E, 
is  given  by^ 


|At^^(g.£)|+x^|;aa(g.£)l+2;^cos(g;-g,+<I>,,(g.£))|A6,t(g,£)| 


Here,  x  is  the  ratio  of  controllable  parameters  x 
=  l(cjt|ejt|)/(cy|ey|)l,  and  d)^jt(^,E)  is  the  phase  of  the  cu¬ 
mulative  transition  matrix  element  fjLjf^(^,E)y 


'  ={^oU)\ 


2  \E,^,n  )(£,frt" 

/i  =  0 


(2.5) 


where  |^oO))^A^£l7)»  Me  is  the  dipole  operator  along 
the  direction  of  the  field.  Note  that  the  off-diagonal 
manifest  the  interference  between  components  of  the  con¬ 
tinuum  wave  function  which  are  excited  by  independent  co¬ 
herent  excitation  pathways. 

Equations  (2.4)  and  (2.5)  show  that  the  relative  product 
yields  can  be  experimentally  controlled  by  changing  either 
the  composition  of  the  initial  superposition  state,  or  the  rela¬ 
tive  phase  or  amplitude  associated  with  the  photoexcitation 
laser  pulses.  Essentially  all  simulations  to  date  have  com¬ 
puted  the  cumulative  transition  matrix  elements  fjbj  f^{^,E), 
according  to  Eq.  (2.5),  after  solving  first  the  time- 
independent  scattering  problem  at  the  complete  state-to-state 
level.  The  only  exception  to  this  has  been  our  recent  study  of 
ICN  coherent  control, where  the  photodissociation  process 


was  described  in  the  time  dependent  picture,  and  the  transi¬ 
tion  matrix  elements  were  computed  according  to 

00 

£)=  limS  (%(7)|£,^,«‘’)(£,^,n“|%(/:)). 

/_,oon  =  0 

(2.6) 

Here  \E,^,n^)  are  the  asymptotic  states  associated  with  pho¬ 
tofragments  that  are  in  product  channel  at  energy  E,  and 
internal  state  n.  The  quantities  \'^tU))  l^r(^))  result 

from  time  evolving  |’^o(i))  l^o(^))  according  to  the 

excited  state  Hamiltonian  H,  Hence,  all  methods  imple¬ 
mented  to  date  have  required  resolution  into  individual  prod¬ 
uct  states. 

We  wish  to  derive  an  expression  that  allows  the  deter¬ 
mination  of  without  the  need  to  compute  dynamics  into 
each  product  channel.  To  do  so  we  first  rewrite  Eq.  (2.5). 
The  Appendix  shows  that  the  sum  in  brackets,  in  Eq.  (2.5), 
can  be  written  as 


E  \E,^,n-){E,i,n-\  =  PgS{E-H),  (2.7) 

rt  =  0 

to  obtain 

^j,t(i,E)  =  {'i'oij)\P(S{E-A)\^oW).  (2.8) 
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FIG.  1.  Excited  state  potential-energy  surface  for  unimolecular  dissociation 
[Eq.  (2.1)].  Here,  r=rgc  and  +  are  the  Jacobi 

coordinates  associated  with  the  vibrational  and  translational  coordinates, 
respectively,  in  photofragmentation  channel  ^-2.  Shown  are  the  dividing 
surfaces  /?  =  /?i  and  R-Ri*  the  asymptotic  cuts  5j  and  S2  in  the  free  inter¬ 
action  regions,  and  the  position  of  the  absorbing  potential  €2  that  would 
absorb  the  wave  packet  components  SI^}(1)  and  ^J(2)  that  correlate  with 
asymptotic  product  channel  ^=1.  Also  shown  are  contour  plots  for  the 
modulus  of  the  initial  wave  packet,  1 ),  that  results  from  photoexcitation 
of  the  ground  vibrational  state,  and  the  time  evolved  wave  packet  compo¬ 
nents  ^)(1)  and  ^?(1)  at  r=40  fs  after  photoexcitation  of  the  system. 


Here,  is  the  projection  operator  onto  asymptotic  product 
channel  defined  as 

(2.9) 

and,  h^(R)  is  a  function  of  the  dissociating  bond  length  R, 
associated  with  asymptotic  channel  Specifically,  h^(R)  is 
one  on  the  right  of  the  dividing  surface  R  —  R^  and  zero  on 
the  left  (see  Fig.  1). 

Substituting  Eq.  (2.9)  into  Eq.  (2.8),  gives  that 
can  be  computed  according  to 

=  (2.10) 

with  E=h(o,  i.e.,  as  the  Fourier  transform  of  the  survival 
amplitude 

=  (2.11) 

Here,  |''I'oO  ))  Is  defined  according  to 

^-►00 

(2.12) 

and  is  the  wave  packet  component  of  the  initial  state  |^o(j)) 
that  correlates  with  the  asymptotic  product  channel 

Semiclassical  and  quantum  mechanical  calculations,  re¬ 
ported  in  Sec.  V,  are  essentially  straightforward  implemen¬ 
tations  of  Eq.  (2.10),  where  the  survival  amplitudes  Cj,k(^y0 
are  obtained  according  to  Eqs.  (2.1 1)  and  (2.12).  These  equa¬ 
tions  provide  an  efficient  procedure  to  obtain  cumulative 
transition  matrix  elements,  solely  in  terms  of  survival  ampli¬ 
tudes.  These  survival  amplitudes  are  expected  to  decay  quite 
rapidly  during  the  early  time  relaxation  process  in  the  con¬ 
tinuum  state,  since  the  initially  interacting  constituents  of  the 


system  separate  from  one  another  according  to  alternative 
reaction  pathways,  and  cease  to  interact  thereafter. 

Finally,  two  comments  are  in  order.  First,  we  note  that 
Eq.  (2.10)  provides  the  useful  computational  check  that 

E  Im[MM(l,£)]  =  0,  (2.13) 

when  both  ^o(7)  ^o(^)  real  functions.  Here  Im[] 

denotes  the  imaginary  part  function  of  its  argument.  Equa¬ 
tion  (2.13)  follows  from  noting  that,  according  to  Eq.  (2.10), 
the  sum 


E  tMjAlE)  =  {^oU)\S{E-H)\'i?oik)),  (2.14) 

is  real,  since 


/■ 


=  (2irft)-‘2Re  I  dte“^"^CjAt) 


(2.15) 


when  '^oU)  ^nd  ^o(^)  real  wave  functions  with 
and  always  when  j=k.  Here  the  survival  amplitudes 
[Eq.  (2.15)],  are  defined  as 

fy.t(0-('I'o(j)k-'"''*l’I'o(*)>  =  ('I'o(j)l^,(*)). 

(2.16) 


Second,  we  note  that  the  survival  amplitudes 
could  also  be  computed  in  terms  of  the  flux  through  the 
dividing  surface,  R  =  R^,  according  to  the  time  average  over 
motion 


+  fV(^,,(J)|Ff|'P,+,-(A:)),  (2.17) 

Jo 


where  in  Eq.  (2.17),  is  the  flux  operator  defined  as 

(2.18) 

Equation  (2.17)  follows  from  Eqs.  (2.11)  and  (2.12),  by  not¬ 
ing  that 

lim 

r-^00 


=  (2.19) 

A  semiclassical  procedure  for  implementing  Eq.  (2.17)  is 
presented  in  Sec.  IVB. 

111.  QUANTUM  MECHANICAL  APPROACH 

The  quantum  mechanical  procedure  to  compute 
in  terms  of  Eqs.  (2.10),  (2.11),  and  (2.12),  requires 
the  propagation  of  each  wave  packet  component  |'^^o(^)) 
and  l'^o(j))  which  comprise  the  initial  superposition  state. 
We  do  so  in  accord  with  the  standard  split-operator  propaga¬ 
tion  scheme.^^ 

Computations  of  survival  amplitudes  fj^(^,^)  involve 
projections  of  the  time  evolved  wave  packet  |'^/(A:))  onto 
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the  initial  state  component  l^oO))  correlates  with 
asymptotic  product  channel  To  compute  |^o(j)) 
place  the  infinite  time  limit,  in  Eq.  (2.11),  by  a  finite  propa¬ 
gation  time,  r, 

=  (3.1) 

The  quantity  |^o(7))  is  obtained,  according  to  Eq.  (3.1),  by 
propagating  |^o(7))  forward  for  time  r,  applying  and 
then  propagating  the  resultant  wave  packet  backwards  in 
time  for  time  r.  Doing  so  only  requires  evolving  the  initial 
state  l^o(j))  for  ^he  minimum  time  r  after  which  there  is  no 
significant  overlap  between  the  wave  packet  component  ex¬ 
iting  in  channel  ^  and  the  wave  packet  components  associ¬ 
ated  with  the  other  photofragmentation  channels.  Note  that  r 
can  be  much  shorter  than  the  relaxation  time  necessary  to 
reach  the  asymptotic  noninteracting  region. 

The  result  of  this  procedure  to  prepare  |^^(7)),  is  to 
absorb  completely  those  wave  packet  components  that  do  not 
correlate  with  the  asymptotic  product  state  This  prepara¬ 
tion  of  |M^o(i))  ^  performed  according  to 

(3.2) 

by  performing  the  forward  propagation  in  the  presence  of  an 
appropriate  absorbing  potential,  Note,  that  here  we 

take  advantage  of  the  underlying  simplicity  of  photodissocia¬ 
tion  dynamics  in  the  continuum  state,  where  the  system  can¬ 
not  recross  back  to  the  interaction  region  after  reaching  a 
specific  product  region.  The  absorbing  potential  is  chosen  to 
be  zero  in  the  interaction  region  where  the  relevant  dynamics 
for  determining  the  survival  amplitude  occurs,  and  is 
“switched  on”  to  absorb  the  product  in  the  region  of  prod¬ 
ucts  that  do  not  correlate  with  channel  ^  (see  Fig.  1).  The 
finite  propagation  time  r,  in  Eq.  (3.2),  can  then  be  chosen  as 
the  minimum  propagation  time  (in  the  presence  of  the  ab¬ 
sorbing  potential),  necessary  to  absorb  all  wave  packet  com¬ 
ponents  that  do  not  correlate  with  the  asymptotic  product 
state  f . 


IV.  SEMICLASSICAL  APPROACH 

Section  IV  A  describes  a  semiclassical  procedure  to 
compute  the  cumulative  transition  matrix  elements 
in  terms  of  Eq,  (2.10),  where  the  survival  amplitudes 
are  obtained  according  to  Eqs.  (2.11)  and  (2.12). 
Section  IV  B  describes  a  semiclassical  procedure  to  compute 
the  survival  amplitudes  Cj^k(^,t),  according  to  Eq.  (2.17),  in 
terms  of  the  flux  through  a  dividing  surface  along  the  disso¬ 
ciative  coordinate. 

A.  Absorbing  boundary:  Semiclassical  implementation 
of  Eqs.  (2.10)  and  (2.11) 

The  semiclassical  implementation  of  Eq.  (2.10),  is  quite 
straightforward.  The  survival  amplitudes  are  com¬ 

puted,  by  writing  Eq.  (2.12)  in  the  form  of  Eq.  (3.2),  accord¬ 
ing  to 

(4.1) 


and  the  three  time  evolution  operators,  in  Eq.  (4.1),  are  com¬ 
bined  into  one  overall  SC-IVR  time  propagation,  according 
to 

dpof 

xc,(Po.qo)(^o(y)|PMq()(Po.qol^o(*)). 

(4.2) 

where  the  exponential  damping  factor  arising  from  the 
absorbing  potential,^^  is 

[  cfr'€(q(qo,Po;r')),  (4.3) 

Jo 

and  can  be  approximated  according  to 

(4.4) 

since  its  only  effect,  in  the  long  time  limit  (r— >oo),  is  to 
eliminate  the  contributions  of  trajectories  that  do  not  disso¬ 
ciate  into  channel 

Equation  (4.2)  is  obtained  by  using  the  Herman-Kluk,^^ 
or  coherent  state  IVR  for  the  time  evolution  operator.  The 
quantities  q/^q,(Po,qo).  and  P/=p,(Po.^o)>  Eq.  (4.2),  are 
the  coordinates  and  momenta  evolved  for  time  t  from  the 
initial  phase  space  point  (po,qo)i  using  the  Hamiltonian  H  of 
the  excited  state.  The  classical  action  along  this  trajectory, 
5f(po,qo)»  is  obtained  by  integrating  the  following  equation: 

dSf 

-^  =  p,.q,-/y(p,,q,),  (4.5) 

along  with  the  usual  classical  equations  of  motion, 
dqij)  dHiq,p)  dp{j)  dH{q,p) 

——m'  — w 

The  Hamiltonian  //(p,,q^),  in  Eqs.  (4.5)  and  (4.6) 
above,  is 

^(q.P)  =  5P-«n"’-P+l'(q).  (4.7) 

written  in  terms  of  normal  mode  coordinates  and  momenta,  q 
and  p,  respectively.  V(q),  in  Eq.  (4.7),  is  the  dissociative 
excited  state  potential  energy  that  describes  the  photodisso¬ 
ciation  reaction  for  the  generic  molecule  ABC. 

The  pre-exponential  factor  in  the  integrand  of  Eq.  (4.2) 
is  given  by 

C’,(Po.qo)  =  Vdet[M],  (4.8) 

where  M  is  a  linear  combination  of  components  of  the 
monodromy  matrix, 

2\<?9o(y)  y{k)  dpoij)  2ihy{k)  dqaU) 

dqt{k)\ 

where  y{j)  are  the  constant  parameters  in  the  coherent 
states. 
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(q|qr.P/)  =  n  exp|-r(;)[9(y)-g',(;)f 

+  ^p,ij)[qU)-qm].  (4.10) 

and  similarly  for  (q|qo,Po)* 

The  various  time  dependent  partial  derivatives  are  ob¬ 
tained  by  numerically  integrating  the  following  equations  for 
the  stability  matrix 

d  ISpt(i)\  y  /  dptik) 

dt\Sz{j)j  ^i\dpt{k)dqf{i)  dz{j) 

Sq,{k)\ 

Sqf(k)dqfii)  dz{j)  j 

d  y  /  dp^jk) 

dt\dzU)]  ^x\dp^{k)dpt{i)  dz{j) 

dq,{k)\ 

dqf{k)dp,{i)  dzU)]" 

where  z~Pq  or 

B.  Flux  evaluation:  Semiclassical  implementation 
of  Eq.  (2.17) 

The  first  term  on  the  r.h.s.  of  Eq.  (2.17)  can  be  computed 
according  to  the  standard  implementation  of  the  SC-IVR  for 
computations  of  survival  amplitudes.  Also,  in  general,  this 
term  can  be  neglected  since  the  dividing  surface  of  can  be 
chosen  sufficiently  far  from  the  Franck-Condon  region.  The 
discussion  that  follows  concerns  practical  aspects  of  the 
semiclassical  implementation  of  Eq.  (2.17)  and  disregards 
the  first  term  on  the  r.h.s  of  Eq.  (2.17). 

The  second  term  in  Eq.  (2.17)  can  also  be  written  in  the 
form 

Using  the  Herman -Kluk,^^  or  coherent  state  IVR  for  the 
time  evolution  operator,  becomes  a  double  phase 

space  average  over  initial  conditions  for  the  time  average 
over  motion, 

=  j  dpof  dqof  mJ 

X  C*(po  ,qo)C,+,-(Po  ,qo)  X  {^o(y)lPo  ,qi) 
X{p;,q;|F^|p,+,,  ,q,+,,)(po,qo|'Po(l:)).  (4-12) 

The  integration  variables  (po»qo)  (Po’Qo)*  (4- 12), 
are  the  initial  conditions  for  pairs  of  classical  trajectories. 
Propagating  first  a  trajectory  that  evolves  according  to 
q;/+^=qf.+,(Po,qo)  and  Pr^+r=Pr'+/(Po»qo)»  aver¬ 

age  over  motion  could  be  evaluated  while  one  is  computing 


the  second  trajectory  of  each  pair,  q/  =  q/(Po»qo)»  and  p', 
=  p,(p'o»q^o)-  Doing  the  t  integral,  in  Eq.  (4.12),  thus  would 
not  entail  any  extra  effort  in  the  calculation,  other  than  stor¬ 
ing  the  time  dependent  quantities  associated  with  the  first 
trajectory.  Also,  the  structure  of  Eq.  (4.12)  allows  doing  the 
calculation  for  many  different  values  of  r',  i.e.,  all  from  the 
same  set  of  trajectories.  We  have  found,  however,  that  the 
implementation  of  this  method  is  not  as  efficient  as  the 
implementation  procedure  described  in  Sec.  IV  A,  where 
survival  amplitudes  are  obtained  from  the  very  early  time 
relaxation  dynamics.  Hence,  we  utilize  below  the  method  of 
Sec.  IV  A.  The  direct  semiclassical  procedure  described  in 
this  section,  however,  has  the  advantage  that  could  be  easily 
generalized  to  simulate  coherent  control  in  the  presence  of 
nonadiabatic  photodissociation  dynamics,  as  formulated  in 
terms  of  the  Meyer-Miller  Hamiltoninan.^^’^^ 


V.  RESULTS 


Results  are  presented  in  two  sections  after  describing  the 
specific  model  Hamiltonian  and  the  initial  state  in  Sec.  V  A; 
Sec.  V  B  compcires  the  semiclassical  results  for  survival  am¬ 
plitudes  and  transition  matrix  elements  to  the  corresponding 
cumulative,  and  state-to-state  resolved  quantum  mechanical 
results.  Section  V  C  then  presents  our  semiclassical  results  of 
bichromatic  coherent  control,  after  photoexcitation  of  an  ini¬ 
tial  superposition  state  to  various  final  energy  states  in  the 
continuum,  and  compares  them  to  the  corresponding  full 
quantum  mechanical  calculations. 

Semiclassical  results  are  converged  with  5  X 10^  trajec¬ 
tories,  integrated  using  the  standard  fourth-order  Runge- 
Kutta  algorithm,^^  according  to  the  parallel  programming 
model  described  in  Ref.  6.  Trajectories  are  initialized 
through  Monte  Carlo  sampling  of  coordinates  and  momenta 
according  to  localized  phase  space  distributions,  determined 
by  the  coherent  state  transform  of  the  initial  wave  packet 
components.  This  excited  state  population  is  created  under 
the  artifice  that  the  photolysis  event  promotes  molecules  in¬ 
stantaneously  from  the  ground  electronic  state  to  the  opti¬ 
cally  allowed  excited  state  that  is  resonant  with  the  excitation 
wavelength. 

A.  Model  Hanfiiltonian  and  initial  state 


The  nuclear  wave  function  that  represents  the  initial 
population  in  the  excited  electronic  state  is  assumed  to  be 


<q|^o(;)>= 


a(l)a(2)\ 

17-^  / 


Xe(-l/2)[a(l)9(l)^-o(2)9(2)2]^ 


(5.1) 


where  Hj  is  a.  Hermite  polynomial  of  degree  j.  The  coordi¬ 
nates  ^(1)  and  q(2),  in  Eq.  (5.1),  are  the  symmetric  and 
antisymmetric  stretching  normal  modes  of  the  ABC  mol¬ 
ecule.  The  initial  state  for  the  control  studies,  introduced  in 
Eq.  (2.2),  involves  a  linear  superposition  of  vibrational  states 
with  j  =  0  and  y  =  1 .  The  transition  dipole  that  couples  the 
ground  and  excited  electronic  states  is  assumed  to  be  inde¬ 
pendent  of  nuclear  coordinates  (Condon  approximation). 
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FIG.  2.  Comparison  of  semiclassical  (solid  lines),  and  quantum  mechanical  results  (dashes)  for  the  modulus,  real,  and  imaginary  parts  of  the  survival 
amplitudes  CiiiO*  fii(^).  and  ^22(^)»  with  f=(l,2)  as  a  function  of  time.  Panels  (a),  (b),  and  (c)  correspond  to  photodissociation  channel  ^=2,  while  panels 
(d),  (e),  and  (f)  correspond  to  channel  1 . 


We  examine  a  simple  collinear  model  for  photodissocia¬ 
tion  where  the  ground  electronic  state  potential  energy  sur¬ 
face  is  defined  as  a  sum  of  two  Morse  potentials, 

,  (5.2) 

where  nm-AB,  ox  nm-BC  labels  the  corresponding  mo¬ 
lecular  fragment.  The  Morse  potentials  are  parametrized  as 
follows:  = 0.0874  a.u.,  =  0.87094  a.u.,  r^^  =  4.043 

a.u.,  D5(;=  0.1069  a.u.,  0:5^= 0.9155  a.u.,  rQc-3.6S5  di.u. 
The  masses  for  the  molecular  fragments  A,  5,  and  C  are 
chosen  to  be  those  of  I,  CH2,  and  Br,  respectively.  Specifi¬ 


cally,  m^=  126.904  14.011  and 

=  79.904  respectively,  where  is  the  mass  of  a  hy¬ 
drogen  atom. 

The  excited  state  potential  energy  surface, 
is  defined  in  terms  of  the  internal  coordinates  and 
according  to  the  following  expression: 

+  D2e~°^^''^l‘-l-AB)-03<.rBC-':‘Bc\  (5.3) 
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FIG.  3.  Comparison  of  the  semiclassical  results  (solid  lines)  for  the  cumulative  transition  matrix  elements  /Lti2(^=  1,2),  as  a  function  of  the  total  energy  E  in 
the  continuum  state,  to  state-resolved  (dashes)  and  cumulative  (broken  dashes)  quantum  mechanical  calculations.  Panels  (a)  and  (b)  show  the  real  and 
imaginary  parts  of  /ij2(^”  1.2),  respectively.  Note  the  difference  in  scale  of  the  ordinate  of  panel  (b).  Panel  (c)  shows  the  modulus  |^|2(^=  1,2)|,  and  panel 
(d),  the  phases  ^12 »  ^  ^  function  of  final  energy  E  in  the  continuum. 


where  VBcif'Bc)  ^ab(^ab)  ^he  Morse  potentials, 
introduced  by  Eq.  (5.2),  that  parametrize  the  ground  elec¬ 
tronic  state;  A^5  =  0.37,  /3^5=1.5,  Qf2“4.8,  a3  =  4.8,  D2 
=  0.08824.  The  function  f(x),  in  Eq.  (5.3),  is  defined  accord¬ 
ing  to 

/(x)=l/(l+e“"<*“*"*),  with  x=rBc/{rAB+rBc), 

(5.4) 

where,  «*=  90,  and  a:*  =  0.44643.^^ 

All  forces  and  second  derivatives  necessary  for  integrat¬ 
ing  the  equations  of  motion  are  calculated  using  finite  differ¬ 
ence  expressions.  Full  quantum  mechanical  results  are 
obtained  using  the  fast  Fourier  transform  (FFT)  method 
with  an  extended  grid  of  1024  points  in  both  the  r  and  R 
Jacobi  coordinates,  defined  in  the  range  of  coordinates 
|/?-9.5  a.u.|<3  a.u.  and  \r-6  a.u|<3  a.u. 

B.  Survival  amplitudes  and  transition  matrix  elements 

Figure  2  compares  the  semiclassical  results  (solid  lines), 
with  the  corresponding  full  quantum  mechanical  results 
(dashes)  for  the  modulus,  real,  and  imaginary  parts  of  sur¬ 
vival  amplitudes  ^ii(0.  and  ^22(f)>  with  f=(l,2),  as 

a  function  of  time.  Panels  (a),  (b),  and  (c)  correspond  to 
photodissociation  channel  ^=2,  while  panels  (d),  (e),  and  (f) 


show  the  corresponding  quantities  for  channel  f=l.  The 
comparison  shows  that  the  semiclassical  survival  amplitudes 
are  in  excellent  agreement  with  quantum  mechanical  results; 
so  good,  in  fact,  that  the  dashed  and  solid  lines  often  overlap. 
Figure  2  shows  that  both  the  diagonal  and  off-diagonal  sur¬ 
vival  amplitudes  decay  for  this  particular  model  system 
within  7  fs  (—290  a.u.).  This  relaxation  time  is  significantly 
shorter  than  the  time  necessary  to  reach  the  asymptotic  non¬ 
interacting  region  at  —40  fs  after  photoexcitation  of  the  sys¬ 
tem.  Figure  2  also  shows  a  significant  difference  between  the 
diagonal  and  the  off-diagonal  survival  amplitudes;  while 
fii(^=l,2)  and  ^ii(4^=l,2)  are  symmetric  relative  to  r=0, 
and  satisfy  the  condition  that  =  —  the  off- 

diagonal  survival  amplitudes  f^jt(^=l,2)  are  slightly  asym¬ 
metric  relative  to  f  =  0 .  For  example,  note  that  the  maximum 
of  \Cjk(^-  li2)|  at  positive  times  is  slightly  higher  than  the 
maximum  at  negative  times.  This  asymmetry  results  from  an 
asymmetric  potential  energy  surface,  and  makes  its  Fourier 
transform  fJL{2  ^  complex  quantity  with  nonzero  real  and 
imaginary  parts. 

Figure  3  shows  the  comparison  of  semiclassical  (solid 
lines),  and  quantum  mechanical  (dashes)  results  for  the  real 
.[panel  (a)]  and  imaginary  [panel  (b)]  parts  of  /ii2(^=l»2). 
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Figure  3,  also  compares  of  the  modulus  |/X|2(^=  1,2)|  [see 
panel  (c)],  and  phase  [panel  (d)]  of  the  cumu¬ 
lative  transition  matrix  elements  as  a  function 

of  the  total  energy  E  in  the  continuum  state,  obtained  accord¬ 
ing  to  the  semiclassical  method  (solid  lines),  the  quantum 
state-resolved  (dashes)  approach,  and  quantum  cumulative 
(broken  dashes)  methodology.  Although  one  can  see  small 
differences,  both  the  modulus  and  the  phase  of  the  cumula¬ 
tive  transition  matrix  elements  obtained  semiclassically 
are  in  very  good  agreement  with  full  quantum  mechanical 
simulations  over  the  whole  energy  range.  The  semiclassi¬ 
cal  results  are  able  to  reproduce  the  correct  shape  of 
|/Zi2(^=  1,2)|,  and  the  position  of  the  amplitude  nodes  as  a 
function  of  £,  as  well  as  the  energy  dependence  of  the  phase 
<I>i2(f=  1,2)|,  that  is  found  to  be  in  almost  quantitative 
agreement  with  full  quantum  mechanical  calculations  in  both 
photofragmentation  channels.  Figure  3  shows  that  the  most 
important  features  of  />ti2(^=l,2)  include  the  energy  posi¬ 
tion  of  the  node,  the  quality  of  the  node  (the  amplitude  does 
not  totally  vanish  at  the  node),  and  the  change  in  sign  of 
/Ui2(^=1,2)  when  going  through  the  energy  node 
(Ad>i2“  +/~'7r).  These  features  can  be  understood  in  terms 
of  the  symmetry  properties  of  the  product  of  the  two  wave 
packet  components  that  contribute  to  1»2)  at  each  n, 

as  defined  by  Eq.  (2.6).  The  comparison  of  real  and  imagi¬ 
nary  parts  shows  more  clearly  the  level  of  agreement  be¬ 
tween  the  quantum  and  semiclassical  results  for  a  model  sys¬ 
tem  where  the  imaginary  parts  of  /Xi2(^=l,2)  are  much 
smaller  than  the  real  parts  throughout  the  whole  energy 
range. 

Figure  4  compares  the  semiclassical  results  (solid  lines) 
for  the  diagonal  cumulative  matrix  elements  /aii(^=1,2) 
[see  panel  (a)],  and  ^t22(^=l»2)  [see  panel  (b)],  with  the 
corresponding  state-resolved  [dashes],  and  cumulative  (bro¬ 
ken  dashes)  quantum  mechanical  results.  One  sees  that  with 
the  exception  of  small  deviations  there  is  almost  quantitative 
agreement  between  semiclassical  and  full  quantum  mechanir 
cal  calculations  of  the  cumulative  transition  amplitudes  asso¬ 
ciated  with  ground  and  excited  vibrational  states,  for  both 
photodissociation  channels. 

C.  Coherent  control  of  photofragmentation  product 
yields 

Figure  5  shows  the  percentage  product  yields  100 
XA/(A  +  C),  obtained  from  Eq.  (2.4),  after  photodissocia¬ 
tion  in  the  continuum.  Bichromatic  coherent  control  is  simu¬ 
lated  for  an  initial  superposition  of  vibrational  states  with 
quantum  numbers  v—\  and  1/=  2,  respectively.  Figure  5 
compares  the  SC  (solid  lines)  and  full  quantum  mechanical 
(dashed  lines)  results  obtained  at  various  photoexcitation  en¬ 
ergies.  Percentage  product  yields  are  presented  in  the  form  of 
contour  plots  for  the  photoexcitation  energies  indicated  in 
panels  (a)-(f),  as  a  function  of  both  the  relative  pulse 
phase  parameter,  01-02,  and  the  relative  amplitude  S 

Figure  5  shows  that  the  model  system  considered  herein 
is  particularly  challenging,  since  the  relative  product  yields 
change  only  moderately  as  a  function  of  the  relative  phase 


Energy  ,eV 


Energy, eV 


FIG.  4,  Comparison  between  the  semiclassical  results  (solid  lines)  for  the 
cumulative  matrix  elements  and  with  ^=(1,2),  and  the  cor¬ 

responding  state-resolved  (dashes)  and  cumulative  (broken  lines)  quantum 
mechanical  results.  Panel  (a)  shows  the  comparison  of  ^ii(^-l,2),  and 
panel  (b)  displays  the  corresponding  results  for  1»2). 


parameter.  However,  the  overall  comparison  between  SC  and 
full  quantum  dynamics  simulations  of  coherent  control,  indi¬ 
cates  that  the  structure  of  the  diagrams,  the  trend  in  these 
structures  with  photoexcitation  energy,  and  the  range  of 
quantum  mechanical  product  yields,  are  reproduced  by  the 
semiclassical  calculations  within  an  error  of  approximately 
l%-5%. 

At  the  lowest  photoexcitation  energy  [see  panel  (a)], 
there  is  maximum  control  at  5^0.5,  where  the  production  of 
A  can  be  reduced  from  50%  to  40%,  by  changing  the  relative 
phase  parameter  from  0°  to  180®.  At  higher  values  of  S 
(when  5— >  1),  the  semiclassical  and  full  quantum  mechanical 
product  yields  still  agree  with  one  another  within  an  error  of 
l%-5%,  and  show  a  qualitatively  different  behavior  from 
that  observed  at  smaller  values  of  S.  The  major  difference  to 
note  is  that  the  degree  of  yield  control  becomes  only  weakly 
dependent  on  the  relative  phase  parameter,  0i-02  at  larger 
5,  and  is  therefore  no  longer  possible  to  control  the  final 
outcome  of  the  chemical  reaction  via  interference  effects. 

At  higher  photoexcitation  energies  [panel  (b)]  the  SC 
and  full  quantum  mechanical  product  yields  again  agree 
within  about  l%-5%  error  and  show  a  diagram  structure  as 
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stretch  vibrational  quantum  numbers  v=  1  and  j/=2,  respectively.  The  photoexcitation  energy  is  indicated  in  each  panel,  relative  to  the  energy  of  the  isolated 
fragments. 


a  function  of  controllable  parameters  that  is  completely  dif¬ 
ferent  from  the  diagram  obtained  at  lower  photoexcitation 
energies.  The  degree  of  yield  control  is  found  to  be  maxi¬ 
mum  in  the  0,9^5^  1.0  range,  where  the  production  of  A 
can  be  reduced  from  more  than  45%  to  less  than  35%  by 
changing  the  relative  phases  from  about  0°  to  180®. 

At  even  higher  photoexcitation  energies  [panel  (c)]  the 
contour  diagram  is  once  again  totally  different  from  the  dia¬ 
grams  obtained  at  lower  photoexcitation  energies,  however, 
the  SC  and  full  quantum  mechanical  calculations  agree  in 
predicting  that  a  maximum  degree  of  yield  control  can  be 


achieved  in  the  0.9^5^  1.0  range.  Within  this  range  of  rela¬ 
tive  amplitude  parameter  the  production  of  A  is  less  than 
38%,  at  approximately  30°,  and  can  be  increased  to  more 
than  45%,  by  changing  the  relative  phases  to  the  280°-300° 
range. 

Coherent  control  vanishes  when  the  final  energy  is 
>  3.0  eV  [panel  (f)].  Panel  (f)  shows  than  SC  and  full  quan¬ 
tum  calculations  agree  in  predicting  that  there  is  practically 
no  coherent  control  at  this  particular  final  energy,  in  terms  of 
contour  lines  of  percentage  yields  that  agree  within  l%-5% 
error. 
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Finally,  at  intermediate  photoexcitation  energies  [panels 
(d)  and  (e)],  SC  and  full  quantum  mechanical  calculations 
agree  once  again  with  one  another  within  the  same  error 
range  and  predict  that  moderate  coherence  control  is  recov¬ 
ered. 

VI.  CONCLUSIONS 

In  this  article  we  have  derived  formally  exact  quantum 
mechanical  expressions  for  cumulative  transition  matrix  ele¬ 
ments,  and  we  have  shown  that  these  expressions  provide  a 
useful  means  for  simulating  one  photon  control  scenarios, 
such  as  bichromatic  control  of  an  initial  superposition  state, 
without  having  to  solve  the  complete  state-to-state  quantum 
mechanical  reactive  scattering  problem. 

We  have  shown  how  to  implement  these  exact  quantum 
mechanical  expressions  both  quantum  mechanically,  and 
semiclassically  by  using  an  initial  value  representation 
method,  in  order  to  investigate  quantum  control  in  a  generic 
reaction  that  describes  unimolecular  decomposition  into 
more  than  one  possible  product. 

We  have  demonstrated  the  capabilities  of  the  semiclas- 
sical  approach  by  comparing  the  semiclassical  results  to  full 
quantum  mechanical  calculations  of  photofragmentation 
product  yields,  as  controlled  by  the  relative  pulse  phase,  and 
the  relative  amplitude  parameters.  We  have  shown  that  semi¬ 
classical  results,  obtained  through  quantization  of  the  classi¬ 
cal  Hamiltonian,  according  to  the  Herman-Kluk  SC-IVR 
methodology,  together  with  stationary  phase  MC  methods, 
were  able  to  reproduce  the  correct  structure  of  the  relative 
product  yield  diagrams  for  various  different  photoexcitation 
energies.  These  results  demonstrate  that  the  cumulative  SC- 
IVR  methodology,  developed  in  this  paper,  is  an  efficient 
and  reliable  approach  to  describe  laser  induced  quantum  in¬ 
terferences  between  alternative  photodissociation  pathways. 

According  to  the  present  implementation,  semiclassical 
simulations  of  coherent  control  require  only  the  evaluation  of 
survival  amplitudes.  The  SC-IVR  has  already  been  success¬ 
fully  implemented  for  computing  survival  amplitudes,  asso¬ 
ciated  with  diagonal  transition  matrix  elements,  for  systems 
of  up  to  35  coupled  degrees  of  freedom.^®  Therefore,  one 
expects  that  the  computational  method  developed  in  this  pa¬ 
per  should  be  a  tractable  and  reliable  approach  for  simulating 
coherent  control  in  systems  of  high  dimensionality.  Such 
work  is  in  progress. 


where  the  spatial  projection  operator  is  defined  as 

(A2) 

/_,oo 

Here,  h^{R)  is  a  function  of  the  dissociating  bond  length  R 
associated  with  asymptotic  channel  f.  The  function  h^{R)  is 
defined  as  1(0)  on  the  right(left)  of  a  dividing  surface  R 
=  R^.  The  scattering  states  |£,^,n“),  in  Eq.  (Al),  satisfy  the 
Schrodinger  equation, 

{A-E)\E,^,n-)  =  Q,  (A3) 

and  are  normalized  according  to 

(A4) 

First,  we  insert  the  delta  function  S{H-E),  into  Eq. 
(Al),  according  to 

“  Too 

^£.f=2  I”  dE'S{H-E)\E’,^,n-){E',^,n-\, 

71  =  0  J  -00 

(A5) 

and  then  we  evoke  time-dependent  scattering  theory^^  to  ex¬ 
press  the  scattering  states  \E,^,n^)  in  terms  of  the 
asymptotic  free  states  |P,^,rt^), 

lim  (A6) 

r-^oo 

Substituting  Eq.  (A6)  into  Eq.  (A5)  we  obtain 

t-*oo 

X  2  I  dE'\E',ln‘>}{E',i,n^\  (A7) 

n=0  J— 00 

Here,  are  free  states  of  photofragments  that  evolve 

according  to  the  free  Hamiltonian  in  the  ^  channel, 

+  (A8) 

in  the  recoil  direction  of  positive  momenta  K  (conjugate  to 
the  jacobi  coordinate  /?),  energy  and  internal  quantum 
states  n  of  energy  €„. 

Hence,  we  can  change  integration  variables,  in  Eq.  (A7), 
to  obtain 
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APPENDIX:  DERIVATION  OF  EQ.  (3.6) 

In  this  Appendix  we  show  that 

00 

\E,ln-){E,ln-\  =  P^S(E-H),  (Al) 

n  =  0 


10 

E  I  dK\K,n'’){K,n’’\  e~‘^,  (A9) 

n^O  Jo  J 

where  the  free  states  \K,n°),  introduced  by  Eq.  (A9),  are 
normalized  according  to 

{K' S{K- .  (AlO) 

Equation  (A9)  involves  the  sum  over  a  complete  set  in  the 
space  of  the  vibrational  coordinate.  However,  the  transla¬ 
tional  scattering  wavefunctions  are  not  complete,  since  they 
cover  only  the  range  of  positive  momenta.  In  order  to  com- 
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plete  the  integration  range  in  Eq.  (A9),  we  introduce  the  step 
function  h^{K),  defined  as  1(0)  for  positive(negative)  values 
of  its  argument,  and  obtain 

/-+00 


X 


dKh^{K)\K,n'’){K,n‘’\ 


(All) 

After  substituting  the  closure, 

00 

1  =  2  r  dK\K,n'>){K,n%  (A12) 

n  =  0  J  -00 

we  can  rewrite  Eq.  (All)  in  terms  of  the  translation  momen¬ 
tum  operator  K, 

lim  (A13) 


Equation  (Al)  can  be  directly  obtained  from  Eq.  (A13),  by 
replacing  the  momentum  projection  operator, 

lim  (A14) 

r~»oo 


by  the  spatial  projection  operator  introduced  in  Eq.  (A2). 
These  two  projection  operators  are  equivalent,  as  explicitly 
shown  in  Appendix  A  of  Ref.  36. 

Finally,  we  note  that  Eq.  (A  13)  can  also  be  written  in  the 
symmetric  form, 


Pe,s=P(S{A-E)P^=  lim 

/-fOO 

(A15) 

noting  that  =  and  that  and  d{^H-E)  commute. 

Comment:  The  procedure  described  in  Sec.  IV  A,  is 
more  efficient  than  a  more  standard  “forward-backward” 
approach,  such  as 


Cjjiit)={2Trh)  jip,(2mpJ  'jdpoj  dqg 


Xe>-5,(Po.qo)«c,(po,qo)  X  (^o(y)|p,  .q,) 
X(po.qol’Po(*)).  (A16) 


where  the  partial  contribution  of  a  single  trajectory  would 
require  forward  propagation  from  the  initial  phase  point 
(Po,qo)  to  the  resulting  phase  point  (p^^Qr)  ^t  time  r,  then  a 
“momentum  jump”  at  time  r, 


Pr  =  Pr+Pj 


^^(q) 


(?q 


q=qr 


(A17) 


then  backward  propagation  from  the  phase  point  (p' ,q-r)  to 
phase  point  (Po,qo)»  finally  propagation  for  time  r,  from 
phase  point  (Po»qo)  to  phase  point  (p^.q^)  (see  Ref.  31). 
Note  that  in  contrast  to  Eq.  (4.2),  the  integrand  in  Eq.  (A  16) 
does  not  include  any  damping  factor.  Therefore,  according  to 
Eq.  (A  16),  all  contributions  of  trajectories  that  do  not  photo- 
dissociate  into  channel  ^  would  have  to  be  cancelled  out 
through  destructive  interference. 
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Pulsed  laser  control  of  photodissociation  in  the  strong  and  the  weak  coupling  regimes  is  analyzed.  Simple, 
pulse  shaping  conditions  are  derived  and  are  given  explicitly  in  the  weak  coupling  regime.  Implicit  equations 
in  the  strong  coupling  regime  are  also  derived.  Short,  shaped  pulses,  yielding  optimal  control,  are  shown  to 
work  due  to  quantum  interference  among  routes  to  the  same  final  energy.  This  is  contrary  to  the  prevailing 
view  that  the  role  of  a  short  pulse  is  to  be  fast  enough  so  as  to  “beat  the  process  of  intramolecular  vibrational 
redistribution  (IVR)”. 


1.  Introduction 

Coherent  control  constitutes  a  method  in  which  quantum 
interference  effects  are  used  to  control  molecular  processes.^ 
There  are,  at  present,  two  distinct  paradigms  for  the  coherent 
control  of  chemical  reactions.  One,  due  to  Bmmer  and  Shapiro,^ 
approaches  control  in  energy  space.  This  is  done  by  expanding 
the  molecular  states  in  terms  of  the  eigenstates  of  the  molecular 
Hamiltonian.  Control  is  shown  to  be  attainable  by  populating 
each  continuum  state  using  multiple  interfering  pathways. 
Ideally,  this  interference  is  made  to  be  destructive  for  all  states 
but  one,  the  (“target”  or  “objective”)  state  of  interest. 

The  alternative  paradigm,  originally  due  to  Tannor  and  Rice^ 
and  central  to  the  optimal  control  approach, attempts  to  achieve 
the  same  goal  by  considering  the  explicit  time  dependence  of 
states  that  evolve  to  a  desired  target.  Although  not  as  manifestly 
evident,  this  approach  also  relies  upon  the  existence  of  multiple 
interfering  pathways  to  bring  about  control. 

Both  of  these  paradigms  bring  their  own  correct  insights  to 
coherent  control.  In  addition,  they  each  motivate  appropriate 
experiments  in  different  technological  domains.  Thus,  the 
energy-resolved  viewpoint  has  been  used  mainly  to  motivate 
ns  pulsed  laser  experiments,  whereas  the  time-dependent 
perspective  was  used  mainly  to  devise  and  interpret  ultrafast 
experiments.^ 

Consider  now  control  of  the  dynamics  of  isolated  systems 
(e.g.,  photodissociation  processes).  Adopting  the  time-dependent 
approach  to  this  case  has  a  conceptual  drawback  that  has  led  to 
some  misunderstanding.  Specifically,  despite  efforts  to  counter 
this  incorrect  viewpoint,^  there  is  still  talk  about  the  need  for 
faster  laser  pulses,  or  more  complex  laser  pulse  shapes,  to  “beat 
out  the  effects  of  intramolecular  vibrational  redistribution 
(IVR)”.  That  is,  there  remains  the  incorrect  perception  that 
control  over  chemical  reactions  in  isolated  molecules  is  achieved 
by  creating  molecular  states  whose  controlled  time  scale  of 
evolution  is  faster  than  IVR  rates. ^ 


^  Part  of  the  special  issue  “William  H.  Miller  Festschrift”. 


It  is  the  purpose  of  this  paper  to  show  that  the  energy  resolved 
perspective  both  corrects  this  perception  and  adds  considerably 
to  our  understanding  of  pulse-shaped  control.  Specifically,  we 
show  that  even  for  strong  laser  fields,  the  shape  of  the  exciting 
laser  pulse,  and  hence  certainly  the  time  scale  of  the  subsequent 
molecular  evolution,  is  irrelevant  to  the  control  over  uni- 
molecular  processes  in  the  case  where  a  single  bound  state  is 
photodissociated.  Second,  we  explicitly  consider  pulsed  laser 
excitation  when  many  bound  states  are  coupled  to  a  continuum, 
and  show  that  in  this  case  control  is  possible.  We  also  derive 
the  pulse  shaping  conditions  that  allow  for  control  in  this  case 
and  show  the  origin  of  control  in  quantum  interference. 

II.  Multichannel  Dissociation/Ionization  of  a  Single 
Precursor  State 

Consider  first  the  case  of  a  single  bound  state  excited  to 
dissociation  using  a  pulsed  laser.  Naive  thinking  would  suggest 
that  shaping  the  pulse,  either  to  enhance  particular  frequencies 
or  to  shorten  the  pulse  in  time,  might  prove  useful  in  order  to 
increase  the  yield  of  a  desired  product  state.  Here  we  show  that 
this  is  not  the  case.  In  particular,  we  show  that,  contrary  to 
common  wisdom,  as  long  as  only  a  single  bound  state  is 
effectively  involved,  the  situation  is  uncontrollable,  irrespective 
of  the  pulse  shape  used. 

Consider  the  action  of  a  pulse  of  light,  described  by  a  classical 
time-evolving  electric  field  of  polarization  6, 

6=26/^,{6(f)e^’n  (1) 

on  an  initially  bound  molecular  system.  Given  the  total 
radiation— matter  Hamiltonian  in  the  “electric-dipole”  ap¬ 
proximation, 

=  (2) 

where  H  is  the  molecular  Hamiltonian  and  Ji  is  the  dipole 
operator,  the  outcome  of  the  action  of  the  pulse  is  obtained  by 
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solving  the  time-dependent  Schrodinger  equation, 

=  (3) 

The  bound  and  continuum  eigenstates  of  the  molecular 
Hamiltonian  H  satisfy  the  time-independent  Schrodinger  equa¬ 
tion, 

[Ei  -  H]\E)  =  [E-  H]\E,  n)  =  0  (4) 

where  |£/)  denote  the  bound  eigenstates  and  \E,  n“)  the 
continuum  eigenstates,  labeled  by  the  indices  n  and  E,  with  n 
comprising  a  set  of  quantum  numbers  that  specify  the  final  (f 
oo)  internal  (vibrational,  rotational,  etc.)  states  of  the 
dissociated  polyatomic  fragments  as  well  as  the  product 
arrangement.  These  indices  label  the  eigenstates  \E,  n;  0)  of 
the  separated  fragments  Hamiltonian,  Hq  =  H  —  V.  That  is, 

[£-Wo]|£.n;0>  =  0  (5) 

Here  V  is  the  interaction  between  the  fragments,  which  naturally 
decays  as  R,  the  distance  between  the  fragments,  becomes 
sufficiently  large, 

lim  V(R)  =  0  (6) 

R—^ 

We  denote  the  “incoming’’  eigenstates  of  H  by  \E,  n“).  These 
states  satisfy  the  incoming  Lippmann  Schwinger  equation, 

\E,  xT)  =  \E,  n;  0)  -i-  lim[£:  -  -  HqTWiE,  n~)  (7) 

which  guarantees®  that  the  incoming  states  correlate  in  the  t 
oo  limit  with  a  single  |£,  n;  0)  eigenstate  of  .Ho.  That  is,  we  say 
that 

lim|£,  =  \E,  n;  0>e“''^'*  (8) 

I — 

meaning  more  precisely  that  an  arbitrarily  narrow  wave  packet 
of  scattering  states  \E,  n“}  correlates  with  an  equally  narrow 
wave  packet  of  product  states  \E,  n;  0)  in  the  long  time  limit: 

toliin/^CE|£,n“>e"'^'"‘d£'=  c^lf,  n;  d£ 

(9) 

The  above  radiation-free  basis  set  enables  us  to  explicitly 
include  the  r  limit  in  the  full  time  dependent  wave  function. 
Considering  now  the  case  where  only  a  single  bound  state  |£i) 
is  coupled  to  the  continuum,  we  can  expand  l'P(O)  as^“^^ 

|»P(0>  =  +  X  /  d£0)l^- 

"  (10) 

Substituting  this  expansion  into  the  time-dependent  Schrodinger 
equation  and  using  the  orthogonality  of  the  basis  functions  yields 
a  set  of  first-order  differential  equations  for  the  expansion 
coefficients, 

jbi  =  '■  /  d£En£2..£.„(0C(0  (1  la) 

j,  =  for  each  E  and  n  (1  lb) 

where  we  have  retained  only  the  rotating  waves  terms. 
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the  detuning,  is  defined  as 

^E.i  =  ~  with  E)IK  /  =  1, (12) 

and  Qi,£,n(0»  the  (time- varying)  Rabi-frequency,  is  defined  as 

^i.E.n(0  =  (^il^l^.nXr)/h  (13) 

where  //  is  the  projection  of  the  dipole  operator  along  the 
polarization  vector  of  the  field. 

We  proceed*^  by  integrating  the  continuum  coefficients 
of  eq  1 1  over  time,  while  imposing  the  boundary  condition  that 
only  the  |£i)  state  is  initially  populated,  i.e.,  that  ^^^(f  -o®) 

=  0.  With  this  boundary  condition,  we  have  that 

=  (14) 

Of  interest  is  the  state-specific  probability,  Pn(^,  which  is 
the  long-time  probability,  at  fixed  energy  E,  of  observing  a 
particular  internal  state  |n)  of  the  dissociated  fragments.  It  is 
given  using  eq  14  as 

P„(£)  =  £„(£,  f  -  oo)  =  -  oo)f  = 

I^EME.  n“)  /I  dr'e*(Ofc,(/')e'''*-'?  (15) 

It  follows  from  eqs  14  and  15  that  the  long-time  ratio  of 
probabilities  (which  is  the  key  quantity  to  control  in  chemical 
reactions)  to  observe  two  internal  fragment  states  is  given  by 

P„(E)  _P„iE,t)  _  bZ(t)^_  <£iN£,n-)^ 

PJ.E)  PJfi,f)  {EME,rvr)  ^ 

We  see  that  the  relative  probabilities  of  populating  different 
asymptotic  states  at  a  fixed  energy  E  are  independent  of  the 
laser  pulse  attributes  (save  for  the  polarization  direction). 
Moreover,  the  branching  ratio  does  not  change  during  the  pulse. 
This  result,  which  coincides  with  that  of  perturbation  theory, 
holds  true  irrespective  of  the  laser  power,  provided  that  only 
one  bound  state  \Ei)  is  coupled  to  the  continuum. 

The  above  result  holds  true  even  when  the  rotating  waves 
approximation,  adopted  above,  breaks  down,  because  even  in 
this  case  the  probability  can  be  written  as 

|^£,|/<|£,  n">  df'{e*(f')e''^®  '''  +  6(r')e‘'<“'®’'^“’‘^''}i>,(f')l^ 

(17) 

and  the  pulse  attributes  still  cancel  out  when  the  Pn(E)fPtn(E) 
branching  ratio  is  evaluated. 

We  conclude  that  pulse  shaping  does  not  provide  a  means  of 
controlling  the  ratio  of  products  formed  in  the  excitation  of  a 
single  bound  state.  Hence,  the  common  phrase  that  it  is 
advantageous  to  shorten  the  laser  pulse  “in  order  to  beat  IVR” 
is  totally  misleading:  the  fate  of  the  system  merely  follows  the 
nature  of  the  radiation-free  \E,  n”)  molecular  eigenstates. 

III.  Quantum  Interference  Control 

The  lack  of  pulse-shaping  control  demonstrated  above  can 
be  overcome  by  photodissociating  not  just  one  (jEi)  bound  state, 
but  a  superposition  of  several  bound  states  |£,}.  Such  a 
superposition  state  can  be  created  separately  by  a  preparation 


Pulse  Shaping  Control  of  Molecular  Dynamics 


J.  Phys,  Chem.  A,  VoL  105,  No.  12,  2001  2899 


pulse.  This  is  in  essence  the  pump— dump  control  scenario.^* 
Alternatively,  the  superposition  state  can  be  created  by  the 
photolysis  pulse  itself  (by,  e.g.,  a  stimulated  Raman  process), 
provided  that  the  bandwidth  of  the  pulse  is  comparable  to  the 
energy  spacings  between  the  |Ej}  levels. 

Mathematically  speaking,  the  object  of  control  is  the  prepara¬ 
tion  of  a  single  \E,  n“)  state.  If  this  is  achieved,  we  are 
guaranteed,  by  eq  8,  complete  control  insofar  as  only  one 
fragment  target  state  \E,  n;  0)  is  populated  as  °o.  With  this 
in  mind,  we  rewrite  eq  10  in  matrix  notation  as 


where 


{E2\h\E,  n,“),  {E2\h\E,  Dj"),  ... 


(25) 


/ 


and  where  E(£)  is  a  diagonal  matrix  of  the  Fourier  transform 
of  the  pulsE amplitude  times  the  bound  states  coefficients,  at 
the  transition  frequencies  o)em 


f  b%lit),  bglit) 


\E,n-)' 

^EiiE),  0, 0, 0, ...' 

\E,n2-) 

0,  E^iE),  0, 0, ... 

|£.  nj") 

(18) 

§E)  = 

0, 0,  E^iE),  0, ... 

i  :  1 

1  •  i 

(26) 


where  is  the  excited  portion  of  the  wave  packet  that 

originated  from  state  \Ei),  namely, 

|'P<'^(0>  =  |'I'(r)>  -  (19) 

To  achieve  the  control  target  we  consider  preparing  a  whole 
array  of  wave  packets,  by,  for  example,  starting  with  other  initial 
states  composed  of  the  system  bound  states  |E,).  That  is. 


with 

=  fl  dr6*(r)e''^^^  b,(t)  (27) 

Writing  the  array  of  possible  wave  function  produced  as, 
W(/)  =  /  d£e“''^'*E(£)-M(£)-3/^(£)  (28) 


W(r)  =  f  d£e“'^'%(£)-3^(£) 


where 


3^(f)  = 


l'P'‘V)> 

l'P<«(0) 


b(£)  = 


Ld)  lAl)  iXl) 

— 

till  l(2)  r(3) 

— 

l(3)  ,{3)  ,(3) 

— 


(20) 


(21) 


(22) 


allows  us  to  examine  the  possibility  of  taking  different  linear 
combinations  of  the  components  of  the  }£(/)  vector  so  as  to 
satisfy  the  control  objectives  of  producing  a  single  \E,  n;”)  state. 
In  this  way  different  pathways  starting  with  different  precursor 
states  leading  to  the  same  \E,  ni““)  state  will  be  seen  to  interfere 
to  achieve  the  desired  goal. 

As  an  example,  we  consider  a  superposition  state  composed 
of  the  sum  over  the  components  of 

’P'(f)  d£e-®'‘  E,(£)  ^  M(E),j\E,  n/)  (29) 

In  the  weak  field  limit,  the  population  and  the  phase  of  the  initial 
levels  can  be  assumed  constant  with  time, 

b,it)^b,  =  b,{-oo)  (30) 

in  which  case  all  the  Ek(E)  matrix  elements  factor  as 

E,(E)  «  b,  /_"  =  2jr£>,?(A£^)  (31) 

where 


and 


3^(£)s 


\E,  n,-> 
\E,  nj-> 
\E,  nj-) 


e((u)  =  (l/2:;r)  dfe*(0e''“"  (32) 

Our  objective  to  populate  exclusively  the  ith  fragment  state 
|E,  nr)  can  be  realized  in  the  weak  field  domain  by  choosing 
the  pulse  shape  which  defines  [eq  29]  to  satisfy  the 
(23)  condition, 

^t?,(A£,i)  =  (M(£)-'),.*  (33) 


It  is  easy  to  see  that  the  b{E)  matrix  factorizes  as 

b(E)  =  r(£)-M(E)  (24) 


This  choice  eliminates  all  but  a  single  \E,  nr)  state  in  'F'(r) 
given  by  eq  29. 

Thus,  the  control  objective,  the  ith  product  state,  is  seen  to 
be  realized  by  starting  out  with  an  initial  superposition  of  bound 
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(34) 

k 

and  subjecting  the  system  to  the  action  of  a  pulse  shaped 
according  to  eq  33.  This  allows  for  multiple-path  interference 
between  the  various  ways  of  generating  the  \E,  nr)  state.  The 
weight  of  each  pathway  is  chosen  so  as  to  cause  destructive 
interference  in  the  production  of  all  the  |^,  n~)  states  but  one, 
the  \E,  nr)  state. 

Thus,  pulse  shaping  leads  to  control  only  insofar  as  it  allows 
for  interference  between  different  coherently  related  bound  states 
comprising  or  more  generally,  between  different  pathways 
leading  to  the  same  product.  Hence,  the  effect  of  a  short  pulse 
is  not  to  “beat  IVR”,  but  rather,  due  to  its  increased  bandwidth, 
to  allow  processes  originating  in  more  bound  states  to  interfere 
with  each  other  in  forming  the  same  \E,  nr)  state. 

In  general,  control  is  incomplete  because  the  pulse  shaping 
conditions  of  eq  33  cannot  be  satisfied  simultaneously  for  all 
energies.  This  can  be  seen  by  noting  that  the  (M(£)^^)  matrix 
element,  which  (for  a  single  i)  is  a  function  of  two  variables,  k 
and  E,  has  to  be  equated  to  a  product  of  a  function  of  k,  bk,  and 
a  function  of  E,  ?,(A£,a).  In  general,  this  equality  cannot  be 
satisfied.  There  are  nevertheless  important  cases  in  which  eq 
33  can  be  satisfied.  These  are:  either  when  M(£)  does  not 
vary  too  rapidly  with  E,  or,  conversely,  when  the  {E\\fi\E,  /i“) 
matrix  elements,  which  determine  M(£)  (and  the  absorption 

spectrum),  span  a  very  narrow  range  of  energies  (e.g.,  a  narrow 
resonance). 

The  weak  field  control  discussed  here  must  be  achieved  in 
two  steps.  First  it  is  necessary  to  create  the  0(r)  superposition 
state  of  eq  34.  This  state  is  then  irradiated  with  the  pulse 
satisfying  eq  33.  This  is  the  essence  of  the  weak  field  pump- 
dump  scenario.  However,  in  the  strong  field  domain  these  two 
processes  cannot  be  separated  because  the  factorization  of  eq 
31  does  not  hold.  In  that  case  the  control  conditions  become 

£;./£)  =  (M(£)’').^  (35) 

In  this  strong  field  regime  the  bk{t)  coefficients  are  embedded 
in  Ek{E)  (see  eq  27)  and  are  themselves  functions  of  €(t).  Hence 
the  problem  is  inherently  nonlinear,  necessitating  an  iterative 
solution.  Nevertheless,  the  same  interference  mechanism  out¬ 
lined  in  the  weak  field  domain  applies.  The  only  difference  is 
that  the  pulse-shaping  conditions  are  given  implicitly  via  eq 
35,  rather  than  explicitly  via  eq  33,  as  in  the  weak  field  domain. 

IV.  Bichromatic  Control 

As  an  example  of  the  general  procedure  described  above  we 
now  examine  the  simple  case— bichromatic  control^— achieved 
by  considering  a  two-dimensional  W(r)  vector.  Constructing  a 
linear  superposition  of  just  two  initial  states 

|O(0>  =  (36) 

we  have  that 

(£,nn;/l£2>/_“  (37) 
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In  first-order  perturbation  theory,  bi(t)  and  b2(t)  are  constant. 
Hence  in  the  weak  field  regime, 

n-l/<|£,)?(A£,i)fo,  + 

<£,  (38) 

where  €(co)  is  defined  in  eq  32.  Recognizing  that  ?(6u)  has  a 
phase,  we  can  write 

?(A^,,)  =  |?(A£,,)|e"'*‘^^'\  i(A£.2)  =  |?(A^,3)|e-'«<^*'^  (39) 
and  transform  eq  38  into 

^£,n(«)  =  ^{(E,  n-|/i|£,)|?(A£,,)le-'«^^'>fc,  + 

(E,  (40) 

The  probability  of  observing  the  product  state  n  at  infinite  time 
is  therefore  now  given  as 

PJiE)  =  ^\(E, 

<£.n-|A|£2>l?(A£,2)|e"'®‘^^^i’2l  (41) 

It  is  clear  that  ih  this  configuration  the  pulse  attributes  have 
been  “entangled”  with  the  material  matrix  elements.  As  a  result, 
by  shaping  the  pulse  (e.g.,  by  tuning  the  relative  phase  0(A£,2) 

—  ^(Ae.i)  or  the  relative  amplitude  |€(A£,2)/^(A£,i)|),  we  can 
change  the  branching  ratios  to  different  channels.  The  above 
mechanism  serves  as  the  basis  for  the  so-called  bichromatic 
coherent  control  scenario.^ 

It  is  possible  to  deviate  from  the  weak  field  regime  and 
incorporate  some  of  the  effects  of  strong  fields  in  a  simple 
manner  by  assuming  that  state  |£i)  is  decoupled  from  state  \E'^. 
In  that  case  it  is  possible  to  solve  explicitly  for  the  b\(t) 
coefficient  by  substituting  eq  14  in  eq  11a  to  obtain  a  first- 
order  integro-differential  equation  for 

d^i  -1 

—  =  —  /  d£  £  \{E,  n-|;^|£,>|  Vo 

(42) 

Equation  42  can  be  solved  numerically  in  a  straightforward 
fashion.  Nevertheless,  it  is  instructive  to  analyze  it  in  terms  of 
F\(t  —  0.  “spectral  autocorrelation  function”, defined 
as  the  Fourier  transform  of  the  absorption  spectrum, 

F,(r-0  =  /o“  d£A,(F)e“'“'^‘‘‘'“''^  (43) 

where  £  =  0  is  taken  to  be  the  lowest  (threshold)  energy  in  the 
continuum,  and  A,(£),  the  absorption  spectrum  from  the  ith  state, 
is  given  as 

A,(£)sXK^>"‘I^1^.>|'  (44) 

n 

With  the  above  definition  of  Fi(t  -  we  can  rewrite  eq  42  as 
^  ^  d»'6*(t')F,(r  -  Oi’i(0  (45) 


We  see  that  the  value  of  the  ground-state  coefficient  at  time  t 
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is  determined  by  its  past  history  at  r'  <  /  through  the  “memory 
kernel”  €{tW)Fx{t  -  f). 

The  simplest  (though  approximate)  solution  of  eq  45  is 
obtained  if  one  can  assume  that  all  the  continua  are  “flat”,  i.e., 
that  the  bound  continuum  matrix  elements  vary  slowly  with 
energy  and  can  be  replaced  by  their  value  at  some  average 
energy,  say  Ei^  E\+  hoji 

n>l£,)p  «  X  n"|/i|£,)l'  (46) 

n  n 

If  in  addition  one  assumes  that  (E  =  0,  n"|/4|£i}  «  0  (i.e.,  the 
photoabsorption  spectrum  starts  at  post-threshold  energies),  the 
above  approximation,  called  the  “slowly  varying  continuum 
approximation”  (SVCA),^^*^^*'’  localizes  the  autocorrelation 
function  in  time.  To  see  this,  we  note  that  under  the  SVGA 
assumptions  it  follows  from  eq  43  that 

-  0  /I  as 

AtiEJ  =  27ll^A^(El)^{t  -  f)  (47) 

Substituting  eq  47  in  eq  45  and  performing  the  integration  over 
E  and  r',  we  obtain  that 

db. 

(48) 

hence, 

blit)  =  fc,(-oo)e-/._“''^''  (49) 

where  Q(0~the  “imaginary  Rabi  frequency”'~is  defined  as 
Q(f)  =  nAiiE^mffft  =  Jt  n\n\Ei)e(t)f/h  (50) 

n 

The  factor  of  1/2  relative  to  eq  47  arises  because  the  integration 
over  r'  —  r  in  eq  45  is  performed  over  the  [— ©o,  0]  range  rather 
than  the  usual  [—©o,  +©©]  range. 

It  follows  from  eq  49  that  a  “slowly  varying”  continuum  acts 
as  an  irreversible  “perfect  absorber”,  since  in  this  approximation 
bi{t)  decreases  monotonically  (though  not  necessarily  purely 
exponentially)  with  time.  In  many  cases  the  continuum  may 
have  structures  that  are  narrower  than  the  effective  bandwidth 
of  the  pulse  (which  depends  on  its  frequency  profile  and  its 
intensity).  Such  structures  may  be  due  to  either  the  natural 
spectrum  of  the  nonradiative  Hamiltonian*^’*^  or  to  the  interac¬ 
tion  with  the  strong  external  field.^®*^*  Under  such  circumstances 
we  expect  the  SVGA  approximation  to  break  down,  yielding 
nonmonotonic  decay  dynamics. 

Using  the  SVGA  we  can  now  write  an  analytic  formula  for 
bichromatic  control  that  goes  beyond  perturbation  theory. 
Allowing  the  initial  coefficients  to  decay  according  to  eq  49, 
we  obtain  from  eq  37  that 

^{{E,  n~\fi\Ei)biJ^^  dt'e  + 

(E,  n~\n\E^b2j^^  df'€ 

where  =  ^<(“‘‘»),  i  =  1,  2.  Therefore,  the  probability  of 


observing  a  particular  channel  n  is  given  as 

P„(£)  =  ^|<£,  n-|Ai|£,>|^(A£.,)|e-''®<^s'^i>,  + 
n 

{E,n-\fi\E2}m^E.^\^~‘'^^^\  (52) 

where 

fjio))  s  (l/2jr)  e'“"  (53) 

This  formulation  therefore  gives  a  result  that  is  correct  (within 
the  range  of  validity  of  the  SVGA)  to  all  field  strengths  and 
that  resembles  the  weak  field  bichromatic  control  result  (eq  41). 
The  only  difference  is  that  instead  of  the  Fourier  transform 
of  the  pulse  electric  field,  eq  52  depends  on  the  Fourier 
transform  of  the  product  of  the  pulse  electric  field  and  the 
decaying  factor,  describing  the  depletion  of 
the  initial  state(s)  due  to  the  action  of  the  pulse. 

Given  this  result,  the  optimal  control  pulse  shaping  conditions 
(eq  33)  now  become 

M,(A«)  =  (M(£)-'),j,  (54) 

This  result  resembles  the  weak  field  condition  of  eq  33,  but 
due  to  the  replacement  of  ?,(A£,jt)  by  ?7,(A£,jt),  it  applies  (within 
the  range  of  validity  of  the  SVGA)  to  strong  fields  as  well. 

V.  Summary 

We  have  elucidated  the  nature  of  pulsed-shaping  control  of 
photodissociation  from  the  viewpoint  of  energy  resolved  coher¬ 
ent  control  theory.  The  result  is  a  clear-cut  demonstration  that 
control  is  not  dependent  on  time  dependent  aspects  of  the  pulse 
in  cases  where  excitation  is  from  a  single  initial  bound  state. 
When  excitation  is  from  a  superposition  of  states,  the  pulse 
shaping  is  seen  to  enhance  or  reduce  the  role  of  multiple 
interfering  pathways  that  are  responsible  for  control.  This 
discussion  should,  therefore,  lay  to  rest  any  attempt  to  attribute 
control  to  effective  competition  with  internal  relaxation  pro¬ 
cesses  in  the  molecule  which,  by  their  very  nature,  are  coherent 
and  phase  preserving. 

Acknowledgment.  We  are  pleased  to  submit  this  paper  in 
honor  of  the  60th  birthday  of  W.  H,  Miller,  a  leader  in  the  field 
of  chemical  physics  for  over  three  decades.  We  thank  the  U.S. 
Office  of  Naval  Research  and  the  Minerva  Foundation,  Ger¬ 
many,  for  support  of  this  research.  M.S.  thanks  the  Institute  for 
Theoretical  Atomic  and  Molecular  Physics,  Harvard  University, 
for  its  hospitality  during  the  time  this  paper  was  written. 

References  and  Notes 

(1)  For  reviews,  see  Shapiro,  M.;  Brumer,  P.  Adu.  Atom.  Mol.  and  Opt. 
Physics  2000, 42, 287.  Rice,  S.  A.;  Zhao,  M.  Optical  Control  Of  Molecular 
Dynamics-  Wiley:  New  York,  2Ci00. 

(2)  Brumer,  P.;  Shapiro,  M.  Chem.  Phys.  Lett.  1986. 126, 541.  Shapiro, 
M.;  Brumer,  P.  J.  Chem.  Soc.,  Faraday  Trans.  2  1997,  93,  1263. 

(3)  Tannor,  D.;  Rice,  S.  A.  7.  Chem.  Phys.  1985,  83,  5013.  Tannor, 
D.;  Kosloff,  R.;  Rice,  S.  A.  J.  Chem.  Phys.  1986,  85,  5805. 

(4)  For  a  recent  review,  see  Rabitz,  H.;  de  Vivie^Riedle,  R.;  Motzkus, 
M.;  Kompa,  K.  R.  Science  2000,  288,  824. 

(5)  See,  e.g.,  Assion,  T.,  et  al.  Science  1998,  282,  919.  Kleiman,  V. 
D.;  Zhu,  L.;  Li,  X.;  Gordon,  R.  J.  J.  Chem.  Phys.  1995, 102, 5863.  Shnitman, 
A.;  Sofer,  I.;  Golub,  I.;  Yogev,  A.;  Shapiro,  M.;  Chen,  Z.;  Brumer,  P.  Phys. 
Rev.  Lett.  1996,  76,  2886. 

(6)  Brumer,  P.;  Shapiro,  M.  Chem.  Phys.  1989,  139,  221. 


2902  J.  Phys.  Chem,  A,  VoL  105,  No.  12,  2001 

(7)  Of  course,  there  may  be  a  need  for  fast  pulses  to  compete  with 
decoherence  processes  which  emanate  from  coupling  to  systems  outside 
the  molecule  (e.g.,  decoherence  due  to  either  spontaneous  emission  or  to 
collision  with  molecules  in  the  environment).  These,  however,  are  processes 
that  are  distinct  from  intramolecular  vibrational  redistribution  which  cannot 
decohere  the  system. 

(8)  Levine,  R.  D.;  Quantum  Mechanics  of  Molecular  Rate  Processes', 
Clarendon  Press:  Oxford,  1969. 

(9)  Shapiro,  M.  Isr.  J.  Chem.  1973, 11,  691. 

(10)  Cohen-Tannoudji,  C.;  Quantum  Mechanics;  John  Wiley  &  Sons: 
New  York.  1977;  Vol.  2,  ch  XIII. 

(11)  Shapiro,  M.  J.  Phys.  Chem.  1993,  97.  7396.  Shapiro,  M.  J.  Chem. 
Phys.  1993,  99,  2453. 

(12)  Shapiro,  M.  J.  Chem.  Phys.  1994,  101,  3844. 

(13)  Seideman,  T.;  Shapiro,  M.;  Brumer,  P.  7.  Chem.  Phys.  1989,  90, 
7132. 


Shapiro  and  Brumer 

(14)  Heller,  E.  J,  In  Potential  Energy  Surfaces:  Dynamics  Calculations; 
Truhlar,  D.  G.,  Ed.;  Plenum:  New  York,  1981.  Heller,  E.  J.  Acc.  Chem. 
Res.  1981,  14,  368. 

(15)  Abrashkevich,  A.  G.;  Shapiro,  M.  7.  Phys.  B  1996,  29,  627. 

(16)  Frishman,  E.;  Shapiro,  M.  Phys.  Rev.  A  1996,  54,  3310. 

(17)  Vardi,  A.;  Shapiro.  M.  7.  Chem.  Phys.  1996,  104,  5490. 

(18)  Shapiro,  M.  J.  Phys.  Chem.  .199S,  102,  9570. 

(19)  Shapiro,  M.;  Vrakking,  M.  J.  J.;  Stolow,  A.  7.  Chem.  Phys.  1999, 
110,  2465. 

(20)  See,  for  example,  Knight,  P.  L.;  Lauder,  M.  A.;  Dalton,  B.  J.  Phys. 
Rep.  1990, 190,  1  and  references  therein.  Faucher,  O.;  Charalambidis,  D.; 
Fotakis,  C.;  Zhang,  J.;  Lambropoulos,  P.  Phys.  Rev.  Lett.  1993,  70,  3004. 

(21)  Chen,  Z.;  Shapiro,  M.;  Brumer,  P.  7.  Chem.  Phys.  1995, 102, 5683. 
Shnitman,  A.;  Sofer,  I.;  Golub,  I.  I.;  Yogev,  A.;  Shapiro,  M.;  Chen,  Z.; 
Brumer,  P.  Phys.  Rev.  Lett.  1996,  76,  2886. 


Volume  86,  Number  9 


PHYSICAL  REVIEW  LETTERS 


26  February  2001 


Coherent  Control  of  Quantum  Chaotic  Diffusion 

Jiangbin  Gong  and  Paul  Brumer 

Chemical  Physics  Theory  Group,  University  of  Toronto,  Toronto,  Canada  MSS  3H6 

(Received  30  May  2000) 

Extensive  coherent  control  over  quantum  chaotic  diffusion  using  the  kicked  rotor  model  is  demonstrated 
and  its  origin  in  deviations  from  random  matrix  theory  is  identified.  Further,  the  extent  of  control  in  the 
presence  of  external  decoherence  is  established.  The  results  are  relevant  to  both  areas  of  quantum  chaos 
and  coherent  control. 
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The  kicked  rotor  and  its  classical  limit,  the  standard 
map,  have  long  served  as  paradigms  for  classical  and  quan¬ 
tum  chaos  [1].  The  classical  dynamics  shows  characteris¬ 
tic  diffusive  energy  growth  whereas  the  quantum  dynamics 
shows  similar  chaotic  short  time  behavior,  followed  by  the 
suppression  of  diffusion  at  longer  times.  In  this  Letter, 
we  demonstrate  that  the  quantum  features  of  the  chaotic 
kicked  rotor  allow  for  extensive  coherent  control  [2]  over 
quantum  chaotic  diffusion,  even  in  the  presence  of  modest 
decoherence.  In  particular,  we  show  that  quantum  relax¬ 
ation  dynamics  in  the  kicked  rotor  model  is  sensitive  to 
the  coherence  characteristics  of  the  initial  state,  and  that 
altering  these  characteristics  allows  for  control  over  the 
energy  diffusion.  The  extent  of  the  controlled  behavior 
is  vast,  from  strong  suppression  to  strong  enhancement  of 
diffusion. 

Consider  the  kicked  rotor  whose  Hamiltonian  is  given 
by 

ji 

=  ^  +  Acos(0)X5(f/7’-n).  (1) 

where  L  is  the  angular  momentum  operator,  0  is  the  con¬ 
jugate  angle,  7  is  the  moment  of  inertia,  A  is  the  strength 
of  the  “kicking  field,”  and  T  is  the  time  interval  between 
kicks.  The  quantum  time  evolution  operator  F  for  times 
{N  -  1/2)7  to  {N  +  1/2)7  is  [1] 

F  =  exp[/  j  ^]exp[-ifccos(0)]exp[/  j 

(2) 

with  dimensionless  parameters  t  ^  KT  j I  and  k  =  AT /H. 
The  classical  limit  [1]  of  this  quantum  map  is  given  by  the 
standard  map,  which,  when  expressed  in  terms  of  dimen¬ 
sionless  variables  0  and  the  scaled  c-number  angular  mo¬ 
mentum  L  =  LtIH,  takes  the  following  form: 

On  =  +  {Ln  +  La/-i)/2, 

La/  =  La/-i  +  Acsin(^A/-i  +  La/-i/2), 

where  k  =  kr,  and  (La/,^a/)  represents  the  phase  space 
location  of  a  classical  trajectory  after  N  kicks.  The  sys¬ 
tem  is  chaotic  for  k  >  Kcr  0.9716 _  The  resultant 

diffusion  constant  can  be  defined  as  the  absorption  rate  of 
the  average  scaled  rotational  energy  E  =  {V')/2.  Com- 
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paring  classical  and  quantum  dynamics  for  typical  initial 
classical  states  shows  that  quantum  dynamics  displays  sig¬ 
nificant  suppression  of  the  classical  chaotic  diffusion,  i.e., 
the  external  field  can  only  excite  a  finite  number  of  unper¬ 
turbed  energy  levels  [3]. 

The  fact  that  the  rotor  is  a  Hamiltonian  system  and 
the  kick  is  coherent  implies  that  the  system  maintains 
its  quantum  phase  throughout  the  evolution.  If  this 
is  the  case  then  the  system  should  be  controllable  via 
coherent  control  [2],  i.e.,  by  using  quantum  interference 
phenomena  to  affect  the  dynamics.  To  demonstrate  this, 
and  to  examine  the  extent  of  possible  control,  we  consider 
the  dynamics  of  states  which  are  initially  composed  of 
superpositions  of  two  arbitrary  angular  momentum  eigen¬ 
states,  \m)  =  exp(/m^)/V2^  and  |n)  =  exp(/n^)/^/^. 
Each  of  these  eigenstates  is  classically  allowed,  with 
a  corresponding  classical  distribution  function  given 
by  p'(0,L)  =  5i/r,„/2ir  and  pl{e,L)  =  hh.nl'^'rr, 
respectively  [4]. 

To  show  that  changing  the  coherent  characteristics  of 
the  initial  state  significantly  alters  the  subsequent  dynam¬ 
ics,  we  consider  the  dynamics  of  states  given  initially  by 
the  superposition  {ij/)  =  cos(a)  \m)  +  sin(a)exp(/)S)  h). 
Typical  results,  culled  from  numerous  cases  of  varying  a, 
P,  k,  and  t  are  shown  below  and  correspond  to  a  weaker 
and  stronger  chaotic  case,  and  to  two  values  of  i.e,, 

=  0,  and  /3  =  tt.  Specifically,  we  display  below  re¬ 
sults  for  case  (a)  )  =  (|-i-2)  ±  |-1))/V2,  with  r  = 

0.5,  A:  =  5.0,  and  for  case  (b)  I =  (1  +  1)  ±  !+2))/V2, 

with  T  =  1.0,  /:  =  5.0.  Note  that  neither  the  basis  states 
nor  the  superposition  states  are  eigenstates  of  the  parity 
operator. 

Figure  1  shows  E  for  each  of  these  two  systems  and 
for  each  of  the  values  of  Figure  la,  for  example, 
displays  E  for  \if/^)  (dashed  curve)  and  for  (solid 
curve).  Clearly,  the  initial  state  |^")  gives  clear  diffu¬ 
sive  behavior  during  the  first  40  kicks  whereas  energy 
absorption  in  the  case  of  is  completely  suppressed. 
As  a  result,  E{t  ^  407)  =  9.6  for  the  case,  while 
£(f  =  407)  =  1.6  for  propagation  from  the  initial  state 
Note  (i)  that  this  huge  difference  is  achieved 
solely  by  changing  the  initial  relative  phase  /S  between 
the  two  participating  states  |+2)  and  |--1)  in  the  initial 


©  2001  The  American  Physical  Society 


1741 


Volume  86,  Number  9 


PHYSICAL  REVIEW  LETTERS 


26  February  2001 


FIG.  1.  The  expectation  value  of  the  dimensionless  scaled  ro¬ 
tational  energy  E  —  {l})r^flh^  versus  time  (in  units  of  T). 
(a)  Solid  and  dashed  lines  are  for  the  initial  states  and 
respectively,  r  =  0.5,  /:  =  5.0.  (b)  Solid  and  dashed  lines 
are  for  the  initial  states  and  respectively,  r  =  1.0, 
k  =  5.0. 

superposition,  and  (ii)  that  by  contrast,  each  of  |+2)  or 
|-1)  individually  would  behave  similarly  to  one  another 
with  respect  to  energy  absorption,  giving  E{t  =  407)  = 
5.4  and  6.0,  respectively.  Hence,  the  observed  control 
is  due  entirely  to  changing  the  coherent  properties  of  the 
initial  superposition  state. 

Similar  control  persists  for  the  more  chaotic  case  shown 
in  Fig.  lb.  Here  1^^)  (solid  line)  shows  extensive  chaotic 
diffusion  (i.e.,  compare  ordinates  scale  for  Figs,  la  and  lb) 
for  up  to  45  kicks,  giving  E{t  ==  457)  far  higher  than  the 
value  of  70.4  and  77.1  reached  by  propagating  either  of 
the  basis  functions  |  +  1)  and  |+2)  independently.  Further, 
and  by  contrast,  there  is  essentially  no  quantum  diffusion 
after  r  =  47  for  \ipb)  (dashed  line).  Control  (not  shown) 
is  possible  for  the  resonant  case  as  well,  e.g.,  where  r  = 
7r/3,  but  it  is  somewhat  less  extensive. 

These  differences  are  also  reflected  in  the  details  of  the 
evolving  wave  functions.  For  example,  Fig,  2  shows  the 


FIG.  2.  Probability  P{m)  of  finding  the  system  in  the  state  |m) 
at  t  =  607.  Results  are  for  the  cases  shown  in  Fig.  1. 


probability  P{m)  of  finding  the  system  in  the  state  \m)  at 
t  =  607.  For  case  (a),  P{m)  for  \m\  ^  10  is  15.8%  and 
3.4%  for  yS  =  TT  and  for  jS  =  0,  respectively.  Similarly, 
for  case  (b)  P{m)  differs  by  a  factor  of  5.4  for  the  two 
y?  values  (3.2%  vs  17.2%)  in  the  probability  of  exciting 
the  rotor  to  high-energy  rotational  states  |m),  \m\  ^  20. 
In  both  Figs.  2a  and  2b  it  is  evident  that  the  difference  in 
final  populations  resulting  from  the  evolution  of  the  two 
superpositions  is  an  erratic  function  of  m  with  few  evident 
trends. 

The  behavior  shown  in  Fig.  1  is  in  sharp  contrast  to  that 
which  would  be  observed  for  the  same  initial  distributions 
propagated  classically.  These  computations  are  shown  in 
Fig.  3  and  result  from  classical  propagation  of  the  initially 
non-positive-definite  Wigner  function  p^{9yL)  associated 
with  the  wave  function  cos(a)|/n)  +  sin(a)exp(/^)  |n). 
That  is,  we  classically  propagate 


p'^ie.L)  =  cosHa) P^„{0,L)  +  sm\a)p^{e,  L)  +  ^  sin(2a)  cos[)3  -  (m  -  n)d]SL/r,{m+n)/2 ,  (4) 

for  each  of  |^“)  and  \ipb)-  Ib  all  cases,  the  classical  results  show  (Fig.  3)  strong  diffusion,  characteristic  of  the  chaotic 
dynamics  of  the  standard  map.  There  are  only  small  differences  in  the  E  diffusion  between  and  |^”)  and  between 
\^b)  and  \i//b). 
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Consider  then  the  origins  of  coherent  control  of  chaotic  systems  in  the  quantum  dynamics  and  the  behavior  in  the  classi 
cal  limit.  To  this  end  we  diagonalize  the  quantum  map  operator  F  by  a  unitary  operator  IJ ,  i.e.,  {i\F\j)  =  Y.k  Ukj, 

where  Uij  =  {i\U\j),  y  =  1,2, ...  is  the  eigenvector  with  eigenphase  0/.  After  the  initial  superposition  state  1^)  = 
cos(a:)  \m)  +  sin(af)  exp(//3)  \n)  is  kicked  N  times,  we  have 

^  =  cos^(a)  +  sin2(a) 

IJJ'  W 

+  \ L  sin(2a)e-''^  X +  c.c.l ,  (5) 

L  /  ijj,  J 


where  c.c.  denotes  the  complex  conjugate  of  the  imme¬ 
diately  preceding  term  within  the  brackets.  The  total 
term  in  brackets  corresponds  to  interference  effects  due 
to  initial-state  coherence.  For  large  N  only  the  j  =  / 
terms  will  survive  in  the  summations  due  to  rapid  oscil¬ 
lations  of  Hence  the  last  two  terms  reduce  to 

l/2sin(2a)e-'^I,/2X,.|t/;,p(/;„yy„  +  c.c. 

If  there  is  no  structure  in  \UjiP'  and  the  eigenvector 
components  Ujm  and  Ujn  are  perfectly  independent, 
as  expected  from  random  matrix  theory  [5],  then 
Hj\Uji\^UjmUjn  is  small  and  the  magnitude  of  the 
interference  term  is  l/yfD  times  smaller  than  that  of  the 
incoherent  terms  (where  D  is  the  effective  dimension  of 
the  Hilbert  space)  [6],  interference  vanishes,  and  control 
is  lost.  Hence,  the  coherent  control  of  quantum  chaotic 
diffusion  relies  upon  the  residual  statistical  correlations 
between  eigenvector  components  {UijY  Indeed,  in  this  sys¬ 
tem  the  matrix  iFly)  is  known  to  display  a  band  structure 


time  (units  of  T) 


FIG.  3.  As  in  Fig.  1  except  that  E  is  calculated  by  classically 
propagating  the  initial  non-positive-definite  Wigner  function 
in  Eq.  (4). 


with  the  bandwidth  2k  where  the  quantity  k^/N,  where 
N  is  the  size  of  the  banded  random  matrices,  provides  a 
measure  of  the  statistical  deviations  from  random  matrix 
theory  [7].  Numerical  results  show  that  k^/N  <  0.2  is 
sufficiently  small  for  control  to  persist.  This  being  the 
case,  we  obtain  a  necessary  condition  to  ensure  the  signifi¬ 
cance  of  the  interference  term,  namely,  k  <  O.IN^/k  or 
r  >  k^/{0.2Nk),  where  is  the  minimum  grid  size  for 
accurate  fast-Fourier  transform  calculations  with  r  =  1. 
Numerical  studies  indicate  that,  for  k  <  10.0,  256, 

implying  that  we  require  k  <  50/ k  or  r  >  k^/50  for  con¬ 
trol.  This  makes  it  clear  that  as  one  approaches  the  clas¬ 
sical  limit  (by  increasing  k  or  decreasing  r  with  fixed  /c), 
coherent  control  is  lost. 

Further  evidence  that  deviations  from  random  matrix 
theory  are  responsible  for  control  was  obtained  by  exam¬ 
ining  control  using  a  model  composed  of  a  banded  matrix 
with  random  matrix  elements.  Control  was  obtained  in 
this  case  as  well,  but  was  not  as  extensive  as  the  kicked 
rotor  system  since  the  latter  displays  less  random  matrix 
character. 

The  dynamics  of  the  kicked  rotor  in  the  presence  of 
decoherence  effects  has  also  been  examined  both  experi¬ 
mentally  [8]  and  theoretically  [9].  The  survival  of  control 
in  the  presence  of  decoherence  is  of  interest  both  in  gen¬ 
eral  and  for  this  particular  case.  To  examine  this  issue  we 
introduce  a  simple  decoherence  model.  Here,  the  quan¬ 
tum  map  operator  between  {N  —  l/2)r  and  {N  +  1/2)7 
is  taken  as  FF,  where  R  introduces  random  phases  into 
the  system.  Specifically,  R\m)  =  where 

m  =  0,  ±  1,  ±2, . . . ,  and  N)  takes  on  random  values 
that  are  distributed  uniformly  between  0  and  1  for  each  dif¬ 
ferent  m  or  A^.  Note  that  this  model  is  such  that  its  r  — ►  1 
limit  corresponds  to  measurement-induced  quantum  diffu¬ 
sion  [10]. 

The  density  matrix  p  for  the  dynamics  governed  by  FF 
can  then  be  obtained  as  an  average  over  many  realizations 
of  ^(/n,  V).  We  take  the  linear  entropy  S  =  Trp^  as  a 
useful  additional  measure  of  the  purity  of  quantum  states 
and  hence  of  the  effect  of  decoherence. 

Numerical  studies  show  that  for  r  <  0.05,  coherent 
control  of  quantum  diffusion  is  hardly  affected  by  the  deco¬ 
herence.  For  stronger  decoherence,  e.g.,  r  =  0.15,  phase 
control  is  essentially  lost.  Exaniination  of  the  correspond¬ 
ing  values  of  S{t  =  607)  shows  that  this  is  consistent 
with  maintenance  of  control  when  the  decoherence  is  suf¬ 
ficiently  small  so  that  S{t  —  607)  >  0.4.  Sample  results 


1743 


Volume  86,  Number  9 


PHYSICAL  REVIEW  LETTERS 


26  February  2001 


time  (units  of  T) 

FIG.  4.  As  in  Fig.  lb  but  in  the  presence  of  (a)  modest  deco¬ 
herence  and  (b)  stronger  decoherence. 


namics  of  a  kicked  particle  in  a  well  is  similar  to  the  kicked 
rotor  for  similar  initial  states  [12],  this  indicates  that  One 
can  also  demonstrate  coherent  control  of  chaotic  diffu¬ 
sion  using  superpositions  of  Hamiltonian  eigenstates  of  a 
kicked  particle  in  a  potential  well. 

A  number  of  possible  experimental  demonstrations  of 
the  proposed  control  scenario  are  evident.  For  example, 
the  kicked  diatomic  molecule  Csl  [6,13]  is  a  promising 
molecular  system  for  demonstrating  controlled  quantum 
chaotic  diffusion.  In  this  case,  preliminary  controlled  laser 
excitation  could  be  used  to  prepare  the  desired  initial  su¬ 
perposition  state  (which  are  here  superpositions  of  U,M) 
and  where  J  and  7'  are  the  angular  momentum 

and  M  is  their  projection  on  the  z  axis)  and  to  vary  jS. 
Alternatively,  one  can  utilize  the  square  well  analogy  de¬ 
scribed  above  to  experimentally  study  kicked  dynamics  of 
a  particle  in  a  well.  By  contrast,  implementation  of  the 
atom-optics  approach  [14]  to  studies  of  control  appears 
more  difficult,  insofar  as  it  is  necessary  to  prepare  initial 
quantum  superposition  states,  a  considerable  extension  of 
previous  work  [15]. 

This  work  was  supported  by  the  U.S.  Office  of  Naval 
Research  and  the  Natural  Sciences  and  Engineering  Re¬ 
search  Council  of  Canada.  We  thank  Professor  Aephraim 
Steinberg  for  discussions  on  the  atom-optics  approach  to 
S  kicked  dynamics. 


are  shown  in  Fig.  4  where  we  plot  the  time  dependence 
E  versus  the  time  in  the  presence  of  small  decoherence 
(Fig.  4a,  r  =  0.05)  and  of  appreciable  decoherence 
(Fig.  4b,  r  =  0.15).  Both  panels  refer  to  the  case  of 
stronger  chaos.  Comparison  of  Fig.  4a  with  the  deco¬ 
herence-free  dynamics  in  Fig.  lb  shows  that  control  is 
still  significant,  but  decoherence  is  beginning  to  have  an 
effect  insofar  as  £  at  r  ==  607  is  larger  in  Fig.  4a  than 
in  Fig.  lb.  That  is,  the  results  show  a  slight  tendency 
towards  the  classical  behavior.  In  the  case  of  stronger 
decoherence  (Fig.  4b)  phase  control  is  greatly  reduced 
and  long  time  linear  diffusive  growth  of  E  is  observed.  A 
careful  examination  of  Fig.  4b  suggests  that  phase  control 
persists  until  t  «  207  when  the  slopes  of  the  dashed  and 
solid  curves  become  virtually  identical.  However,  the 
slopes  of  these  curves  are  still  significantly  less  than  those 
in  Fig.  3b,  suggesting  that  quantum  coherence  is  still 
maintained  at  these  longer  times.  In  essence,  it  appears 
that  phase  control  over  the  diffusion  rate  vanishes  before 
quantum  coherence  is  completely  destroyed. 

Note,  finally,  that  the  possibility  of  control  does  not  rely 
heavily  on  the  specific  choice  of  basis  states  [11].  For 
example,  we  have  also  obtained  extensive  phase  control 
by  adding  together  either  negative  parity  real  basis  states 
s\n{m^)/^Jlf  or  by  adding  together  positive  parity  states 
cos{mO) / yfrr ,  Since  the  states  sin(m0)/V7r  satisfy  the 
boundary  condition  of  an  infinitely  deep  square  well  po¬ 
tential  V{0)  with  y(0)  =  V(27r)  =  +oo  and  since  the  dy- 
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The  utility  of  a  semiclassical  initial  value  representation  (SC-IVR)  to  simulate  coherent  control  is  explored. 
Specifically,  bichromatic  control  of  the  state  specific  ICN  photodissociation  in  the  A  continuum  is  investigated 
both  quantum  mechanically  and  semiclassically,  and  the  ability  of  the  SC-IVR  method  to  reproduce  phases 
of  transition  matrix  element  products  is  examined.  Control  over  the  lCPi/2)/I(^P3/2)  product  ratio  is  considerable 
and  the  resultant  semiclassical  photofragmentation  ratios  are  in  good  agreement  with  full  quantum  dynamics 
calculations. 


1.  Introduction 

Understanding,  manipulating,  and  utilizing  laser-induced 
quantum  interference  effects  in  chemical  reaction  dynamics  is 
a  central  problem  in  the  development  of  the  new  optical 
technology  to  control  atomic  and  molecular  processes.  These 
quantum  mechanical  effects  require  detailed  investigation  using 
new  computational  techniques  for  modeling  excited  state 
chemical  dynamics.  Indeed,  quantum  mechanics  simulations 
have  already  proven  useful  in  understanding  and  developing 
coherent  control  techniques.*  However,  these  rigorous  compu¬ 
tational  methods  are  currently  limited  to  systems  with  only  a 
few  degrees  of  freedom,  since  they  usually  require  computational 
effort  and  storage  space  that  scales  exponentially  with  the 
number  of  coupled  degrees  of  freedom.  Future  computations 
of  larger  systems  must,  in  the  forseeable  future,  rely  on 
developments  in  semiclassical  dynamics  techniques. 

In  this  paper  we  examine  the  utility  of  semiclassical  initial 
value  representation  SC-IVR  techniques  for  coherent  optical 
control  simulations,  and  we  investigate  coherent  control  of 
nonadiabatic  ICN  photodissociation  in  the.  A  continuum.  Specif¬ 
ically,  we  consider  control  of  the  I/I*  ratio  in  ICN  photodisso¬ 
ciation  using  the  bichromatic  coherent  control  scenario.^*^  In 
this  scenario,  two  lasers  are  used  to  photodissociate  ICN, 
prepared  in  a  superposition  of  coherent  states.  Control  can  be 
achieved  by  varying  the  relative  phases  and  intensities  of  the 
two  photodissociation  lasers,  or  by  varying  the  expansion 
coefficients  in  the  superposition  state.  This  particular  coherent 
control  scenario  has  yet  to  be  demonstrated  experimentally  but 
has  been  investigated  theoretically,  using  quantum  mechanical 
simulations  as  applied  to  ICH3  photodissociation  dynamics, 
demonstrating  a  broad  range  of  control  over  the  possible 
photofragmentation  channels. 

Of  particular  interest  in  this  paper  is  the  SC-IVR  approach, 
which  is  a  generalization  of  classical  molecular  dynamics 
simulation  methods.  This  approach  combines  the  quantum 
superposition  of  probability  amplitudes  with  real-valued  classical 
trajectories  in  the  computation  of  the  quantum  mechanical 
propagator.'*”*’  These  methods  aim  to  provide  a  tractable 
alternative  to  exact  quantum  mechanical  computations**  as  well 
as  an  intuitive  understanding  of  complex  quantum  dynamics 


^  Part  of  the  special  issue  “William  H.  Miller  Festschrift”, 


associated  with  chemical  reactions.  In  this  paper  we  implement 
a  SC-IVR  approach  that  is  able  to  describe  electronically 
nonadiabatic  processes  through  the  quantization  of  the  classical 
electron —nuclear  model  Hamiltonian  of  Meyer  and  Miller.*^ 
This  SC  method  has  been  successfully  applied  to  the  three 
1 -dimensional  model  problems  suggested  by  Tully  for  testing 
nonadiabatic  dynamics,^®  and  to  the  spin-boson  model  for 
dissipative  systems  .^*'22  However,  the  only  applications  to  date 
for  a  real  molecular  system  have  been  the  studies  of  ultrafast 
photodissociation  dynamics  of  ozone,^  and  the  nonadiabatic 
photodissociation  dynamics  of  ICN  in  the  A  continuum.^^  The 
latter  computations  demonstrated  the  capabilities  of  the  SC- 
IVR  for  simulating  both  the  absorption  band,  and  the  rotational 
distributions  of  CN  photofragments.  There  remains,  however, 
the  nontrivial  question  as  to  whether  this  method  can  also  be 
successfully  implemented  to  simulate  coherent  control,  which 
requires  quantum  phases  as  well  as  amplitudes. 

In  this  paper  we  show  that  such  semiclassical  approach  can 
indeed  be  effectively  implemented  to  describe  the  complex 
quantum  interference  terms  required  in  coherent  control  of  ICN 
photodissociation  dynamics.  Specifically,  we  evaluate  the 
cumulative  ICN  state  specific  photofragmentation  amplitudes 
using  the  Herman— Kluk  SC-IVR  methodology,  together  with 
stationary  phase  MC  methods  (see  refs  5  and  23).  For  the  sake 
of  presenting  a  rigorous  comparison  between  semiclassical  and 
full  quantum  mechanical  results,  we  solve  first  the  scattering 
problem  at  the  complete  state-to-state  level,  and  then  compute 
the  cumulative  transition  amplitudes  by  summing  over  final 
states.  As  a  byproduct  we  also  produce  the  cross  sections  for 
ICN  photodissociation  into  various  product  channels  with 
excitation  from  a  variety  of  initial  ICN  states. 

The  ICN  A  continuum  is  a  broad  absorption  band  in  the  200— 
300  nm  range.’"*  Photolysis  at  approximately  266  nm  induces 
predominately  ^no+  X  parallel  transitions,  and  produces  two 
peaks  in  the  translational  photofragment  spectra.  These  peaks 
are  assigned  to  two  photodissociation  pathways,  indicated  below 

ICN  +  hw  —  I*(^P|/2)  +  CN(XV) 

-I('P3/2)  +  CN(X'2+)  (1.1) 

that  produce  either  iodine  atoms  in  the  I*(’Pi/2)  spin— orbit  state, 
through  adiabatic  photodissociation,  or  iodine  atoms  in  the 
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I(^P3/2)  spin—orbit  state,  through  nonadiabatic  dynamics  at  the 
conical  intersection  between  electronic  excited  states  ^no+  and 
respectively.  Here  hco  is  the  photoexcitation  energy,  and 
the  CN  radicals  are  produced  in  the  ground  electronic  state  CN- 
(X^2^).  Little  vibrational  excitation  is  found  in  the  CN  fragment 
(>98%  in  1/  =  0),  but  the  rotational  distribution  of  CN  involves 
highly  excited  states  and  exhibits  a  bimodal  structure.^^  Experi¬ 
ments  have  shown  that  the  CN  fragment  is  formed  with 
rotational  distributions  that  peak  at  low  quantum  numbers  when 
dissociation  of  the  molecule  produces  excited  state  iodine  atoms 
I*(^Pi/2)*  The  channel  forming  ground  state  iodine  I(^P3/2), 
however,  produces  CN  fragments  that  are  rotationally  hot. 
Experiments  have  also  shown  that  the  I/I*  branching  ratio  in 
the  CN  rotational  distribution  is  not  very  sensitive  to  the  initial 
temperature  of  the  parent  molecule  but  can  be  strongly  controlled 
in  terms  of  the  photoexcitation  wavelength,  with  I*  production 
accounting  for  approximately  62%  of  the  total  product  at  266 
nm,  but  much  less  at  both  lower  and  higher  photoexcitation 
energies. 

In  this  paper  we  show  that  the  I/I*  branching  ratio  can  also 
be  controlled  over  a  broad  range  of  values,  simply  by  changing 
the  relative  phases  of  two  laser  pulses  that  photoexcite  an  initial 
superposition  state  to  the  same  final  energy  state  in  the  A 
continuum.  Considering  the  longstanding  interest  in  ICN  pho¬ 
todissociation,  we  anticipate  considerable  experimental  interest 
in  examining  this  control  scenario. 

The  paper  is  organized  as  follows.  In  section  II  we  first  outline 
the  CC  technique  based  on  bichromatic  excitation  of  a  super¬ 
position  state,  and  the  SC-IVR  methods  implemented  in  our 
simulations  to  calculate  the  degree  of  yield  control  in  terms  of 
state- to-state  specific  transition  matrix  elements.  Section  III  then 
summarizes  our  semiclassical  results,  and  compares  them  with 
full  quantum  dynamics  simulations.  Section  IV  summarizes  and 
concludes. 

IL  Methods 

A.  Bichromatic  Coherent  Control.  We  consider  bichromatic 
coherent  control  in  a  model  of  ICN  photodissociation. In 
accord  with  this  scenario,  the  system  is  prepared  in  an  initial 
superposition  state 

I'FoO',^))  =  \^,Xcj\Xo(j))  +  c,\Xom  (2.1) 


Assuming  that  the  field  is  sufficiently  weak  to  allow  the  use 
of  first-order  perturbation  theory,  the  relative  product  ratio 
/?(|,^',£),  of  producing  product  in  arrangement  channel  ^  to 
that  in  arrangement  at  energy  E,  is  given  by 

+  2x  cosiOj  -  6,  ■ 

7x  cosiOj  -  e,  +  (2.3) 

Here  x  is  the  ratio  of  controllable  parameters  x  =  \{ck\€k\)l 
(Cj|€y|)|,  and  is  the  phase  of  the  cumulative  transition 

matrix  element  jUjk(^,E),  where 

=  j^(Xo(l^mE,^Jl<E,ir\,i,\Xo(jy)  (2.4) 

y=o 

with  fie  being  the  dipole  operator  along  the  direction  of  the  field. 
Note  that  the  off-diagonal  fijk  manifest  the  interference  between 
components  of  the  continuum  wave  function  which  are  excited 
by  independent  coherent  excitation  pathways.  The  matrix 
element  {E,^J~\fie\xo(j))  in  eq  2.4,  is  the  state-to-state  specific 
transition  matrix  element  associated  with  the  initial  vibrational 
state  |;^o(/*)),  and  the  final  photodissociation  channel  correspond¬ 
ing  to  electronic  state  CN  rotational  state  7,  energy  E,  and 
incoming  boundary  conditions. 

Equations  2.3  and  2.4  show  that  the  relative  product  yield 
R{lm-h/2^E!)  of  product  in  1 1/2  to  product  in  I3/2  can  be  computed 
in  terms  of  the  state-to-state  specific  transition  matrix  elements 
{E,^J  IfielXoQl),  and  can  be  experimentally  controlled  by 
changing  either  the  initial  superposition  state,  or  the  relative 
phase  and  amplitude  of  the  CW  photoexcitation  lasers. 

The  state-to-state  specific  transition  matrix  elements  are 
obtained  in  the  time  dependent  picture  by  evolving  each  wave 
packet  component  \xo(j))  in  the  initial  superposition  times  the 
dipole  function,  to  obtain  IXtOl)  as  determined  by  the  nonadia¬ 
batic  excited  state  dynamics  at  time  t.  We  then  compute  the 
desired  matrix  element  as 

\immE)J4\x.(f)y^‘^  (2.5) 

t — *00 


where  |<l>g)  is  the  ICN  ground  electronic  state  wave  function. 
Here  \xo(J))  is  the  nuclear  eigenstate  of  energy  Ej  associated 
with  excitation  in  the  y-th  vibrational  state  of  the  Jacobi 
coordinate  R,  which  represents  the  distance  between  the  iodine 
atom  and  the  CN  center  of  mass.  The  system  is  subsequently 
photoexcited  with  two  CW  lasers  with  frequencies  (Oj  and  (Ok, 
where  (Oj  ==  E  —  Ej,  and  E  represents  the  final  energy  of  the 
system  after  photoexcitation  to  the  A  continuum.  That  is,  we 
excite  the  system  with  the  electric  field  €{t) 

6(0  =  +  c.c.  ’  (2.2) 

where  ej  and  €k  are  time  independent  vectors  of  length  |€;1  and 
|?ik|.  Oj  and  Ok  are  the  phases  of  the  two  pulses.  As  a 
consequence,  both  \XQ(j))  and  |;^o(^)  )  are  raised  by  the  laser 
field  with  frequencies  o)j  and  0)k,  to  states  with  energy  E  in  the 
continuum,  denoted  \E,^,J^).  Here  J  is  the  CN  angular 
momentum  and  ^  =  (I1/2  or  I3/2),  denotes  the  state  of  the  iodine 
product.  The  CN  vibration  is  ignored  since  experiments  show 
little  CN  vibrational  excitation  after  photodissociation.  These 
two  photoexcitation  routes  interfere  with  one  another. 


where  {K,J,^\Xt{j))  is  the  asymptotic  nuclear  wave  packet,  in 
K  —  J  representation,  associated  with  the  final  electronic 
state  Note  that  the  integral  associated  with  the  rhs  of  eq  2.5 
should  include  the  appropriate  Jacobian  factors.  Here  K  is  the 
nuclear  momentum  conjugate  to  the  Jacobi  coordinate  R,  and 
K{E^  is  its  asymptotic  value  at  final  energy  E  and  CN  rotational 
state  7,  given  by  the  formula 


K{E) 


1M\ 


'E-Epi^  J{J+1) 
Im? 


1/2 


(2.6) 


where  Eo(^)  is  the  asymptotic  energy  of  the  electronic  state 
potential  energy  surface  associated  with  photodissociation 
channel  |,  M  is  the  reduced  mass  associated  with  coordinate  R, 
and  m  is  the  C—N  reduced  mass. 

To  obtain  {K,^,J\Xt(j))^  we  compute  the  asymptotic  wave 
function  (x,/?,0|'R/(/))  that  results  from  nonadiabatic  dynam¬ 
ics  propagation,  after  instantaneous  photoexcitation  of  the 
|Og)i%oW)  state  component  in  the  initial  superposition  to  the 
optically  active  electronic  excited  state  resonant  with  the 
excitation  energy.  Here  x  are  the  electronic  degrees  of  freedom, 
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and  ©  is  the  angle  between  the  I  to  CN  distance  and  the  CN 
axis.  Projecting  out  the  corresponding  electronic  state  gives 

'V\(R,ej)  =  /dx(0^1xXx,/?.0|W,O-))  (2.7) 

and  transforming  to  the  K—J  representation  according 

to 

{K,u\xm^ 

Aj^  dR  /;  d0  r^(©)  sin  0  e-"'V,(/?,0y)  (2.8) 

gives  the  desired  Here  A  is  a  normalization  constant, 

and  the  spherical  harmonic  fyo(B)  represents  the  7-th  rotational 
state  of  the  CN  fragment.  The  computational  task  for  predicting 
the  degree  of  yield  control  is  therefore  reduced  to  calculating 
the  cumulative  transition  matrix  elements  in  terms  of 

the  asymptotic  state  components  |W|(/))  obtained  according  to 
the  SC-IVR  methodology  described  in  section  IIB. 

B.  State-Resolved  Semiclassical  Approach.  The  semiclas- 
sical  approach  considered  in  this  paper  computes  from 

in  accord  with  eqs  2.4  and  2.5.  The  \Xt(j))  are  computed 
by  propagating  each  state  |Wo(/))  in  the  initial  superposition 
according  to  the  semiclassical  methodology  outlined  in  ref  23. 
Specifically,  the  Herman— Kluk  propagator  is  used  in  conjunc¬ 
tion  with  a  stationary  phase  Monte  Carlo  method  to  simulate 
nonadiabatic  dynamics  using  the  Miller— Meyer  Hamiltonian 
for  the  ICN  system.  This  Hamiltonian  includes  both  electronic 
and  nuclear  degrees  of  freedom. 

Semiclassical  results  were  found  to  be  converged  with  2  x 
10^  trajectories,  using  the  parallel  programming  model  described 
in  ref  5.  However,  we  have  observed  that  a  good  qualitative 
description  of  coherence  control  can  already  be  obtained  with 
an  ensemble  of  2  x  10^  trajectories.  For  comparison  purposes, 
we  computed  quantum  mechanical  results  using  the  fast  Fourier 
transform  (FFT)  method  with  an  extended  grid  of  512  points 
in  both  the  R  and  0  coordinates,  defined  in  the  range  of 
coordinates  |/?  —  9|  au  <  5  au,  and  |01  <  2;r  radians. 

The  initial  wave  packet  components  ^o(x,R,0\j),  after 
instantaneous  photoexcitation  of  the  system,  are  defined  ac¬ 
cording  to  the  Meyer— Miller  formalism  as  a  product  of 
electronic  and  nuclear  wave  functions 

=  <p\x)Xo{j‘.R.e)  (2.9) 


assuming  that  the  transition  dipole  that  couples  the  ground 
electronic  state  g  with  the  optically  active  electronic  excited 
state  n  is  independent  of  nuclear  coordinates  (Condon  ap¬ 
proximation).  We  take  as  %o(/;^,^),  in  eq  2.9,  the  harmonic 
nuclear  wave  function 


ZoO;R.®) 


x  exp 


(2.10) 


where  Hj  is  a  Hermite  polynomial  of  degree  y,  an  and  a©  are 
obtained  from  the  ICN  stretching  and  bending  force  constants,^^ 
and  the  equilibrium  values  of  the  Jacobi  coordinates  (/?,©)  are 
/?o  =  4.99  bohrs,  and  =  0.0  rad,  respectively.  The  electronic 
wave  function  0"(x)  in  eq  2.9  is  defined  as  the  product  of  two 
one-dimensional  harmonic  oscillator  wave  functions,  each 
representing  the  eigenfunctions  of  the  electronic  part  of  the 
quantum  Hamiltonian.  For  example,  the  electronic  wave  function 


for  state  n  is  a  ground  state  harmonic  oscillator  wave  function 
for  all  electronic  modes  except  the  nih  one,  which  has  one 
quantum  of  excitation: 

=  (2.11) 

In  our  calculations  we  use  the  empirical  ICN  potential  energy 
surfaces  derived  by  Goldfield  et  al.,^^  and  assume  that  the 
dominant  contributions  to  the  excited  state  dynamics  result  from 
parallel  transitions  from  the  ground  state  %+  potential  energy 
surface  to  the  excited  electronic  state  with  ^no+  symmetry. 
These  empirical  potentials  consist  of  two  coupled  excited  state 
potential  energy  surfaces,  associated  with  the  ^no+  and 
electronic  excited  states  that  correlate  to  the  \m  and  I3/2  channel, 
respectively.  Rigorous  comparisons  with  experimental  data, 
however,  might  require  calculations  on  the  complete  set  of  ab 
initio  potential  energy  surfaces,  e.g.,  those  reported  by  Moro- 
kuma  and  co-workers.^^ 

HI.  Results 

Results  are  presented  in  two  sections.  First,  section  IIIA 
presents  the  cumulative  transition  matrix  elements  obtained 
according  to  the  semiclassical  methodology,  described  in  section 
II,  and  compares  the  results  to  those  obtained  using  quantum 
mechanics.  We  considered  the  case  where  Xoij)  =  ;Co(l)  is  the 
ground  vibrational  state,  and  %o(^)  =  XoO)  is  the  second  excited 
vibrational  state  along  the  R  coordinate.  Section  IIIA  also 
compares  the  semiclassical  results  for  individual  wave  packet 
components  in  the  £—7  representation,  for  both  the  ^no+  and 
the  ^111  electronic  excited  states,  with  the  corresponding 
quantum  mechanical  results.  This  comparison  of  individual  wave 
packet  components  provides  a  comprehensive  picture  of  the 
energy  dependence  of  individual  transition  matrix  elements  and 
demonstrates  the  ability  of  the  semiclassical  methodology  to 
describe  both  real  and  imaginary  parts  of  the  state-to-state 
specific  transition  matrix  elements  associated  with  alternative 
photoexcitation  pathways.  Finally,  section  IIIB  presents  mo¬ 
lecular  dynamics  simulation  results  of  coherent  control,  after 
photoexcitation  of  an  initial  superposition  state  to  various  final 
energy  levels  in  the  A  continuum.  In  particular,  we  provide  a 
detailed  comparison  between  the  relative  product  yields  obtained 
using  semiclassical  mechanics  to  the  corresponding  quantum 
mechanical  results. 

A.  Transition  Matrix  Elements.  Consider  first  results  that 
correlate  with  the  1 1/2  product  channel.  Besides  the  calculation 
of  the  photodissociation  cross  sections,  coherent  control  studies 
require  ^,>(|,£),  i.e.,  the  off-diagonal  channel-dependent  complex 
quantities.  Figure  1  compares  the  semiclassical  (solid)  and 
quantum  (dashed)  results  for  the  modulus  13(1 1/2, £)|  (see  panel 
a),  and  phase  <[>i3(Ii/2»-^^  (panel  b)  of  the  cumulative  transition 
matrix  element  //i3(Ii/2,£)  [see  eq  2,4].  Although  one  sees 
differences  of  up  to  15—20%  between  the  semiclassical  and 
quantum  mechanical  results,  the  overall  qualitative  features  are 
in  excellent  agreement  with  one  another;  that  is,  both  the  overall 
shape  of  13(11/2, £) I  and  the  position  of  the  amplitude  nodes  as 
a  function  of  E,  as  well  as  the  energy  dependence  of  the  phase 
|Oi3(Ii/2,£)|  are  in  good  agreement.  Note  that  the  phase  of  jUij 
is  the  most  elementary  phase-dependent  quantity  to  which  we 
can  apply  a  test  of  the  utility  of  semiclassical  mechanics.  That 
is,  the  phase  of  a  matrix  element  involving  the  continuum,  as 
opposed  to  the  product  considered  herein,  does  not  allow  for 
quantum-semiclassical  comparisons  since  the  phase  of  the 
continuum  wave  function  is  arbitrary  and  therefore  computer- 
code  dependent. 
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Figure  1.  Semiclassical  (solid  lines),  and  quantum  mechanical  (dashes) 
cumulative  matrix  elements  =  |/ii3(Ii/2,£)|  exp(/^i3(Ii/2,£)), 

associated  with  final  photodissociation  channel  I1/2,  as  a  function  of 
final  energy  E  in  the  A  continuum. 

Figure  1  shows  important  qualitative  features  of 
such  as  the  energy  position  of  the  nodes,  and  the  change  in 
sign  of//i3(Ii/2,^  when  going  through  an  energy  node.  Both  of 
these  features  are  determined  by  the  symmetry  properties  of 
the  product  of  the  two  wave  packet  components  that  contribute 
to  finiXidyE)  at  each  7,  as  defined  by  eq  2.4.  The  origin  of  the 
deviations  between  semiclassical  and  full  quantum  mechanical 
results,  displayed  in  Figure  1,  can  be  attributed  to  differences 
in  the  asymptotic  wave  packet  components  that  correlate  with 
the  1 1/2  photodissociation  channel,  as  discussed  later  in  this 
section.  The  wave  packet  components  also  provide  a  compre¬ 
hensive  understanding  of  the  energy  dependence  of  \fin(Xm^E)\ 
since,  as  mentioned  above,  |//i 3(11/2, E)|  is  obtained  according 
to  eq  2,4,  by  summing  the  product  of  the  two  wave  packet 
components  that  correlate  to  the  1 1/2  photodissociation  channel 
over  all  rotational  states. 

Figure  2  compares  contour  plots  for  the  asymptotic  wave 
packet  components  that  correlate  to  the  1 1/2  photodissociation 
product.  Results  are  shown  for  wave  packet  components 
obtained  in  the  photoexcitation  of  ICN  that  are  initially  in  the 
ground  vibrational  state  |%o(l))  (panel  a),  or  in  the  second  excited 
vibrational  state  |xo(3))  (panel  b).  Here,  semiclassical  wave 
packet  results  (solid  lines)  are  compared  to  the  corresponding 
quantum  results  (dashed  lines),  obtained  at  50  fs  after  photo¬ 
excitation  of  the  molecule  to  the  ^no+  electronic  excited  state. 
At  this  time,  the  wave  packet  components  in  the  E—J  repre¬ 
sentation  are  asymptotic  since  the  wave  packet  is  unchanged  at 
times  greater  than  45  fs  after  photoexcitation.  Figure  2  shows 
that  for  this  empirical  potential  energy  model,  the  CN  rotational 
distributions  associated  with  both  photoexcitation  pathways  are 
centered  at  approximately  /  =  10  for  all  final  energy  states  in 
the  A  continuum.  However,  they  differ  with  respect  to  one 
another  in  the  number  of  nodes  along  the  energy  coordinate. 


Figure  2.  Contour  plots  for  the  norm  of  the  ^no+  asymptotic  wave 
packet  components  in  the  E— /  representation  at  50  fs  after  ^no+ X 
photoexcitation  of  the  molecule  that  is  initially  in  the  ground  (panel 
a),  or  second  excited  vibrational  states  (panel  b).  Semiclassical  results 
(solid  lines),  and  the  corresponding  quantum  mechanical  results  (dashed 
lines)  are  shown. 

reflecting  features  of  the  corresponding  initial  vibrational  state. 
The  agreement  between  semiclassical  and  full  quantum  me¬ 
chanical  calculations  is  quite  satisfactory  at  the  center  of  the 
band,  while  deviations  become  more  significant  at  the  tails. 

Similar  considerations  apply  to  product  associated  with  the 
I3/2  channel.  Figure  3  shows  the  modulus  |//i3(l3/2,Q|  (see  panel 
a),  and  phase  0 13(13/2, £)  (panel  b)  of  //i3(l3/2,F),  and  compares 
the  semiclassical  (solid  lines)  and  quantum  mechanical  (dashed) 
results.  Figure  3  shows  that  both  the  modulus  and  the  phase  of 
the  semiclassical  finiX^a^E)  are  in  very  good  agreement  with 
quantum  results.  Significantly,  for  all  cases  the  convergence  of 
the  modulus,  and  the  phase,  occur  at  essentially  the  same  rate. 

Figure  4  compares  the  contour  plots  for  the  asymptotic  wave 
packet  components  that  correlate  to  the  I3/2  spin— orbit  state  in 
the  ^111  photodissociation  channel.  These  wave  packets  result 
entirely  from  nonadiabatic  dynamics  at  the  conical  intersection, 
after  ^no+  ^  X  photoexcitation  of  ICN  molecules  that  are 
initially  in  the  ground  vibrational  state  (panel  a),  or  in  the  second 
excited  vibrational  state  (panel  b).  As  above,  semiclassical  wave 
packets  (solid  lines)  are  compared  to  the  corresponding  quantum 
results  (dashed  lines),  at  50  fs.  Figure  4  shows  that  for  this 
photodissociation  channel  the  CN  rotational  distributions  as¬ 
sociated  with  both  photoexcitation  pathways  have  maximum 
amplitudes  at  40  <  7  <  60  for  all  final  energy  states  in  the  A 
continuum,  and  are  significantly  more  structured  than  the  wave 
packet  components  that  correlate  to  the  \\n  spin— orbit  state. 
The  agreement  between  semiclassical  and  quantum  calculations, 
for  these  rather  hot  and  complicated  rotational  distributions,  is 
once  again  very  satisfactory  .  Evident  from  Figure  4  is  the  origin 
of  the  two  more  prominent  band  intensities  displayed  by  Figure 
3,  in  the  4-6  eV  energy  range,  as  well  as  the  quality  of  the 
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Figure  3.  Semiclassical  (solid  lines),  and  quantum  mechanical  (dashes) 
cumulative  matrix  elements  =  1^/13(13/2, F)|exp(/<I>i3(l3/2,^). 

associated  with  final  photodissociation  channel  I3/2,  as  a  function  of 
final  energy  E  in  the  A  continuum. 

“node**  at  ~4.75  eV  as  determined  by  the  structure  of  the 
rotational  distribution  as  a  function  of  J.  Figure  3  also  shows 
that  the  same  level  of  agreement  displayed  in  Figure  3  for  the 
cumulative  transition  matrix  element  as  a  function  of  energy 
can  also  be  observed  in  the  rotational  state  specific  transition 
amplitudes.  Thus,  one  would  anticipate  that  the  SC-IVR 
techniques  could  also  be  implemented  for  simulating  rotational 
state  specific  CC  techniques. 

In  these  computations,  we  have  included  only  contributions 
from  parallel  transitions  ^no+  X,  in  order  to  facilitate  the 
comparison  between  semiclassical  and  quantum  calculations. 
Therefore,  the  cumulative  transition  matrix  element  jUnihn^E) 
results  exclusively  from  population  that  crosses  from  the  initially 
populated  ^no+  state  to  the  ^III  electronic  excited  state  at  the 
conical  intersection.  The  agreement  displayed  in  Figure  3 
demonstrates  that  the  Meyer—Miller  Hamiltonian,  quantized 
according  to  the  Herman —Kluk  SC-IVR  methodology  together 
with  stationary  phase  MC  methods,  is  able  to  describe  not  only 
the  modulus  but  also  the  phase  of  the  off-diagonal  cumulative 
transition  matrix  elements  in  semiquantitative  agreement  with 
full  quantum  mechanical  calculations.  This  is  an  important  result 
because  it  demonstrates  that  even  when  the  system  undergoes 
purely  nonadiabatic  dynamics  the  semiclassical  methodology 
correctly  describes  both  coherences,  i.e.,  the  relative  phases  of 
asymptotic  wave  functions  in  the  A  continuum,  and  probability 
distributions. 

Finally,  Figures  5  and  6  compare  the  semiclassical  cumulative 
matrix  elements /i/,(Ii/2,£)  (see  panel  a),  mdfiuihn^E)  (see  panel 
b),  with  the  corresponding  quantum  results  (dashes).  With  the 
exception  of  small  deviations  in  the  high  energy  tail  of 

(f  =  V2,  V2)  there  is  almost  quantitative  agreement  between 
semiclassical  and  full  quantum  mechanical  results.  By  contrast, 
Figure  6  shows  somewhat  poorer  agreement  for//33(Ii/2,Q  (see 


Figure  4.  Comparison  of  contour  plots  for  the  norm  of  the  ^ITi 
asymptotic  wave  packet  components  in  the  E—J  representation  at  50 
fs  after  ^no+  X  photoexcitation  of  the  molecule  that  is  initially  in 
the  ground  (panel  a),  or  second  excited  vibrational  states  (panel  b). 
Semiclassical  results  (solid  lines),  and  the  corresponding  quantum 
mechanical  results  (dashed  lines)  are  shown. 

panel  a),  and  /Lt^^ihn^E)  (see  panel  b).  In  this  case,  when  the 
system  is  photoexcited  from  higher  vibrational  states,  the 
semiclassical  calculations  show  more  significant  deviations  from 
the  exact  quantum  mechanical  results.  These  deviations  are 
similar  to  those  observed  in  previous  studies,^*^^*^®  and  are  the 
subject  of  further  investigation.  However,  the  overall  qualitative 
features  of  these  higher  vibrational  state  cumulative  matrix 
elements  obtained  according  to  semiclassical  mechanics  are  still 
in  good  agreement  with  full  quantum  mechanical  calculations 
throughout  the  whole  energy  range. 

The  comparison  of  Figures  5,  6,  1,  and  3  shows  that  the 
“nodes”  of  the  cumulative  transition  matrix  element  are  smeared 
out  by  the  coupling  between  the  two  electronic  states,  leaving 
only  a  very  narrow  5.7— 6.0  eV  energy  range  where  coherent 
control  is  expected  to  be  inefficient,  since  both  |^i3(l3/2,£)|  and 
1^13(1 1/2.^ I  are  small  compared  to  the  diagonal  transition  matrix 
elements  \jUjj{ly2.E)\. 

B.  Coherent  Control  of  Photofragmentation  Product 
Yields.  Figure  7  shows  the  relative  product  yields  R{lin:hn^E), 
(eq  2.3),  after  ICN  photodissociation  in  the  A  continuum, 
obtained  through  bichromatic  coherent  control  of  an  initial 
superposition  of  vibrational  states  with  quantum  numbers  v  =1 
and  V  =3.  Figure  7  compares  the  semiclassical  (solid  lines)  and 
quantum  (dashed  lines)  results  obtained  at  various  photoexci¬ 
tation  energies.  Relative  product  yields  are  presented  in  the  form 
of  contour  plots  for  the  photoexcitation  energies  indicated  in 
panels  a— f,  as  a  function  of  both  the  relative  pulse  phase 
parameter,  ©1  -  ©2.  and  the  relative  amplitude  S  = 

Note  first,  that  Figure  7  shows  that  the  product  ratio  varies 
significantly  as  a  function  of  the  relative  pulse  phase  parameter, 
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Figure  5.  Semiclassical  cumulative  matrix  elements  with  ^  = 
G1/2J3/2)  (solid  lines),  and  the  corresponding  quantum  mechanical  results 
(dashes).  Panel  a  shows  the  comparison  of  /iii(Ii/2).  and  panel  b  displays 
the  corresponding  results  for  ^11(13/2). 

demonstrating  a  broad  range  of  yield  control  over  an  extended 
range  of  S  (i.e.,  strong  dependence  on  (0i  —  02))  for  all 
photoexcitation  energies,  with  the  exception  of  £  =  6  eV  [see 
panel  (d)].  Here  coherent  control  is  expected  to  vanish  since 
both  off-diagonal  matrix  elements  |/^i3(Ii/2,£)|  and  \fi\3{hn^E)\ 
are  much  smaller  than  the  diagonal  terms  with  ^  = 

(Ii/2il3/2)  and  j  =  (1,3)  (see  Figures  (5,  6,  1  and  3)). 

Second,  note  that  the  overall  comparison  between  semiclas¬ 
sical  and  full  quantum  dynamics  simulations  of  coherent  control, 
displayed  by  the  contour  diagrams  in  Figure  7,  indicates  that 
the  structure  of  the  diagrams,  the  trend  in  these  structures  with 
photoexcitation  energy,  and  the  range  of  quantum  mechanical 
product  yields  are  reproduced  by  the  semiclassical  calculations 
within  an  error  of  approximately  5—10%. 

At  the  lowest  photoexcitation  energy  (see  panel  a),  maximum 
control  is  attained  at  S  <  0.5,  where  the  production  of  1 1/2  can 
be  reduced  from  40%  to  less  than  1%,  simply  by  varying  the 
relative  phase  parameter  from  0°  to  180°  at  5 0.25.  At  higher 
values  of  S  (as  5  — *  1),  the  semiclassical  and  full  quantum 
mechanical  product  yields  still  agree  with  one  another  within 
an  error  of  5— 10%  and  show  a  qualitatively  different  behavior 
from  that  observed  at  smaller  values  of  S.  In  particular,  the  ratio 

as  5  — *  I ,  becomes  only  weakly  dependent  on  the  relative 
pulse  phase  parameter,  0i  -  02,  and  it  is  therefore  no  longer 
possible  to  control  the  final  outcome  of  the  photodissociation 
reaction. 

At  higher  photoexcitation  energies  (see  panel  b)  the  semiclas¬ 
sical  and  full  quantum  mechanical  product  yields  again  agree 
within  about  5—10%  error  and  show  dependence  on  0i  —  02 
and  S  that  is  completely  different  from  that  obtained  at  lower 
photoexcitation  energies.  Here,  the  degree  of  yield  control  is 
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Figure  6.  Semiclassical  cumulative  matrix  elements  with  |  = 

(I1/2J3/2)  (solid  lines),  and  the  corresponding  quantum  mechanical  results 
(dashes).  Panel  a  shows  the  comparison  of  ;<33(Ii/2),  and  panel  b  displays 
the  corresponding  results  for  ^33(13/2)* 

found  to  be  maximum  in  the  0.5  <  5  <  0.8  range,  where  the 
production  of  1 1/2  can  be  reduced  from  more  than  70%  to  less 
than  30%  by  changing  the  relative  phase  from  about  330°  to 
150°. 

Various  different  trends  are  observed  at  the  other  energies 
shown  in  Figure  7,  it  being  clear  that  (a)  ICN  is  an  excellent 
candidate  for  studies  of  coherent  control  and  (b)  semiclassical 
IVR  computations  do  an  adequate  job  of  predicting  control. 

IV.  Conclusions 

In  this  article  we  have  shown  that  coherent  control  over  ICN 
photodissociation  is  extensive  and  that  SC-IVR  techniques  are 
able  to  simulate  bichromatic  coherent  control  of  an  initial  ICN 
superposition  state  in  semiquantitatiVe  agreement  with  exact 
quantum  mechanical  results. 

We  have  demonstrated  the  capabilities  of  a  semiclassical 
technique  that  involves  quantization  of  the  Meyer— Miller 
classical  Hamiltonian  for  nuclear  and  electronic  dynamics,  by 
comparing  the  semiclassical  and  full  quantum  mechanical  results 
of  relative  photofragmentation  product  yields,  as  controlled  by 
the  relative  pulse  phase,  or  the  relative  amplitude  parameters. 
Some  quantitative  disagreement  was  observed  for  dynamics 
initiated  in  the  higher  vibrational  states.  Its  origin  is  the  subject 
of  further  study. 

The  SC  results  obtained  through  quantization  of  the  Meyer— 
Miller  Hamiltonian,  according  to  the  Herman— Kluk  SC-IVR 
methodology,  together  with  stationary  phase  MC  methods,  were 
able  to  reproduce  the  correct  structure  of  the  relative  product 
yield  for  various  different  photoexcitation  energies,  demonstrat¬ 
ing  that  the  SC-IVR  methodology  correctly  describes  excited 
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Figure  7.  Contour  plots  of  the  relative  product  yields  R{lm:ha,E)  =  hnlilin.  +  I3/2),  for  bichromatic  coherent  control  of  an  initial  ICN  superposition 
state  with  vibrational  quantum  numbers  v  =  I  and  y  =  3,  respectively.  The  photoexcitation  energy  is  indicated  in  each  panel. 


state  nonadiabatic  dynamics  as  influenced  by  laser  induced 
quantum  interference  effects. 

According  to  the  present  implementation,  semiclassical 
simulations  of  ICN  coherent  control  require  the  evaluation  of 
quite  a  large  number  of  trajectories  ('^2  x  10^),  and  of  course 
they  would  be  even  more  demanding  for  systems  with  many 
more  degrees  of  freedom.  This  is  clearly  the  aspect  of  the 
calculation  that  needs  further  development.  It  is  expected  that 
the  combination  of  the  HK  SC-IVR,  together  with  stationary 
phase  MC,  and  direct  implementation  methodologies  under 
development,  should  provide  a  more  tractable  approach  for 
simulating  coherent  control  on  higher  dimensionality  problems. 
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Abstract 

Control  over  reactive  and  non-reactive  cross-sections  in  3D  atom-diatom  scattering  is  shown  to  be  possible  using  a 
superposition  of  non-degenerate  ro-vibrational  states  of  the  target-diatomic  molecule.  Depending  on  the  phase  and 
magnitude  of  the  coefficients  which  describe  the  initial  superposition  state,  one  can,  through  quantum  interference, 
enhance  or  suppress  the  reactive  or  non-reactive  scattering  to  predetermined  product  states.  Fully  converged  3D 
quantum  computations  reveal  extensive  control  over  the  reactive/non-reactive  branching  ratios  in  the  D  -f-  H2 
DH  +  H  and  the  H  4-  H'D  — >  HH'  -I-  D;  HD  -h  H'  reactions,  where  H  and  H'  denote  hydrogen  atoms  which  are  con¬ 
sidered  distinguishable.  ©  2001  Published  by  Elsevier  Science  B.V. 

PACS:  82.40.Dm;  34.50.Rk;  34.50.Lf 


1.  Introduction 

The  coherent  control  (CC)  approach  for  con¬ 
trolling  dynamical  processes  [1-24]  makes  use  of 
quantum  interference  effects  to  manipulate  the 
wave-like  nature  of  matter.  Specifically,  CC  uti¬ 
lizes  coherent  light  sources  to  induce  constructive 
or  destructive  interferences  in  the  matter  mole¬ 
cules.  In  this  way  one  can  enhance  (or  suppress) 
desired  (or  undesired)  products.  Numerous  ex¬ 
perimental  demonstrations  of  the  CC  principle  are 
now  available  [1-3]. 
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Thus  far,  CC  has  been  realized  experimentally 
in  the  control  of  unimolecular  processes,  such  as 
molecular  photodissociation  and  photoionization 
[1-15].  Controlling  the  yield  of  bimolecular  reac¬ 
tions  [16-24]  presents  a  much  greater  experimental 
challenge,  since,  as  explained  below,  in  this  case 
one  starts  with  an  initially  unbound  state. 

In  recent  years  we  have  developed  a  number  of 
scenarios  by  which  bimolecular  control  could  be 
achieved.  Initially  we  investigated  bimolecular  la¬ 
ser  control  at  energies  below  or  near  the  reaction 
threshold  [16-19].  Later,  we  presented  a  general 
theory  for  the  control  of  bimolecular  collisions, 
capable  of  dealing  with  energies  above  the  reaction 
threshold  [20],  This  general  theory  has  been  ap¬ 
plied  to  the  control  of  isotopic  variants  of  the 
H  -f  H2  — ►  H2  +  H  reaction  [21]  in  the  collinear 
domain.  We  have  also  studied  the  control  of  dif¬ 
ferential  cross-sections  of  these  reactions.  Because 
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of  kinematic  constraints  [22],  to  be  discussed  be¬ 
low,  we  utilized,  in  both  cases,  superpositions  of 
nearly  degenerate  diatomic  states  [23,24]. 

In  the  present  paper  we  consider  a  more  ambi¬ 
tious  control  scenario,  involving  fully  realistic 
computations  on  superpositions  of  non-degenerate 
target-diatomic  states.  The  experimental  difficulty 
inherent  in  utilizing  such  target  states  as  a  basis  for 
a  superposition  of  scattering  states,  requiring  cor¬ 
relating  the  translational  energy  of  the  atom  with 
the  internal  energy  of  the  target-diatomic  mole¬ 
cule,  is  offset  by  the  extensive  degree  of  control 
afforded  in  this  scheme.  Below  we  demonstrate, 
with  exact  3D  quantum-mechanical  calculations 
for  isotopic  variants  of  the  H  -f-  H2  H2  +  H  re¬ 
action  using  realistic  potential  energy  surface,  that 
total  reactive  vs  non-reactive  cross-sections  can  be 
extensively  controlled  by  varying  the  phases  and 
amplitudes  of  the  initially  prepared  superposition 
state. 

This  paper  is  organized  as  follows:  The  prepa¬ 
ration  of  the  superposition  of  scattering  state  is 
discussed  in  Section  2.1.  In  Section  2.2  we  sum¬ 
marize  the  implementation  of  CC  for  3D  atom- 
diatom  quantum  reactive  scattering.  The  results  of 
our  calculations  for  D  -f  H2  and  H  -h  H'D  reac¬ 
tions  (where  H  and  H'  denote  hydrogen  atoms 
which  are  assumed  to  be  distinguishable)  are  dis¬ 
cussed  in  Section  3,  where  the  wide  range  of  con¬ 
trol  over  reactive  vs  non-reactive  cross-sections  is 
demonstrated.  Section  4  contains  a  brief  summary. 


2.  Coherent  control  of  atom-diatom  reactive  scat¬ 
tering 

2.1.  Initial  preparation  of  a  superposition  of  scat¬ 
tering  state 

Consider  an  atom  A  colliding  with  a  diatomic 
molecule  BC.  The  three  possible  outcomes  (ar¬ 
rangements)  of  this  collision  are  A  -h  BC,  B  -h  AC, 
C-hAB  and  we  label  each  arrangement  by  the 
symbol  a  =  a(A  -}-  BC),  6(B  -h  AC),  or  c(C  -h  AB). 
Denoting  the  masses  of  the  three  atoms  as  Ma,  Mb, 
Me,  and  their  positions  as  ta,  tb,  re,  we  define  rBc» 
the  position  of  one  target  atom  relative  to  the 


other,  K,  the  total  center-of-mass  wave  vector,  and 
R,  the  total  center-of-mass  position,  as, 

Mbc  =  Mb  +  Me,  M  =  Ma  -h  Mbc, 
i^BC  =  MbMc/ (Mb  +  Me), 

Rbc  =  (MBrB  +Mcrc)/MBc,  ... 

R  =  (MArA  -f  MbFb  +Mcrc)/M, 

Tbc  =  Tb  *”  Tc,  Icbc  =  kfl  +  kc, 

K  =  kA+kBc. 

We  also  define  the  arrangement-specific  relative 
atom-diatom  wave  vector  k,  and  the  relative 
atom-diatom  position  r  for  arrangement  a  as 

k  =  (MBckA  “  MAkBc)/M,  r  =  rA  Rbc-  (2) 

Similar  definitions  hold  for  the  two  other  (b  and  c) 
arrangements. 

The  total  Hamiltonian  of  the  system  can  be 
divided  into  four  parts, 

H  =  r(R)  -I-  r(r)  -h  A,(rBc)  +  F,(r,rBc),  (3) 

where  T  denotes  a  kinetic-energy  operator,  ha  is 
the  Hamiltonian  for  the  BC  diatomic  and  Va  is  the 
atom-diatom  interaction  potential  in  the  a  ar¬ 
rangement,  satisfying  the  asymptotic  condition, 


The  breakup  of  the  Hamiltonian  can  be  carried 
out  in  (three)  different  ways,  depending  on  the 
arrangement  index,  a. 

As  shown  previously  [20],  in  order  to  assume 
control  we  need  to  create  a  superposition  of  con¬ 
tinuum  states,  denoted  as  c;0),  comprised  of 
|,E,a,n;0),  the  eigenstates  of  the  asymptotic  ar¬ 
rangement  Hamiltonian  Ha, 

Ha  =  T{t)+ha{Tscl  (5) 

satisfying  the  eigenvalue  relation, 

a,  n;0)=0,  (6) 

with  n  denoting  the  quantum  numbers  (such  as 
vibration  or  rotation)  describing  the  internal  en¬ 
ergetic  states  of  the  a  arrangement  separated 
products. 


A.  Ahrashkevich  et  al  I  Chemical  Physics  267  (2001)  81-92 


83 


Assuming  that  we  can  create  a  superposition  of 
two  such  states,  we  choose  the  atomic  and  di¬ 
atomic  incident  wave  functions  i/'a  and  ij/gc  as, 

I'I'a)  =  I<^aU)){ci  exp[ikA(l)  •  Ta] 

+  C2exp[ikA(2) -rA]},  (7) 

=  C31<Abc(3)>  exp[ikBc(3)  •  Rbc] 

+  C4|^bc(4))  exp[ikBc(4)  •  Rbc],  (8) 

where  \<l>/^{g))  is  the  ground  electronic  state  of 
atom  A  and  \(p^cU))  internal  diatomic  states 
with  energy  cbcU)-  The  total  incident  wave  func¬ 
tion  is  then  given  as, 

l£,a,c;0}  =  |^a)I^bc> 

=  M>,yexp(ik,y  •  r)  exp(iKy  •  R), 

<=i  y=3 

(9) 

where  |A),^.  =  CiCj\4>j^{g))\(l>^(J))>^  = 
AfAkBc(/)VAf,  and  Kij  =  kA(0  +  kBc(/)  with  {i  = 
l,2;y  =  3,4). 

If  each  term  in  the  wave  function  has  a  different 
center-of-mass  wave  vector  K(y,  then  Eq.  (9)  is 
composed  of  four  independent  incident  waves. 
Since  the  Vg  potential  depends  solely  on  the  rela¬ 
tive  coordinates,  r  and  tbc,  and  not  on  R,  the 
center-of-mass  momentum  is  conserved  (which  is 
why  we  are  able  to  separate  out  the  center-of-mass 
coordinate  from  the  relative  coordinates).  As  a 
result,  as  shown  in  Ref.  [22],  only  those  |K}  com¬ 
ponents  of  the  incident  superposition  state  having 
the  same  center-of-mass  momentum  can  interfere 
with  each  other  to  affect  the  final  cross-sections. 
The  interference  between  components  with  differ¬ 
ent  K;  values  is  quickly  washed  away  during  the 
collision.  However,  conditions  can  be  set  in  such  a 
way  that  interference,  and  hence  control,  may  be 
achieved.  In  order  to  do  that,  we  require  the 
equality  of  the  center-of-mass  motion  of  at  least 
two  energetically  degenerate  components, 

K,3  =  K24 

(10) 

-t-  eBc(3)  =  +  eBc(4), 

with  fi  =  Mfi.M'QciM.  Eq.  (9)  then  becomes 


|£,a,c;0}  =  {|^),3exp(ik,3  •  r) 

-t- 1^4)24  exp(ik24  •  r)}  exp(iKi3  •  R) 

-f  1^)23  exp(ik23  •  r)  exp(iK23  •  R) 

-I-  |^),4exp(ik|4  •  r)  exp(Ki4  •  R),  (11) 

where  the  term  in  the  first  bracket,  due  to  Eq.  (10), 
is  a  linear  superposition  of  two  degenerate  states. 

The  cross-section  resulting  from  the  initial  state 
in  Eq.  (11)  is  comprised  of  the  first  two  terms  of 
Eq.  (1 1),  which  can  interfere  with  each  other  be¬ 
cause  they  have  the  same  center-of-mass  momen¬ 
tum,  and  by  the  last  two  (“satellite”)  terms,  which 
are  non-interfering  because  they  have  different 
center-of-mass  momenta. 

As  a  particular  realization  of  Eq.  (10)  we  choose 
Ki3  =  K24  =  0  and  K23  =  -K14,  which  means  that 
kA(l)  =  -kBc(3)  and  kA(2)  =  -kBc(4).  Since  in 
that  case  ku  =  kA(l),  k24  =  kA(2),  we  have  from 
Eq.  (10)  that, 

“  ^(2)]  =  (2A/AAfBc)[eBc(4)  —  eBc(3)] 

/(Mbc+Ma).  (12) 

We  also  have  in  that  case  that,  k23  -f  ki4  =  k^-F 
k24  =  kA(l) -I- kA(2),  and  assuming  that  kA(l)  is 
parallel  to  kA(2),  the  energies  of  the  satellite  terms 
become, 

^  ®bc(3),  ^4  =  ^^4  +  eBc(4), 

(13) 

where 

4=  [^lc*i(2)+Ml*i(l) 

-^2MAMBc*A(l)*A(2)]/M^ 

*?4=[^lc*i(l)+A^l^i(2) 

-h2MAMBcA:A(l)^A(2)]/M^ 

Note  that  in  the  specific  case  where  we  super¬ 
pose  degenerate  states  of  the  BC,  Eq.  (12)  becomes 
^^(1)  =  ^^(2).  Indeed,  in  this  case  we  can  choose 
kA(l)  =  kA(2)  =  -kBc(3)  =  -kBc(4)  so  that  all  of 
the  Ky  are  equal  and  at  the  same  time  all  of  the 
four  terms  in  Eq.  (9)  are  energetically  degenerate. 
Therefore,  in  the  case  corresponding  to  the  scat¬ 
tering  of  an  atom  off  a  diatom  in  a  superposition 
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of  degenerate  diatomic  states,  there  are  no  extra¬ 
neous  uncontrollable  satellite  contributions.  Re¬ 
sults  for  this  class  of  coherent  control  obtained  for 
D  -h  H2,  H  +  D2  and  H  +  H'D  reactions  have  been 
discussed  in  Refs.  [22-24].  In  this  paper  we  con¬ 
sider  another  class  of  control,  that  utilizing  su¬ 
perpositions  of  non-degenerate  internal  diatomic 
states. 

2.2.  Atom-diatom  scattering  using  non-degenerate 
initial  superposition  states 

Consider  a  superposition  state  involving  non¬ 
degenerate  diatomic  states,  given  as, 

|£,a,c;0)  =  ^c,>AU)>l<?>Bc(‘’/7>0>l^a‘"(0). 

1^1,2 

(14) 

where,  as  above,  c,  are  complex  coefficients. 
l^a‘"(0)  plane  waves  describing  the  free  motion 
of  the  A  atom  relative  to  the  BC  diatomic,  whose 
energies  are  correlated  to  the  energy  levels  of  BC 
according  to, 

£■^‘"(1)  =  E-  eBciviJi).  (15) 


ments  of  scattering  S  matrix  in  the  helicity  repre¬ 
sentation.  Here  J  is  the  total  angular  momentum, 
m  is  the  helicity  of  the  product  diatom,  are 

the  reduced  rotation  matrices  [26,28],  and  = 
{2^^iE  -  eBciViJi))y^^/h,  with  /t,  being  the  atom- 
diatom  reduced  mass  in  the  a  arrangement.  The 
use  of  7t  -  0,  rather  than  9,  on  the  right-hand  side 
of  Eq.  (16)  is  discussed  in  Ref.  [29]. 

Explicitly  squaring  the  sum  in  Eq.  (16)  (and 
dropping  the  initial  state  labels  for  convenience) 
and  constructing  the  differential  cross-section 

f  (18) 

Jo 

gives 

+  k2pff5„(22|0) 

+  2Re{c,c*<.„(12|0)},  (19) 


‘'ojm 


im  = 


^  ^mnti  ^  ^a.vjm*—avijimi 


ctvjm*—avijimi 


a  /  a,  /=  1,2, 


(20) 


In  this  way  all  the  components  which  make  up  the 
superposition  state  have  the  same  total  energy  £. 

With  lUi  quantum  numbers  taken  to  be  helicities 
[25-27],  i.e.,  the  projections  of  on  r,  the  relative 
atom-diatom  (center-of-mass)  position  vector, 
the  differential  cross-section  for  forming  the  a- 
arrangement  at  scattering  angles  0  and  cp,  having 
started  from  the  |£,a,c;0)  superposition  state,  is 
given  by 


(p)  = 

where 

favjm*-avijimi  (  0 5  ^ ) 


^  ^  ^ifcLvjm^aVijimi  (n  -  9,  (p) 
/=1,2 


(16) 


^^a.Viji  j 


mm,-  V''  /  *  aojm*-~avijimi 


(17) 


is  the  scattering  amplitude  [27],  = 


and 

<>.(1210) 


Here  we  have  taken  into  account  that 

/'’'d<pe‘(”'-'"^>’’  =  27t0„„„„  (22) 

Jo 

so  that  the  interference  term  a^j^{\l\6)  is  non-zero 
only  when  m\  =  m2  and  control  therefore  disap¬ 
pears  for  /ni  ^  m2.  Below,  all  superposition  states 
used  adhere  to  the  m\  =  m2  requirement.  Note  that 
above,  the  superscript  R  denotes  reactive  scatter¬ 
ing  into  a  specific  final  arrangement  channel  a  ^  a. 

The  total  differential  cross-section,  0*^(0),  for 
reaction  out  of  a  state  |£,  aE,c;0)  is  given  as  a  sum 
over  final  states  of  the  state-specific  cross-sections. 


-5];(2y-Ki)(2/'+i) 


X  (7t  - 

X  0^272*2!  *^*”*>"*2’  d  ^  CL. 


(21) 
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=  (23) 

vj,m 


Integration  of  Eq.  (19)  over  angle  0  €  [0, 7t]  gives 
the  state-resolved  integral  reactive  cross-section 
This  can  also  be  written  as  three  terms,  as  in 
Eq.  (19),  but  with  alj„{iJ\e)  replaced  by 
where 


a,viji  j 


ixojm*—aviJimi 


,  1  =  1,2, 

(24) 


jt//1  jl  ^ 

<.(12)  =  .  .  E(2^  + 

^a,v\j\*^a,vxj2  j 

^  fli;2y2^2]  0£  ^  fl.  (25) 

Averaged  integral  cross-sections  are  obtained 
by  averaging  over  initial  states  and  summing  over 
the  final  states  (we  assume  that  Ay  =  7*2  >  0) 


1 

2yi  +  1 


tn  fTi] 


-b|c2p<„(22)-h2Re{ctc2<„(12)}]. 


(26) 


varying  the  c/  coeliicients.  It  is  important  to  men¬ 
tion  that  significant  control  requires  substantial 
<7’^(12)  which  follows  from  the  Schwartz  inequality 
[|«T'^(12)K(ff‘^(ll)a'^(22))'/'],  i.e.,  large  ^‘^(12) 
requires  also  large  c7*^(ll)  and  large  a^{22). 
Therefore,  extensive  control  is  not  limited  to  re¬ 
gions  near  the  reactive  threshold  [16-19]. 

We  can  rewrite  the  total  reactive  cross-section 
in  the  more  convenient  form 

ct*^  =  [(j^(11)-I-;c2(7*^(22) 

-j-  2x|(7^(12)|  cos(^^(12)  +  <^12)]/ (1  "i" 

(28) 

where  x  =  |c2/ci|,  <^j2  =  arg(c2/ci),  and  ^^(12)  = 
arg(o'*^(12)).  Eq.  (28)  has  the  familiar  form  (see, 
e.g.,  Ref.  [1])  which  depicts  the  essence  of  CC. 
Specifically,  there  are  two  terms,  <r^(ll)  and 
g^{22),  which  result  from  independent  routes  to 
the  product,  plus  an  interference  term,  which  is 
proportional  to  the  complex  term  a^{l2).  The  last 
term  results  from  the  simultaneous  contributions 
of  the  two  pathways. 

In  many  cases,  controlling  the  branching  ratio 
between  the  reactive  and  non-reactive  total  cross- 
sections  is  of  greatest  interest.  This  ratio  is  given 
as, 


(jR  _  (T‘^(ll)-|-x2(T'^(22)-|-2x|ff'^(12)|cos(5'^(12)  +  </>,2) 

^  ”  <tNR(11)  -|-xVNR(22)  -F  2x:|<7NR(12)|  cos  (^^'"(12)  -t-  ^,2)  ’ 


Summing  over  the  final  states  at  energy  E,  we 
obtain  the  total  integral  cross-section  as 

=  (27) 

Vj 

Note  that  state-to-state  cross-sections 
and  Eqs.  (20)  and  (24),  as  well  as  the 

corresponding  total  cross-sections  (T^{ii\9)  and 
are  the  differential  and  integral  cross-sec¬ 
tions  that  appear  in  standard  scattering  theory 
(see,  e.g.,  Ref.  [25]),  while  <J1210)  and  tT^J12) 
in  Eqs.  (22)  and  (25)  and  corresponding  total 
cross-sections  a^(12|0)  and  o'^(12),  are  new  types 
of  interference  terms  which  allow  for  control  by 


In  Eq.  (29)  the  NR  symbol  denotes  the  non-reac- 
tive  terms.  These  terms  are  analogous  to  the  re¬ 
active  terms  except  that  a  is  replaced  by  a  and  T 
matrix  elements  replace  the  S  matrix  elements.  A 
formula  similar  to  Eq.  (29)  holds  for  the  ratio  of 
reactive  to  non-reactive  differential  cross-sections 
with  a^{mn)  replaced  by  a^(mn\6),  etc. 

It  follows  from  Eqs.  (28)  and  (29)  that  by 
varying  the  relative  magnitude,  x,  and  the  relative 
phase,  (^12  of  the  c,-  coefficients,  we  can  directly 
alter  the  interference  term  o’(12)^  (and/or  cr^^(12)) 
and  hence  control  the  scattering  cross-sections. 
The  above  approach  can  be  readily  extended  to  the 
case  of  a  superposition  of  iV.>  2  interfering  states. 
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3.  Results  and  discussion 

3.1.  Computational  details 

We  have  applied  this  formulation  to  control 
the  isotopic  variants  of  the  H  +  H2  reaction: 
D  +  H2-^DH  +  H  and  H  + H'D HH' +  D; 
HD  -h  H',  where  H  and  H'  are  considered  distin¬ 
guishable.  In  our  three-dimensional  quantum-me¬ 
chanical  calculations,  the  A  -h  B2  symmetry  [29] 
has  been  exploited  for  the  first  reaction  for  which 
there  are  only  two  final  outcomes.  We  have  re¬ 
stricted  attention  to  initial  superpositions  made  up 
of  even  H2  rotational  states  (and  assorted  vibra¬ 
tional  levels),  i.e.,  only  the  even  parity  manifold 
for  each  partial  wave  was  considered.  In  the  sec¬ 
ond  reaction,  no  such  symmetry  was  assumed  and 
three  final  arrangements  were  considered.  The 
LSTH  [30-32]  potential  energy  surface  was  used  in 
all  calculations  and  the  S  matrices  were  obtained 
using  a  contracted-basis  [33]  log-derivative  version 
of  the  Kohn  variational  principle  [34]. 

The  calculations  in  the  D  +  H2  reaction  were 
carried  out  at  two  energies,  E  =  0.93  and  1.25  eV, 
for  total  angular  momentum  7  =  0, 1, . . . ,  31  with 
^max  =  2.5  eV  and  y  =  0, 2, 4, . . . ,  12  and  j  = 
0, 2,4, ... ,  14,  respectively.  The  H  -h  H'D  calcula¬ 
tions  were  performed  at  total  energy  £  =  0.8  eV 
for  total  angular  momentuni  up  to  7  =  32  with 
ymax  =  14  and  -fi^max  =  2.6  eV.  Here,  ^’max  s-nd  ymax 
are  respectively  the  maximum  (cutoff)  energy  and 
maximum  diatomic  rotational  quantum  number  of 
all  diatomic  basis  states.  The  above  sets  of  pa¬ 
rameters  ensure  fully  converged  cross-sections  for 
the  chosen  energies.  The  calculations  reported  here 
are  CPU  intensive,  requiring  in  excess  of  30  h  of 
CRAY  T90  time  for  each  scattering  computation, 

3.2.  Control  of  integral  cross-sections 

Of  greatest  practical  interest  is  the  ability  to 
control  integral  cross-sections.  We  have  explored 
the  control  of  integral  cross-sections  of  the  D-l- 
H2  — >  H  -I-  HD  reaction  at  total  energy  E  = 
1.25  eV,  which  is  well  above  the  reaction  thresh¬ 
old,  thereby  allowing  us  to  demonstrate  substan¬ 
tial  control  in  the  presence  of  a  significant  natural 
reactive  cross-section. 


Our  numerical  tests,  carried  out  for  various 
combinations  of  initial  (vj)  states  of  H2,  show 
that  control  is  substantial  when  superpositions  of 
states  with  the  same  u  quantum  numbers  are  used. 
Initial  superposition  states  with  different  v’s  do  not 
lead  to  appreciable  control.  Hence,  only  equal-i; 
results  are  reported  here. 

We  first  present  results  for  scattering  from  an 
initial  superposition  state  comprised  of  the  V]  =  I, 
j\  =  2  and  i;2  =  1,  7*2  =  4  diatomic  states  (see  Eq. 
(11)).  Panel  (a)  of  Fig.  1  presents  a  contour  plot  of 
^R/^NR  contributions  from  the  satellite 

terms  ignored.  The  branching  ratios  are  plotted  as 
a  function  of  the  ^12  ^  =  ;c^/(l  -f-x^)  control 

parameters.  (Note  added  in  proof:  a  programming 
error  requires  that  one  change  the  <j)^2  *“^12 

all  figures  in  which  it  appears,  in  this  paper  as  well 
as  in  Refs.  [22,23].)  Varying  s  from  0  to  1  corre¬ 
sponds  to  changing  the  initial  superposition  from 
being  composed  (at  5  =  0)  of  state  1  only,  to  being 
composed  (at  ^  =  1)  of  state  2  only  . 

The  results  clearly  show  substantial  control 
over  (7^/(7^^.  This  ratio  can  be  increased  by  a 
factor  of  2.5,  from  0.14  for  ^  =  0.72,  (^12  =  131°,  to 
0.35  for  s  =  0.23,  0|2  =  308°.  These  numbers 
should  be  compared  with  the  “natural”  branching 
ratios  of  0.25  at  ^  =  0  and  0.18  at  j  =  1. 

Panel  (b)  of  Fig.  1  shows  the  the  ra¬ 

tio  when  the  satellite  terms  are  included.  This 
has  the  effect  of  reducing  slightly  the  range  of 
control,  which  now  only  extends  from  0.20  up 
to  0.33. 

The  range  of  control  achievable  gradually  de¬ 
creases  with  Ay  of  the  rotational  states  which  make 
up  the  superposition  state.  The  origin  of  this  be¬ 
havior  is  evident  from  analysis  of  the  results  pre¬ 
sented  in  Table  1  where  the  magnitude  of  both  the 
reactive  and  non-reactive  (7{12)  terms  are  seen  to 
decrease  sharply  with  increasing  Ay.  This  leads, 
according  to  Eq.  (29),  to  a  decrease  in  the  degree 
of  control.  The  above  behavior  holds  for  both  the 
Vi  =  0  and  Vi  =  1  diatomic  states. 

In  our  computations  the  computational  effort 
needed  to  evaluate  the  satellite  terms  of  Eq.  (11)  at 
the  two  additional  energies  associated  with  the 
satellite  terms  was  reduced  by  evaluating  them  at 
the  same  £  =  1.25  eV  energy  of  the  main  (inter¬ 
fering)  term.  The  approximate  ratios  ob- 
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(a)  (b) 


Fig.  1.  Contour  plot  of  the  integral  cross-sections  ratio  for  the  D  -l-  H2  reaction  at  total  scattering  energy  E  —  1.25  eV 

as  a  function  of  <^,2  and  s  for  a  transition  from  an  initial  superposition  state  with  v\  =  1,  y'l  =  2,  t;2  =  1, 72  =  4  calculated  (a)  without 
satellite  terms,  (b)  with  satellite  terms  obtained  at  energies  given  by  Eq.  (13)  and  (c)  with  satellite  terms  evaluated  at  energy  E  —  1.25 
eV. 


tained  in  this  way,  are  in  good  agreement  (com¬ 
pare  panels  (b)  and  (c)  of  Fig.  1)  with  the  exact 
results.  For  example,  the  overall  range  of  control  is 
72%,  as  compared  to  65%  in  the  more  exact 
scheme.  This  favorable  comparison  has  led  us  to 
use  this  approximation  (which  reduces  the  com¬ 
putational  effort  by  a  factor  of  3)  in  all  the  calcu¬ 
lations  reported  below. 

Similar  control  results  to  those  reported  above 
are  obtained  for  superposition  states  composed  of 
u  =  0  diatomic  states.  The  best  control  has  been 
obtained  for  scattering  from  the  initial  (i;i  =  0, 
j\  =  4,i;2  =  0,7*2  =  6)  superposition  state  (see  Ta¬ 
ble  1). 


We  now  examine  the  range  of  control  at 
E  =  0.93  eV,  an  energy  closer  to  the  reaction 
threshold.  Of  the  many  cases  studied,  the  most 
extensive  control  at  that  energy  is  obtained  by 
choosing  (pi  =  0,71  =  2,  P2  =  0,72  =  4)  to  build 
the  initial  superposition  state.  Fig.  2  shows  the 
^R/^NR  ratios  for  this  case.  By  changing  the  phase 
angle  </),2  from  93°  at  5  =  0.75  to  269°  at  5  ~  0.19 
we  can  vary  from  0.16  to  0.29,  as  com¬ 

pared  with  the  uncontrolled  ratios  of  0.24  at  5  =  0 
and  0.18  at  5  =  1, 

Control  is  also  evident  for  scattering  from  the 
(vi  =  l,7i  =  0;  j;2  =  1,7*2  =  2)  initial  state,  but  in 
that  case  the  ICS  ratio  is  smaller  by  two  orders  of 
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Table  I 

Integral  cross-sections  (in  aj),  I,  2,  for  D  +  H2  collisions  at  £  =  1.25  eV 


1^1 

j\ 

1^2 

jl 

(tNR(11) 

ffNR(i2) 

^“(11) 

c^(22) 

a«(12) 

0 

0 

0 

2 

4.736(-hl) 

4.610(4-1) 

2.070(-b0) 

5.713(4-0) 

6.728(4-0) 

2.177(-h0) 

0  , 

0 

0 

4 

4.736(+l) 

5.037(4-1) 

5.558(-l) 

5.713(4-0) 

6.521(4-0) 

4.653(~1) 

0 

0 

0 

6 

4.736(-H) 

6.908(-Hl) 

8.610(-3) 

5.713(4-0) 

5.738(-h0) 

2.2I9(-1) 

0 

0 

0 

8 

4.736(+l) 

9.758(4-1) 

2.299(-l) 

5.713(4-0) 

3.614(-h0) 

1.310(-1) 

0 

2 

0 

4 

4.744(+l) 

5.043(4-1) 

1.705(4-0) 

5.656(+0) 

6.256(4-0) 

1.581(-b0) 

0 

2 

0 

6 

4.744(+l) 

6.892(-bl) 

3,295(-l) 

5.656(4-0) 

5.583(4-0) 

4.197(-l) 

0 

2 

0 

8 

4.744(-hl) 

9.765(-h1) 

1.792(-1) 

5.656(+0) 

3.513(4-0) 

1.51 1(-1) 

0 

4 

0 

6 

5.098(4-1) 

6.838(4-1) 

1.492(4-0) 

5.258(4-0) 

5.182(4-0) 

1.521(4-0) 

0 

4 

0 

8 

5.098(+l) 

9.782(-hl) 

3.394(-l) 

5.258(4-0) 

3.229(4-0) 

3.391(-1) 

0 

6 

0 

8 

6.696(4-1) 

9.813(4-1) 

1.409(+0) 

4.284(-b0) 

2.759(4-0) 

1.370(-k0) 

1 

1 

2 

1.109(4-2) 

1.217(-h2) 

3.697(4-0) 

7.594(-h0) 

7.098(-b0) 

3.445(4-0) 

1 

1 

4 

1.109(4-2) 

1.419(4-2) 

1.081(+0) 

7.594(-h0) 

4.447(-h0) 

1.010(4-0) 

1 

1 

6 

l.l09(+2) 

1.647(4-2) 

2,047(-h0) 

7.594(4-0) 

4.472(-l) 

2.257(~l) 

1 

2 

1 

4 

1.231(4-2) 

1.423(4-2) 

2.321(4-0) 

6.166(4-0) 

4.250(+0) 

2.37 1(+0) 

1 

2 

1 

6 

1.231(-H2) 

1.644(4-2) 

1.362(-1) 

6.166(4-0) 

3.989(-l) 

1.253(-1) 

1 

4 

1 

6 

1.440(4-2) 

1.638(4-2) 

6.420(-l) 

2.993(4-0) 

3.105(-l) 

5.752(~1) 

Quantum  numbers  u,  and  j)  are  explained  in  the  text.  The  numbers  in  parentheses  denote  powers  of  10. 


Fig.  2.  The  same  as  in  Fig.  1  for  scattering  from  an  initial  su¬ 
perposition  state  with  uj  =  0,  J\  =  2, 1^2  =  0,  =  4  at  scattering 

energy  E  —  0.93  eV,  including  contributions  from  the  uncon¬ 
trolled  satellite  terms. 


magnitude  compared  to  the  Vi  =  0  case,  due  to  the 
fact  that  at  this  energy  the  reactive  cross-sections 
for  Vi  =  1  are  much  smaller  than  the  non-reactive 
ones.  The  range  of  control  quickly  diminishes 
when  higher  values  of  7,  are  involved  or  when 
Ay  >  2.  This  can  be  understood  by  looking  at 
Table  2  where  the  interference  terms  cr(  12)  for 
P]  =  P2  =  1  are  tabulated  and  are  seen  to  be  much 
smaller  than  the  diagonal  a{nn)  terms. 


Consider  next  the  H  +  H'D  reactions,  calcu¬ 
lated  at  total  scattering  energy  of  ^  =  0.8  eV, 
where  H  and  H'  denote  hydrogen  atoms  which 
are  assumed  distinguishable.  In  this  case,  we  have 
two  final  reactive  arrangement  channels,  H'-(- 
HD(a  =  b)  and  D  +  HH'(a  =  c).  Our  calculations 
show  that  control  here  is  also  attained  mainly 
by  choosing  Ap  =  0  and  Ay  =  1,  2.  By  contrast, 
control  is  practically  non-existent  for  At;  >  0,  or 
Ay  >  5  or  for  y,  >  8.  This  behavior  is  consis¬ 
tent  with  Table  3  where  we  present  the  con¬ 
tributions  of  the  diagonal  and  off-diagonal  cr(/w«). 
We  see  that  the  0*^(1 2)  terms  are  similar  in  mag¬ 
nitude  to  the  corresponding  diagonal  terms  for 
Ay  =  1  or  2.  This  results  in  very  extensive  control 
(see  Fig.  3).  With  increasing  Ay,  0-^2  decreases,  re¬ 
sulting,  according  to  Eq.  (29),  in  a  smaller  degree 
of  control. 

Looking  specifically  at  scattering  into  the 
H'  -h  HD(a  =  b)  arrangement  channel,  our  com¬ 
putations  show  that  control  is  largest  for  super¬ 
position  states  composed  of  V\  =  0,  j\  =  2,  and 
vi  =  0,  y2  =  3.  The  same  holds  true  for  the  Pi  =  0, 
y’l  =  2,  and  vi  =  0,  ji  =  4  superposition,  cr^/cr^^ 
for  these  cases,  excluding  the  satellite  contribu¬ 
tions,  are  shown  in  Fig.  3(a)  and  (b),  respectively. 
These  figures  display  a  very  large  range  of  control: 
The  reactive  to  non-reactive  ratio  is  seen  to  vary 
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Table  2 

Integral  cross-sections  (in  aj),  m  <  «  =  1,  2,  for  D  +  H2  collisions  ai  E  —  0.93  eV 


Vl 

Jl 

Vl 

Jl 

ffNR(ll) 

ffN'‘(22) 

ffNR(i2) 

a«(ll) 

^■^(22) 

<r'‘(12) 

0 

0 

0 

2 

6.231(+1) 

7.178(4-1) 

2.855(-f0) 

3.855(4-0) 

4.648(-h0) 

2.807(4-0) 

0 

0 

0 

4 

6.231(-{-l) 

9.487(-Hl) 

5.105(-1) 

3.855(-h0) 

3.323(4-0) 

5.092(-l) 

0 

0 

0 

6 

6.231(4-1) 

1.269(-h2) 

2.106(-1) 

3.855(-h0) 

7.584(-l) 

1.904(^1) 

0 

0 

0 

8 

6.23l(-hl) 

1.603(4-2) 

1.810(-2) 

3.855(-k0) 

7.412(--3) 

1.689(-2) 

0 

2 

0 

4 

7.225(-Hl) 

9.529(4-1) 

1.714(-h0) 

3.315(-hO) 

2.934(4-0) 

1.716(-h0) 

0 

2 

0 

6 

7.225(-i-l) 

1.275(-h2) 

1.447(-1) 

3.315(4-0) 

6.807(-l) 

1.627(-1) 

0 

2 

0 

8 

7.225(4-1) 

1.602(-h2) 

1.413(->2) 

3.315(4-0) 

6.756(-3) 

1.442(-2) 

0 

4 

0 

6 

9.659(4-1) 

1.289(H-2) 

6.379(-l) 

1.971(4-0) 

5.180(-1) 

6.860(-l) 

0 

4 

0 

8 

9.659(4-1) 

1.599(+2) 

3.021(-2) 

1.971(-h0) 

5.474(-3) 

3.210(~2) 

0 

6 

0 

8 

1.312(4-2) 

1.595(-l-2) 

1.969(-2) 

3.700(-l) 

4.176(-3) 

2.948(-2) 

1 

1 

2 

1.612(-h2) 

1.689(-|-2) 

1.795(+0) 

1.846(-1) 

8.315(-2) 

1.220(-1) 

1 

1 

4 

1.612(4-2) 

1.966(4-2) 

1.488(-2) 

1.846(-1) 

2.421(-5) 

1.623(-3) 

1 

2 

1 

4 

1.668(4-2) 

1.948(4-2) 

1.055(-1) 

2.420(-2) 

2.008(-5) 

4.341(~4) 

Table  3 

Integral  cross-sections 

^NR,R(^^)  — 

1,  2,  for  H  4-  H'D  collisions  at  ^  =  0.8  eV® 

Jl 

7*2 

a=  1 

a  =  2 

a  =  3 

(tNR(11) 

<^'^■‘(12) 

a^(22) 

^•^(12) 

(7^11) 

0^(22) 

(7^12) 

0 

1 

1.29(-H2) 

1.29(-h2) 

4.75(-l) 

9.08(-l) 

1.72(-h0) 

1.23(-h0) 

7.74(-l) 

1.57(4-0) 

1.09(+0) 

0 

2 

1.29(+2) 

1.30(-h2) 

1.29(+0) 

9.08(~1) 

1.39(4-0) 

4.48(-l) 

7.74(-l) 

1.36(4-0) 

9.06(-l) 

0 

3 

1.29(4-2) 

1.32(+2) 

7.00(-2) 

9.08(-l) 

1.01(4-0) 

4.75(-l) 

7.74(-l) 

1.08(4-0) 

5.07(-l) 

0 

4 

1,29(4-2) 

1.35(4-2) 

3.10(-1) 

9.08(-l) 

6.80(-l) 

1.31(-1) 

7.74(-l) 

9.43(-l) 

1.77(-I) 

0 

5 

1.29(4-2) 

1.39(-h2) 

4.56(-2) 

9.08(-I) 

3.14(-1) 

4.l9(-2) 

7.74(-l) 

6.93(-l) 

1.14(-1) 

0 

6 

1.29(-h2) 

1.41(4-2) 

2.23(-l) 

9.08(-l) 

8.77(-2) 

4,25(-2) 

7.74(-l) 

3.89(-l) 

1.09(-1) 

0 

7 

1.29(4-2) 

1.48(-h2) 

5.32(-2) 

9.08(~1) 

1.30(-2) 

1.81  (-2) 

7.74(-!) 

1.58(-1) 

6.27(-2) 

I 

2 

1.30(4-2) 

1.30(-k2) 

6.24(-l) 

8.76(-l) 

1.18(4-0) 

9.35(-l) 

7.60(-l) 

1.09(4-0) 

8.44(-l) 

1 

3 

1.30(4-2) 

1.32(-h2) 

1.11(4-0) 

8.76(-l) 

1.04(-H0) 

7.00(-l) 

7.60(-l) 

l.ll(-HO) 

6.75(-l) 

1 

4 

1.30(4-2) 

1.35(4-2) 

4.47(-2) 

8.76(-l) 

6.61(-1) 

3.81(-1) 

7.60(-l) 

9.10(-1) 

3.95(-l) 

1 

5 

1.30(-k2) 

1.39(-h2) 

3,44(~1) 

8.76(~1) 

2.95(-l) 

1.50{-1) 

7.60(~1) 

6.45(-l) 

1.69{-1) 

1 

6 

1.30(-h2) 

1.43(4-2) 

4.50(-2) 

8.76(-l) 

8.27(-2) 

4.42(-2) 

7.60(-l) 

3.69(-l) 

7.83(-2) 

1 

7 

1,30(4-2) 

1.48(+2) 

7.82(~2) 

7 

00 

1.24(-2) 

1.14{-2) 

7.60(-l) 

1.52(-1) 

4.71(-2) 

2 

3 

1.31(4-2) 

1.33(4-2) 

5.95(^1) 

7.80(-l) 

8.04(-l) 

7.33(-l) 

7.15(-1) 

8.48(-l) 

7.16(-1) 

2 

4 

1.31(-h2) 

1.35(4-2) 

9.55(-l) 

7.80(-l) 

5,67(~1) 

5.07(-l) 

745(^1) 

7.88(-l) 

5.41(^i) 

2 

5 

1.31(-h2) 

1.39(4-2) 

5.18(-2) 

7.80(-l) 

2.62(-l) 

2.59(-l) 

7.15(~1) 

5.82(-l) 

3.07(-l) 

2 

6 

1.31(4-2) 

1.43(-h2) 

2.22(-l) 

7.80(-l) 

7.44(-2) 

9.53(-2) 

7.15(-1) 

3.37(-l) 

1.34(~1) 

2 

7 

1.31  (+2) 

1.48(-h2) 

3.71(-2) 

7.80(-l) 

1.14(-2) 

2.34(~2) 

7.15(-1) 

1.41(-1) 

5,47(-2) 

3 

4 

1.33(-h2) 

1.36(-k2) 

3.70(-l) 

5.90(-l) 

4.39(-l) 

4.78(-l) 

6.22(~1) 

6.16(-1) 

5.70(-l) 

3 

5 

l.33(-h2) 

1.39(4-2) 

7.99(-l) 

5.90(^1) 

2.15(-1) 

2.85(-l) 

6.22(-l) 

4.87(-l) 

3.98(>1) 

3 

6 

1.33(4-2) 

1.43(-h2) 

8.53(-2) 

VO 

1 

6.33(-2) 

1.22(-1) 

6.22(-l) 

2.95(-l) 

2.09(-l) 

3 

7 

1.33(4-2) 

1.48(4-2) 

1.17(-1) 

5.90(-l) 

9.94(-3) 

3.47(-2) 

6.22(-l) 

1.26(-1) 

8.53(-2) 

4 

5 

1.36(-h2) 

1.39(4-2) 

1.21(-1) 

3,44(-l) 

1.72(-1) 

2,31(-1) 

4.84(-l) 

3.94(-l) 

4.03(-l) 

4 

6 

1.36(-H2) 

1.43(-h2) 

6.45(-l) 

3.44(-l) 

5.22(-2) 

l.ll(-l) 

4.84(-l) 

2.48(-l) 

2.52(-l) 

4 

7 

l,36(-h2) 

1.48(4-2) 

9.07(-2) 

3.44(-l) 

8.46(-3) 

3.54(-2) 

4.84(-l) 

l.lO(^l) 

1.17(-1) 

5 

6 

1.40(-h2) 

1.43(4-2) 

5.71(-1) 

1.41(-1) 

4.32(~2) 

7.46(-2) 

3.24(-l) 

2.07(-l) 

2.39(-l) 

5 

7 

1.40(4-2) 

1.48(+2) 

4.22(-l) 

1.41(-I) 

7.14(-3) 

2.64(-2) 

3.24(-l) 

9.40(-2) 

l.28(-l) 

6 

7 

1.43(4-2) 

1.48(4-2) 

1.01(4-0) 

3.66(-2) 

6.08(-3) 

1.42(-2) 

1.75(-1) 

8.05(-2) 

l.lO(-l) 

®  Cross-sections  for  a  =  2  and  a  =  3  correspond  to  the  H'  +  HD  and  D  -H  H2  final  arrangements,  respectively.  Results  for  scattering 
from  initial  states  with  i;,-  =  0  only  are  shown. 
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(a)  (b) 


Fig.  3.  Contour  plot  of  the  integral  cross-sections  ratio  obtained  without  accounting  for  satellite  terms,  for  the 

H  -}-  H'D  reaction  at  total  scattering  energy  £  —  0.8  eV  as  a  function  of  0j2  and  j,  for  a  transition  to  the  H'  +  HD  final  arrangement 
from  an  initial  superposition  state  with  (a)  V\  =  0,  ji  =  2,  ^2  =  h  =  (b)  =  0,  ji  =  4, 


(a)  (b) 


Fig.  4.  The  same  as  in  Fig.  3  including  the  contribution  from  the  uncontrolled  satellite  terms. 


from  0.003  to  0.059  (a  factor  of  19.7)  for  the  first 
case,  and  from  0.008  to  0.047  (a  factor  of  5.9)  for 
the  second  case. 

The  results  for  the  same  superposition  states 
obtained  by  taking  into  account  the  contributions 
from  two  uncontrolled  satellite  terms  are  presented 
in  Fig.  4(a)  and  (b).  Substantial  control  over 
^R/^NR  jg  clearly  seen  even  in  the  presence  of 
the  satellite  terms.  One  can  also  see  that  control  is 
larger  for  the  transition  with  Ay  =  1  (see  Fig.  4(a)). 
For  example,  by  changing  <^|2  from  120°  to  300°  at 
s  ==  0,51,  we  can  change  for  an  initial  su¬ 


perposition  of  the  Pi  =  0,  j\  =  2,  and  vz  =  0,  ji  =  3 
states  from  0.017  to  0.045,  as  compared  with  the 
“natural”  ratio  of  0,031. 

Essentially  the  same  level  of  control  may  be 
achieved  by  using  a  superposition  of  the  V]  =  0, 
j]  =  2  and  vi  =  0,  ji  =  4  states  (see  Fig.  4(b)),  In 
this  case,  the  ICS  ratio  varies  from  0.017  to  0,038. 
Here  too  we  find  that  the  range  of  control  de¬ 
creases  with  increasing  Ay  (see,  e,g.,  Table  3),  and 
that  control  is  essentially  non-existent  for  Ap  >  0. 

Finally,  consider  the  D  +  HH'  (a  =  c)  ar¬ 
rangement.  In  this  case,  the  largest  control  is 
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(a)  (b) 


Fig.  5.  Contour  plot  of  the  integral  cross-sections  ratio  10^)  (with  uncontrolled  satellite  terms)  for  the  H  -H  H'D  reaction  at 

total  scattering  energy  £  =  0.8  eV  as  a  function  of  0(2  and  Sy  for  a  transition  to  the  D  +  HH'  final  arrangement  from  an  initial  su¬ 
perposition  state  with  (a)  v\  =  0,  y’l  =  3,  vi  —  0,  ji  =  4,  and  (b)  vi  =  0,  y’l  =  3,  t;2  =  0, 72  =  5. 


achieved  by  scattering  from  a  superposition  of  the 
vi  =  0,  j\  =  3  and  V2  =  0,  72  =  4  states  or  the 
=  0,  j\  =  3  and  i;2  =  0,  7*2  =  5  states.  A  sub¬ 
stantial  range  of  control  over  reactive  to  non¬ 
reactive  branching  ratios  in  these  two  cases  is 
displayed  in  Fig.  5(a)  and  (b),  respectively.  As 
shown  in  Fig.  5(a),  the  ICS  ratio  can  be  made  to 
change  from  0.018  to  0.048,  compared  with  the 
“natural’’  ratio  of  0.033.  The  results  for  the  second 
case  are  similar. 


cross-sections  has  been  demonstrated,  making  the 
laboratory  confirmation  of  our  present  predictions 
a  realistic  possibility. 
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4.  Summary 

In  this  work,  we  have  demonstrated  that  it  is 
possible  to  substantially  control  the  reactive  to 
non-reactive  integral  branching  ratios  by  using  a 
superposition  of  non-degenerate  continuum  states. 
The  demonstration  was  carried  out  for  realistic  3D 
reactive  scattering  models  of  the  D  -f  H2 
DH  -f  H  and  the  H  4-  H'D  HH'  -f  D;  HD  +  H' 
reactions.  Control  is  due  to  both  a  constructive 
enhancement  of  reactive  cross-sections  and  a  de¬ 
structive  depletion  of  the  non-reactive  ones,  or  vice 
versa. 

Kinematic  laboratory  constraints  pertaining  to 
bimolecular  control  lead  to  uncontrolled  satellite 
terms.  Nevertheless,  even  in  the  presence  of  these 
uncontrolled  terms,  extensive  control  over  total 
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A  new  method  for  calculating  total  and  partial  cross  sections  for  photodissociation  processes  which 
produce  more  than  one  chemical  product  is  presented.  By  using  negative  imaginary  absorbing 
potentials,  the  method  reduces  the  multiarrangement  problem  to  a  set  of  single-arrangement 
problems.  In  this  way,  the  state-to-state  photodissociation  transition  amplitudes  are  calculated 
directly  using  the  artificial  channel  method  coupled  to  an  efficient  log-derivative  propagator.  In 
addition,  the  discrete  position  operator  representation  is  used  to  significantly  simplify  the 
calculations  of  the  potential  matrix  elements.  The  method  is  shown  to  provide  accurate  cross 


sections  for  the  resonant  photodissociation  of  a 
Physics,  [DOI:  10.1063/1.1329642] 


I.  INTRODUCTION 

Branching,  or  multiarrangement,  photodissociation, 
leading  to  a  number  of  chemically  distinct  products,  is  the 
subject  of  many  theoretical  and  experimental  studies.  Re¬ 
cently,  interest  has  turned  to  controlling  the  ratio  of  products 
of  such  a  photodissociation  process.  This  goal  can  be 
achieved  using  quantum  interference  phenomena,  via  the 
methods  of  coherent  and  optimal  control.*"^ 

Continued  progress  towards  this  goal  demands  the  de¬ 
velopment  of  effective  theoretical  tools  for  treating  multiar¬ 
rangement  photodissociation  reactions.  Multiarrangement 
photodissociation  is  in  essence  a  reactive  scattering  process 
which  occurs  on  an  excited  potential  surface,  accessed  from 
a  bound  state  of  the  ground  electronic  state.  As  such,  it  is 
subject  to  many  of  the  computational  difficulties  associated 
with  multiarrangement  problems,  the  main  one  being  the 
need  to  simultaneously  solve  the  Schrodinger  equation  in  all 
the  product  arrangements.  This  heavy  computational  burden 
grows  roughly  as  the  third  power  of  the  number  of  arrange¬ 
ments.  In  spite  of  these  difficulties,  significant  progress  has 
been  made  in  the  past  few  decades  via  the  development  of 
efficient  theoretical  methods  for  treating  the  multiarrange¬ 
ment  reactive  scattering  problem.  In  particular,  various 
collinear^  and  three-dimensional^®  reactive  scattering  sys¬ 
tems  have  been  treated  using  both  the  time-dependent  and 
time-independent  versions  of  the  negative  imaginary  absorb¬ 
ing  potential  (NIAP)  method.  In  this  article  we  make  use  of 
this  approach  to  develop  a  method  of  computing  photodisso¬ 
ciation  amplitudes  for  multiarrangement  photodissociation 
problems. 

The  negative  imaginary  potential  approach  is  of  special 
interest  since  it  enables  one  to  convert  a  multiarrangement 
problem  in  real  arithmetic  into  a  set  of  (complex  arithmetic) 
single-arrangement  problems.  In  this  way  the  numerical  ef¬ 
fort  grows,  in  principle,  linearly  with  the  number  of  product 
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arrangements,  a  significant  reduction  by  comparison  with  the 
third  power  law  noted  above.  However,  this  reduction  in 
computational  effort  is  usually  accompanied  by  a  loss  of 
information.  In  particular,  in  the  NIAP  approach  to  reactive 
scattering  one  introduces  absorbing  potentials  in  order  to 
capture  all  the  flux  entering  the  products’  region.  The  nega¬ 
tive  imaginary  potential  is  introduced  at  the  entrance  to  the 
products’  configuration  subspace,  while  not  affecting  the 
wave  function  in  the  reactants  subspace. ^  When  this  is 
achieved,  the  resulting  nonunitarity  in  the  5-matrix  of  the 
reactants  subspace  reflects  exactly  the  flux  arriving  at  the 
products’  channels.  In  this  way  the  (reactants)-state-to-all- 
(products)-states  reactive  flux  can  be  estimated. 

In  this  study  we  show  how  in  the  context  of  the  artificial 
channel  method  (ACM)**  it  is  possible  to  use  the  NIAP 
method  to  calculate  state-to-state  photodissociation  ampli¬ 
tudes.  NIAP  method  allows  the  direct  calculation  of  the  de¬ 
tailed  state-to-state  amplitudes'^  because  in  photodissocia¬ 
tion  the  initial  state  is  a  bound  state  of  the  combined  system 
which  belongs  to  neither  products.  With  the  NIAP  method,  it 
is  therefore  possible  to  separately  calculate  transitions  from 
the  initial  state  to  any  of  the  final  states  of  any  chemical 
product. 

Photodissociation  calculations  necessitate  the  calculation 
of  dipole  matrix  elements  from  an  initial  bound  state  to  a 
final  scattering  state  describing  the  reactive  scattering  pro¬ 
cess.  This  task  can  be  done  very  efficiently  using  the  ACM,** 
which  allows  for  the  direct  evaluation  of  the  state-to-state 
transition  amplitudes,  without  the  explicit  generation  of  the 
bound  or  the  continuum  wave  functions.  The  ACM  has  been 
used  extensively  in  the  past  and  shown  to  be  highly  accurate 
for  single  arrangement  photodissociation  calculations.*^  It  is 
therefore  eminently  suitable,  as  shown  below,  for  applica¬ 
tions  of  the  NIAP  method. 

Additional  features  of  the  methodology  introduced  here 
©  2001  American  Institute  of  Physics 
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-£  l+c*+V* 


F<^)(/?)  =  0. 


(9) 


2fi  dR 

where  is  the  matrix  of  solutions  and  I  is  the  unity  matrix, 
both  of  dimension  N^XN^.  The  matrices  and  are  de¬ 
fined  as 


^n,m  ^n^n,m 


(10) 


and 


Here  is  the  interaction  potential  defined  as 


(12) 


We  now  reduce  these  equations  to  a  set  of  single  ar¬ 
rangement  equations.  To  do  so,  we  modify  V^(R,r)  by  plac¬ 
ing  short-range  NIAPs,  Uj(R,r),  well  into  the  entrance  re¬ 
gion  of  all  the  products,  save  for  the  product  of  interest.  A 
perfectly  absorbing  potential,  if  placed  sufficiently  far  into 
the  products  region,  will  not  significantly  affect  the  wave 
function  in  the  region  of  the  product  of  interest.  When  the 
“perfect  absorbance”  condition  is  met,  the  photodissociation 
amplitude  to  the  product  of  interest  will  include  the  loss  of 
flux  due  to  transitions  to  all  other  products.  By  repeating  the 
calculations  for  different  products  of  interest  we  can  thus 
extract  all  the  state-to-state  photodissociation  amplitudes. 

Various  forms  of  absorbing  potential  can  be  used.  The 
convenient  form  adopted  here  is  the  linear  ramp:^° 


V„  JR)=j  (11)  /  _  ^ 


=  -rjR)FM)> 


(16) 


where  the  dipole  matrix,  „{R),  is  given  by 


d„,=  J  dr4:‘(r)d,,,<^i(r). 


(17) 

(18) 

(19) 


Equation  (16)  describes  a  continuum  manifold,  coupled  to  a 
bound  manifold  of  Eq.  (17)  which,  in  turn,  is  coupled  to  the 
artificial  channel  introduced  in  Eq.  (18).  The  artificial  chan¬ 
nel,  serving  as  a  source  term,  is  governed  by  the 
asymptotic  energy,  the  potential,  and  the  choice  of 
coupling  potentials.  The  ^(R)  and  ^(R)  matrices  are 
given  by  matrix  elements  of  Eqs.  (12)  and  (15).  In  the 
Franck-Condon  approximation  used  here,  these  matrix  ele¬ 
ments  are  given  as 


dr<l,Z‘{r)4,^„{r). 


(20) 


U,{R,r) 


-iU,o 


[  0,  otherwise, 


ri/^r^r2/, 


(13) 


where  0^/?^oo.  The  constant  Ujo  must  fulfill  the  following 
two  conditions: 


hEl'^l{Ar,yl^)^U,o<Ar,^E^,'^/h,  (14) 

where,  £,  is  the  translational  energy  in  the  product  of  interest 
arrangement,  fjL  is  the  reduced  mass  in  that  arrangement,  and 
Ar/=r2/— ri/.  The  left-hand  inequality  [Eq.  (14)]  guaran¬ 
tees  that  all  the  flux  entering  into  this  potential  region  is 
absorbed,  and  the  right-hand  one  guarantees  that  there  is  no 
reflection  off  the  imaginary  potential. 

The  matrix  [Eq.  (11)]  is  now  replaced  by  a  matrix, 
denoted  V^,  derived  from  the 


Although  the  combined  set  of  equations  is  now  some¬ 
what  larger  than  the  separate  set  of  scattering  equations  of 
Eq.  (9),  the  difference  is  not  too  large  because  the  number  of 
additional  equations  due  to  the  bound  part  is  usually  small. 
This  is  more  than  compensated  for  by  obviating  the  need  to 
calculate  wave  functions. 

Equations  (16)-(18)  can  be  written  in  a  more  compact 
form  using  matrix  notation 

(21) 


(22) 


+  €-£  l+V(/?) 


Iji  dR 

where  the  potential  matrix  is  of  the  form 
/  V^iR)  Qt  Qt 
V(/?)=  o  y‘{R)  d,_g{R) 

\  ¥“(/?)  O  \«{R) 


f(R)  =  0, 


V‘iR,r)=W,{R,r)  +  U,{R,r)^v,{r)  (15) 

potential. 

With  matrix  replacing  V^,  we  now  utilize  Eq.  (9)  to 
obtain  the  photodissociation  amplitudes.  To  do  so  we  utilize 
the  ACM,  wherein  one  solves  a  combined  set  of  coupled- 
channels  equations  for  the  bound  and  continuum 
manifolds.'^  To  account  for  the  different  boundary  condi¬ 
tions  of  the  bound  and  continuum  parts,  one  introduced  an 
additional  “artificial”  channel  (identified  by  subscripts  a), 
serving  as  a  source  term  for  the  bound  manifold.  The  result¬ 
ant  set  of  equations  can  be  written  as 


with  €  given  by 


Ot  o^\ 

e'  O 
O  c'/ 


(23) 


Here,  A  represents  a  rectangular  matrix,  A  represents  a  col¬ 
umn  vector,  and  the  f  symbol  denotes  the  Hermitian  adjoint 
(the  complex-conjugate  transpose). 

The  S-matrix  derived  from  Eq.  (21)  can  be  obtained 
using  a  variety  of  multichannel  propagation  schemes. Of 
greatest  interest  to  us  are  the  elements  of  the  S-matrix  which 
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connect  the  artificial  channel  to  the  continuum  subspace. 
These  matrix  elements  can  be  written,  using  standard  expres¬ 
sions,  as 

Sf^JiE)  =  2iTi<F-^)|  ■  d.,,  •  |F+(“)(F)).  (24) 

Here,  an  |A}  symbol  represents  a  column  of  ket  vectors  and 
an  {A|  symbol  represents  a  row  of  bra  vectors.  The  ±{j) 
superscript  represents  a  scattering  solution  with  an  incoming/ 
outgoing  flux  in  the  jih  channel. 

It  can  be  shown^^’^"^  that  with  the  special  nonsymmetric 
form  of  Eq.  (21)  the  above  matrix  elements  become 

Sfa{E)  =  2'Tri 

^  (F-W|.d,,,.|F<'))(F<'>|.V‘'|F;(‘')(£)) 

^  /  E-Ei  • 

(25) 

It  follows  from  Eq.  (25)  that  all  the  elements  belonging 
to  the  Sf  a  column  have  poles  at  ,  the  bound  state  energies 


of  the  system,  and  that  the  residues  of  these  poles  are  directly 
related  to  the  desired  photodissociation  amplitudes  of 
Eq.  (6), 


A.,.(£)  =  (F-<^|-d_-|F<'^)  = 


SfJE) 


ai{E) 


(26) 


where  Res/  is  the  ith  residue,  and 

ai(F)  =  (F('>|.V“|F;'“>(£)).  (27) 

The  pole  energies  Ei  and  the  ai  coefficients  are  calcu¬ 
lated  separately  by  replacing  all  the  channels  belonging  to 
the  excited  electronic  state  by  a  single  additional  artificial 
channel  a\  Channel  a'  is  identical  in  form  to  channel  «, 
namely  we  choose  €^*-€^3  and  The 

matrix  element  resulting  from  this  truncated  set  of 
equations,  which  is  identical  in  structure  to  Eq.  (21),  is  of  the 
form 


Sa'.a(E)  =  2'jri'^ 


(f;/‘''\f)|v‘''-|f(''))(f<''>|-v‘’1f+<‘'>(f)) 


E-Ei 


=  2mexp(2/4)E  |a,(F)l2/(F-F,.). 


(28) 


Hence  \ai(Ei)\^  are  obtained  as 


l«,(F.)l" 


1 

—  RcSiSa',a{E) 


(29) 


and  Ef  are  obtained  as  the  corresponding  poles  positions. 
These  poles  can  be  located  very  efficiently^^  using  only  a 
few  iterations  (see  Appendix  A  of  Ref.  26). 

Once  ai{Ei)  and  Ei  are  known,  the  desired  bound-free 
matrix  elements  are  computed  directly  from  Eq.  (25).  A 
simple  shift  of  E-Ei  in  the  definition  of  the  asymptotic 
energy  guarantees  that  it  suffices  to  solve  Eq.  (29)  only  once, 
i.e.,  that  the  value  of  «/(£,)  may  be  used  for  all  energies.*^ 

The  above  procedure  guarantees*'  that  the  results  for  the 
final  bound-free  matrix  elements  are  insensitive  to  the  exact 
form  of  Va(E)  and  V“(/?).  The  only  limitation  on  the  choice 
of  V'a(R)  and  V^iE)  is  imposed  by  the  requirement  that  the 
artificial  wave  function  F"  overlaps  well  with  the  bound 
wave  functions.  In  the  present  application  we  have  chosen 
Va  to  be  of  the  form,  with  the  value 

of  a  fixed  so  as  to  guarantee  a  good  overlap  with  the  bound 
manifold. 

The  calculations  are  then  repeated  in  a  similar  fashion 
for  each  of  the  products  of  interest  by  placing  the  negative 
imaginary  potential  at  the  entrance  to  other  products. 

The  numerical  method  used  by  us  to  solve  Eq.  (21)  and 
to  obtain  the  Sf  a(E)  matrix  elements  is  the  log-derivative 
propagation  method.^^  The  method  converges  rapidly  and 
eliminates  instability  problems  which  can  arise  when  the  in¬ 
tegration  is  started  deep  inside  the  classically  forbidden 
region.^^*^^ 


In  addition,  in  order  to  speed  up  the  computations  we 
have  used  the  DPOR*^  to  calculate  the  potential  matrix  ele¬ 
ments.  According  to  this  method,  the  matrix  elements 
V„  „(R)  are  calculated  using  a  quadrature  of  the  form 


(30) 


Vl„,{R)='Z  CljHRyj)C‘„.j,  n,n'  =  l 


where  j ,  s  =  g,€,  are  the  eigenvectors,  rj  being  the  eigen¬ 
values,  of  the  position  operator  matrix,  r, 

<f>r{r)r4,l,{r),  s=g,e.  (31) 


If  the  basis  is  complete,  also  diagonalizes  the  poten¬ 
tial  matrix  V(R,r),  since  the  potential  matrix  can  be 
written*^  as  a  function  of  the  r  matrix,  V(/?,r).  This  is  the 
justification  for  Eqs.  (30).  With  the  points  and  weights  cho¬ 
sen  in  this  way,  even  a  small  number  of  quadrature  points 
can  give  highly  accurate  evaluation  of  the  potential  matrix.*^ 


III.  THE  COa-^CO+O  PHOTODISSOCIATION 

To  test  the  utility  and  efficiency  of  this  method  we 
have  examined  the  photodissociation  of  the  well- 
studied  case  of  collinear  CO2  photodissociation, 

where  the  photodissociation  branches  to  two  identical 
products, 

0C+0<-0C0-^C0+0. 
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FIG.  2.  The  CO2  absorption  spectra  obtained  with  ri/=3.0  a.u.  (solid  line) 
and  r|/=3.25  a.u.  (dashed  line). 


At  the  vacuum  ultraviolet  (VUV)  photon  energies  of  interest, 
the  absorption  spectrum  consists  of  a  sequence  of  resonances 
superimposed  on  a  smooth  continuum.  From  a  semiclass ical 
perspective,  these  structures  reflect  to  underlying  unstable 
periodic  orbits  on  the  excited  electronic  surface.^^  The  large 
background  is  due  to  the  dominant  direct  dissociation.  We 
compute  photodissociation  into  one  product  channel,  the  to¬ 
tal  photodissociation  probability  being  twice  that  obtained 
for  one  channel. 

In  this  case  the  Wg{R,r)  [Eq.  (4)]  is  given  by  the 
Kulander-Light  LEPS  potential  surface,'^  a  surface  which 
has  a  saddle  point  at  rQQ—lA\  a.u.,  which  is  somewhat  dis¬ 
placed  from  the  ground  state  equilibrium  position  of  2.2  a.u. 
The  ground  state  surface  was  composed  of  Morse  functions 
in  both  bond-stretching  coordinates  rco  and 

W,(/?,r)^W,(rco,roc) 

=  v^°'^(rco)  +  v^°'^{roc).  '  (32) 

Here, 

V  Mersey r)  =  £),{exp[  -  2  a(  r  -  rco)  1 

-2exp[-a{r-rco)]}.  (33) 

where  a=  D^  =  5A53eV,  and  rco=2.2ao-  In  this 

case,  parameters  of  the  Morse  function  were  fitted  to  the 
equilibrium  distances  and  force  constants  for  the  ground  PES 
taken  from  the  harmonic  potential  of  Kulander  et  al?^  The 
relevant  reduced  masses  chosen  are  defined  as,  fx 
=  mo/nco/('”c"^2mo)  and  m  =  mcWo/(/wc+mo). 

We  consider  the  transition  from  the  ground  vibrational 
state  of  CO2  to  energies  ranging  from  1.4  to  3.7  eV  above 
the  CO+0  dissociation  threshold.  The  eigenfunctions 
{0^(r)}  of  the  Eq.  (7)  with  u(r)  =  lim/j_ooW^^^^(/?,0  were 
used  as  a  basis  for  both  the  initial  and  final  CO2  states.  The 
vibrational  eigenenergies  and  the  corresponding  eigenfunc¬ 
tions  of  the  product  diatomic  potentials  were  obtained  via  the 
renormalized  Numerov  method^^  and  a  Simpson-type 
quadrature  was  used  to  obtain  the  Franck-Condon  transition 
matrix  [Eq.  (20)].  The  potential  parameters  t//o  and  Ar 
=  (^2/—  rxi)  were  chosen  to  satisfy  the  inequalities,  Eq.  (14), 
that  guarantee  no  reflected  flux  from  the  r>ri/  region.  Note 


that  the  conditions  in  Eq.  (14)  must  be  satisfied  for  all  trans¬ 
lational  energies  at  given  dissociation  energy  E.  Note  also 
that  with  increasing  dissociation  energy  E  the  number  of 
open  channels  increases  as  well  and  more  basis  wave  func¬ 
tions  have  to  be  included  in  the  expansion  of  Eq.  (5)  in  order 
to  achieve  convergence. 

The  specific  choice  of  rn  was  found  to  be  quite  impor¬ 
tant  to  the  quality  of  the  results.  It  was  obtained  by  starting 
close  to  the  reaction  region,  and  gradually  increasing  ru 
until  further  ^ma//  incremental  increases  did  not  influence  the 
results.  Sample  results  are  shown  in  Figs.  1-3  for  Ar/ 
=2a.u.,  ^//o= 0.05  a.u.,  and  the  fixed  number  of  channels 
[Eq.  (5)]  Ng=S0.  When  is  too  small  (ri/=2.5a.u., 
shown  in  Fig.  1)  the  structure  atop  the  broad  background  is 
almost  absent.  In  this  case  the  absorbing  boundary  interferes 
with  the  oscillatory  wave  packet  motion  that  produces  the 
diffuse  structure,  so  that  the  peaks  are  suppressed.  As  rj;  is 
increased  the  spectra  begin  to  display  the  proper  diffuse  vi¬ 
brational  structure.  For  example,  the  results  for 
=  3.0  a.u.  (solid  line)  and  ri;=  3.25  a.u.  (dashed  line)  are  pre¬ 
sented  in  Fig.  2  and  show  the  convergence  of  the  spectra. 
(Note,  however,  that  complete  convergence  for  the  chosen 
number  of  channels  is  still  not  achieved  for  the  dissociation 
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FIG.  4.  Partial  photodissociation  probabilities  excitation  to  the  first  three 
final  vibrational  quantum  numbers  of  the  CO  fragment.  Excitation  is  from 
the  ground  state  of  CO2 . 


energies  above  3  eV.  In  this  case  one  would  need  larger 
values  of  Ng  for  convergence,  since  more  channels  become 
open  as  the  dissociation  energy  increases.) 

Finally,  when  the  absorbing  potential  is  too  far  from  the 
reaction  region  (as  Fig.  3  for  ri/=5  a.u.),  we  obtain  noncon- 
verged  results  for  the  number  of  channels  used.  In  this  case, 
substantially  more  channels  would  be  required  for  conver¬ 
gence.  Thus,  choosing  too  large  (ri/>4,9a.u.)  results  in 
a  poor  representation  of  the  diffuse  background,  whereas 
choosing  too  small  (ri/<3.0  a.u.)  led  to  poor  results  for 
the  vibrational  structure. 

Considerations  of  this  kind  led  to  the  best  parameter 
choice  of  ri/=3.0a.u„  Ar/=2a.u.,  and  [//o=0.05 a.u.  For 
each  Tj/,  full  convergence  with  respect  to  the  number  of 
vibrational  states  Ng  in  the  basis  for  the  excited  state  was 
reached  for  £<3  eV.  The  final  results  of  our  calculations  of 
the  resonant  CO2  spectrum  are  given  by  the  solid  line  in  Fig. 
2.  The  spectrum  obtained  displays  the  series  of  irregular 
peaks,  peaking  at  2.36  eV,  in  good  agreement  with  the  re¬ 
sults  of  Kulander  and  Light,  with  small  differences  being  a 
result  of  the  extreme  sensitivity  of  the  results  to  the  ground 
state  potential.^*’^^  The  vibrationally  resolved  partial  prob¬ 
abilities  into  the  first  three  final  vibrational  quantum  numbers 
(1;/=  0,1,2)  are  presented  in  Fig.  4.  Our  results  show  that 
partial  cross  sections  display  the  similar  diffuse  resonant 
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structure  as  the  total  probabilities,  and  are  in  good  agreement 
with  previous  results. 

IV.  CONCLUSIONS 

In  this  article  we  have  introduced  a  new  fully  quantum- 
mechanical  method  of  calculating  photodissociation  cross 
sections  for  triatomic  molecules  with  more  than  one  product 
arrangement.  A  short  range  imaginary  absorbing  potential 
has  been  added  to  the  Hamiltonian  operator,  reducing  a  mul¬ 
tiarrangement  photodissociation  problem  to  a  set  of  single 
arrangement  photodissociation  problems.  The  resulting 
single-arrangement  photodissociation  is  solved  with  the  arti¬ 
ficial  channel  method,  utilizing  an  efficient  log-derivative 
propagator.  The  method  has  been  successfully  applied  to  the 
photodissociation  of  collinear  CO2  and  the  diffuse  vibra¬ 
tional  structure  of  the  CO2  photoabsorption  spectrum  has 
been  successfully  reproduced  in  good  agreement  with  the 
previous  results. 

This  study  can  be  readily  generalized  to  the  full  three- 
dimensional  problem.  Work  to  that  end  is  in  progress.  Ap¬ 
plications  of  this  method  to  the  coherent  control  of  collinear 
CH2lBr  photodissociation  are  the  subject  of  a  forthcoming 
article.^^ 
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Quantum  interference  effects  are  shown  to  provide  a  means  of  controlling  and  enhancing  the  focusing 
of  a  collimated  neutral  molecular  beam  onto  a  surface.  The  nature  of  the  aperiodic  pattern  formed  can 
be  altered  by  varying  laser  field  characteristics  and  the  system  geometry. 


PACS  numbers:  32.80.Qk,  34.50.Dy,  79.20.Rf 

Light  induced  forces  have  been  used  to  deflect,  slow, 
accelerate,  cool,  and  confine  [1]  neutral  atoms.  Simi¬ 
larly,  and  of  particular  interest  here,  atoms  have  been  fo¬ 
cused  and  deposited  on  surfaces  on  the  nanometer  scale 
[2,3].  In  these  cases,  preliminary  laser  cooling  followed  by 
passage  through  an  optical  standing  wave  resulted  in  the 
formation  of  a  periodic  submicron  atomic  pattern  on  a  sur¬ 
face.  There  are  far  fewer  results  for  molecules,  the  most 
noteworthy  being  experiments  [4]  and  theory  [5]  on  focus¬ 
ing  of  molecules  using  intense  laser  fields.  In  this  Let¬ 
ter  we  show  that  coherent  control  techniques  [6]  can  be 
used  to  enhance  and  control  the  deposition  of  molecules 
on  a  surface,  in  aperiodic,  nanometric  scale  patterns.  The 
essence  of  the  technique  lies  in  the  prepreparation  of  an 
initial  controlled  superposition  of  molecular  eigenstates, 
followed  by  passage  through  an  optical  standing  wave 
composed  of  two  fields  of  related  frequency.  By  vary¬ 
ing  the  characteristics  of  the  prepared  superposition,  or 
the  characteristics  of  the  optical  standing  wave,' one  can 
vary  the  induced  dipole-electric  field  interaction,  and  hence 
alter  the  deposited  pattern.  The  result  demonstrates  the 
utility  of  coherent  control  to  manipulate  the  translational 
motion  of  molecules.  Below  we  describe  the  general  the¬ 
ory  and  provide  computational  results  for  the  computation¬ 
ally  convenient  [7]  molecule,  N2. 

The  general  configuration  of  the  proposed  control  sce¬ 
nario  is  illustrated  in  Fig.  1.  A  beam  of  neutral  molecules 
propagating  along  the  z  direction  is  prepared  in  a  super¬ 
position  of  vibrotational  states  with  a  highly  cooled  trans¬ 
verse  velocity  distribution.  Preparation  is  achieved  either 


by  passing  a  precooled  or  precollimated  beam  through  a 
preparatory  electric  field  to  create  a  superposition  of  vi¬ 
brotational  states  in  the  ground  electronic  state,  or  by  si¬ 
multaneously  preparing  the  superposition  and  cooling  the 
transverse  velocity  by  an  extension  of  a  recently  proposed 
radiative  association  approach  [8].  For  simplicity  we  focus 
on  a  two-level  superposition,  i.e., 

I^W>  =  Cl  +  C2  !<^2>c"'^.  (1) 

where  |0/)  are  the  eigenstates  of  the  molecular  Hamilto¬ 
nian,  of  energy  Ei. 

The  molecules  then  pass  through  a  standing  wave 
E(x,  r)  composed  of  two  electromagnetic  fields  which  lie 
parallel  to  the  surface  and  are  polarized  in  the  z  direction. 
That  is, 

E(x,r)  =  [2Ef^  cos{kix)e^^^^  4-  c.c.jk 

+  [2E2^  cos{k2X  +  +  c.c.Jk 

=  \E{(ja\)  4-  c.c.jk  4-  \_E{o}2)  4-  c.c.jk  (2) 

Here  k  denotes  a  unit  vector  in  the  z  direction,  c.c.  denotes 
the  complex  conjugate  of  the  terms  preceding  it,  6f  is 
the  relative  phase  of  the  two  standing  waves  (SW),  Ef\ 
kj,  and  coj  are  the  maximum  amplitude,  wave  vector,  and 
frequency  of  the  jih  standing  wave,  of  wavelength  Ay. 

The  potential  energy  of  interaction  y(A:)  of  the  molecule 
with  the  field  E(x,  0  is  y(x)  =  •  E(x,  r),  where 

is  the  induced  dipole  moment.  Within  first  order 
perturbation  theory,  the  induced  dipole  of  the  superposition 
state  in  the  presence  of  the  two  fields,  chosen  so  that  E\  4- 


_ ^ _  I  h(x)\  =  £2  +  ha}2,  is  given  by  [7] 

M‘"d  =  +  x"'{o^2)E{<02)  +  A'"'(w2)£(w2)  +  +  (Ol)E(w2\  +  Wi) 


+  A''"(<W21  -  <02)E{a)2\  -  0)2)  +  c.e.,  (3) 

where  £(<U2i  +  wi)  =  cos(A:iA:)e'<‘“^‘+‘“')'  and  £(<021  -  (Oz)  =  2£’®cos(A:2X  +  The  x  are  the 

following  contributions  to  the  zz  component  of  the  polarizability: 

.z  ..2  ..Z  ..Z  -I  r,(o) 


in/  \  1  V  *r  ,  P'jlP'lj  1^2 

X  (*>1)  = -r  - 7 -  - rloT* 

fi  J  l(Oji  +  (02  (OjZ  -  (OzIEx 

in/  N  1  V  .r 

X  M  =  —  2.C2C1  - 7 -  +  -  -(5), 

fi  j  l<^j2  +  wi  (Oji  -  (oiSez 

a'"Hwi)  =  7X  X  ^ — 1. 

n  Y  Lwy,-  +  ci>i  (Oji  -  <ui  J 
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FIG.  1 .  Schematic  of  the  proposed  control  scenario. 
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]■ 


where  (Oij  =  {Ej  -  Ei)/h  and  jjbjj  = 

Here  the  superscripts  “in”  and  “ni”  refer  to  the  interference 
and  noninterference  contributions  to  x*  the  interference 
terms  being  the  direct  consequence  of  the  established  co¬ 
herence  between  \4>\)  and  |(^2)  [EQ-  (!)]•  The  summation 
in  the  above  equations  runs  over  all  the  vibrational  and 
rotational  states.  For  example,  in  the  particular  case  of 
N2,  examined  below,  vibrotational  states  of  six  excited 
electronic  states  c^n^, 

and  c?^n«)  are  included. 

The  final  expression  for  the  potential  within  the  rotating 
wave  approximation  is  then  given  by 


y(x)  =  •  E(x, r)  =  V^^{x)  + 


(4) 


where 

—  =  2[4Ef^  cos^(/:ix);^"*(cui)  +  4^2^^  cos^(/:2^  +  0f)x^^(o)2) 

+  4£i^^£2°^cos(^ix)cos(fc2X  +  0f)\_x^\(j^\)  +  A'”*(^2)]cos(a>i  —  a)2)t  (5) 

and 


=  2{AEf^  cos(^ix) cos(^2^  +  ^F)xf{^\)  +  4^2^^  cos(fcix) cos(A:2-^  +  df)x^^{(^2) 

+  4Ef^E2^cos^{k2X  +  ^F)[A'r"(^i)cos(ci>i  -  a}2)t  —  A'r(<^i)sin(cui  (02)t] 

+  4£:®4'’^cos^(/:ij:)|>;"(w2)cos(t«>2  -  <oi)t  -  ;ir;"(w2) sin(w2  -  <wi)f]}.  (6) 


Here  Xr”  ^nd  xi^  denote  the  real  and  imaginary  parts 
of  the  zz  component  of  x^^-  Computations  show  that  the 
time  dependent  contributions  to  Eqs.  (5)  and  (6)  average 
out  and  may  be  neglected.  The  resultant  time  independent 
“optical  potential”  displays  a  series  of  maxima  and  minima 
along  X,  with  each  minima  serving  to  focus  the  molecules, 
and  each  maxima  serving  to  defocus  them.  The  structure 
of  y(x)  and  hence  its  effect  on  the  molecule’s  dynamics 
depends  upon  the  control  parameters  Ef\  £2^^  ci,  C2,  Of 
and  the  quantum  numbers 

The  extent  to  which  control  is  possible  is  evident  from 
the  computational  results  shown  below  on  N2  (a  mole¬ 
cule  chosen  solely  for  computational  convenience).  Here 
l<^i)  ^  Wi,  Ji,  Mi),  where  Vi  and  7/  are  the  vibrational  and 
rotational  quantum  numbers,  respectively,  and  Mi  is  the 
projection  of  Ji  along  the  z  direction.  Selection  rules  im¬ 
ply  [7]  that  x^^  is  zero  unless  \(f)\)  and  \<f>2)  are  of  the  same 
parity.  To  this  end  we  employ  a  two  photon  preparatory 
step  so  that  J2  ^  J\  2,  M\  =  M2. 


As  an  example,  we  compute  classical  trajectories  for  the 
deposition  of  N2  on  a  surface,  reported  as  the  number  of 
trajectories  N{x)  incident  on  the  surface  in  a  Ax  interval 
of  1.403  nm.  Our  initial  studies  examined  deposition  us¬ 
ing  a  nozzle  width  of  20  pum  and  a  sinailar  sample  size. 
Results  for  the  chosen  parameters  (Ai  =  0.628  ^tm,  A2  = 
0.736  /zm)  showed  an  almost  periodic  repeating  of  pat¬ 
terns  of  3-4  ^m  width.  Hence  we  here  focus  down  to 
this  subregion,  with  computations  simplified  by  reduc¬ 
ing  the  nozzle  diameter  and  sample  size  to  4A2  =  3  fim. 
The  initial  velocity  along  z  is  taken  as  600  m/sec,  and 
the  transverse  velocity  is  assumed  to  be  zero.  Additional 
computations  show  that  corrections  to  include  a  transverse 
velocity  distribution  can  be  incorporated  in  accord  with 
Ref.  [3].  That  is,  for  a  Gaussian  transverse  velocity  dis¬ 
tribution  peaked  about  zero  and  of  width  cr,  we  find  that 
the  deposited  peaks  are  broadened  by  «>/2  timer  while  the 
ratios  of  peak  height  to  background  level  are  decreased  by 
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^llypTTtintcr,  where  tint  is  the  interaction  time  between 
the  molecule  and  the  field. 

Classical  trajectories  are  computed  for  the  motion  of 
the  Ni  center  of  mass  in  the  presence  of  V{x),  which 
is  encountered  for  the  time  period  f  =  0  to  f  ^  Tint  [9]. 
We  adopt  an  aspect  of  the  ballistic  aggregation  model  [10] 
and  assume  that  all  molecules  that  strike  the  surface  stick 
without  diffusing.  Note  also  that  although  trajectories  are 
computed  for  N2  as  a  point  particle,  the  V{x)  encountered 
by  N2  depends  on  the  molecule’s  J,M  through  its  effect 
on  A'  [11]. 

Consider  first  simple  cases  involving  only  a  single  su¬ 
perposition  of  states.  Figure  2  shows  the  results  in  the 
presence  and  absence  of  interference  contributions  for  a 
superposition  composed  of  10,0,0)  and  |0, 2,0).  Specifi¬ 
cally,  2(a)  and  2(b)  show  the  pattern  of  deposition,  and 
the  associated  optical  potential,  for  dynamics  in  the  pres¬ 
ence  of  V(;r)  =  V^^{x)  +  V"*(jc).  For  comparison  we 
show,  in  2(c)  and  2(d),  the  corresponding  results  assum¬ 
ing  that  there  is  no  coherence  between  \<f>\)  and  |02), 
i.e,,  neglecting  V*"(jc).  In  the  absence  of  molecular  co¬ 
herence  the  optical  potential  is  seen  to  be  [Fig.  2(d)]  pe¬ 
riodic,  resulting  in  a  series  of  short  periodic  deposition 
peaks  [Fig.  2(c)].  By  contrast,  the  inclusion  of  interference 
contributions  [Figs.  2(a)  and  2(b)]  result  in  significant 
enhancement  and  narrowing  of  peaks  [5  times  narrower 
(FWHM  of  less  than  4  nm)  and  4  times  more  intense],  as 
well  as  the  appearance  of  an  aperiodic  potential  and  asso¬ 
ciated  aperiodic  deposition  pattern.  Quantitative  consider¬ 
ation  of  the  peaks  shows  that  they  are  in  general  in  accord 


x{fxm)  x(/zm) 


FIG.  2,  Molecular  deposition  and  associated  optical  potential 
for  the  initial  superposition  >/0^|0,0,0)  +  ^/05|0,2,0) 
due  to  V{x)  =  V‘"(j:)  +  V"‘(x)  [(a)  and  (b)],  and  due  to  V(jc)"‘ 

only  [(c)  and  (d)].  Here  ^  =  1.0  X  10\  £?  =  1.0  X 

10^  V/cm,  Ai  =  0.628  /xm,  A2  —  0.736  /Ltm,  6f  =  -2.65  ra¬ 
dian,  and  tint  =  0.625  /xsec.  Results  are  from  a  sample  of 
20  000  trajectories. 


with  the  theory  outlined  in  Ref.  [3].  That  is,  a  sharp 
peak  forms  in  the  region  of  the  potential  minima  when 
^int  (2n  +  l)r/4,  where  T  is  the  optical  period  for  a 
particular  potential  well.  In  the  presence  of  V^^{x)  not  all 
potential  wells  have  the  same  period.  Hence,  deposition  is 
not  periodic  and  is  dependent  on  the  interrelationship  be¬ 
tween  ^int  and  the  period  T  of  each  different  well. 

The  optical  potential  V{x)  and  hence  the  nature  of 
the  deposition  pattern  is  seen  to  depend  analytically  [see 
Eqs.  (4)-(6)]  on  the  contributing  |^y),  the  coefficients  c;, 
the  phase  Of,  the  fields  Ef\  and  the  time  of  interaction 
^int  between  the  field  and  the  molecule.  Of  these,  numeri¬ 
cal  studies  on  the  relative  phase  0  of  the  c/,  an  important 
parameter  in  coherent  control  studies  of  photodissociation 
and  bimolecular  scattering  [6],  show  that  it  does  not 
significantly  affect  the  deposition  pattern.  Consideration 
of  Eq.  (4)  shows  that  this  is  because  changes  in  9  do  not 
affect  the  positions  of  the  extrema  of  V(x),  and  result 
only  in  small  changes  in  the  depth  of  the  minima.  By 
contrast,  changes  in  the  other  parameters  can  strongly 
affect  the  structure  of  the  deposited  pattern.  For  example, 
Figs.  3(a)  and  3(b)  show  significant  differences  in  both 
the  position  and  the  intensity  of  the  peaks  as  a  function 
of  Of,  By  contrast,  consideration  of  the  analogous  plot 
where  only  V”*  is  considered  (not  shown)  shows  no 
variation  in  peak  intensity  as  a  function  of  Of.  Similarly, 
Figs.  3(c)  and  3(d)  show  the  strong  dependence  of  the 
deposition  upon  the  magnitude  of  the  coefficients  of  the 
created  superposition.  Clearly,  varying  these  parame¬ 
ters  affords  a  wide  range  of  control  over  the  deposited 
pattern. 


FIG.  3.  (a),(b)  Molecular  deposition  associated  with 
V(0  8)  lOOO)  +  7(0-2)  1 1,2,0)  for  varying  Of,  i.e.,  (a)  Of  —  0 
and  (b)  =  2.0.  (c),(d)  Sample  variation  of  deposition  with 

changes  in  ki!,  |c2|:  (c)  VO.99 10,0,0)  +  yj{0.0\)  |0,2,0); 

(d)  7(0  4)  10,0,0)  +  7ff6|0,2,0).  Other  parameters  are  as  in 
Fig.  2. 
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FIG.  4.  Molecular  deposition  with  (a)  and  without  (fa)  molecu¬ 
lar  coherence  for  the  mixed  state  at  temperature  T  =  298  K, 
as  described  in  text.  Remaining  parameters  are  as  in  Fig.  2 
except  that  results  are  obtained  from  1.23  X  10^  trajectories  and 
^im  ~  0.467  ^tm. 

Finally,  consider  control  over  a  beam  of  molecules 
with  a  thermal  distribution  of  molecular  level  popu¬ 
lations.  That  is,  consider  the  case  where  the  initial 
collimated  molecular  beam  is  in  a  mixture  of  states 
^ijyvij\0,JiyMj){0,JiyMjl  with  the  weights  wij  given 
by  a  Boltzmann  distribution  at  7  =  298  K.  In  this  in¬ 
stance  20  J  states  are  populated.  By  passing  this  mixture 
through  a  square  pulse  of  field  strength  3.25  X  10^  V/m 
and  frequency  width  75.4  cm“\  we  excite  all  19  states  to 
pairwise  superpositions  of  J  states.  That  is,  we  produce  the 
mixture  Zij  w/j[c,j  |0,/„A/;)<0,7,-,A/yj  +  + 

2,Mj)(Q,Ji  +  2,MjW  where  \dij^  =  1  -  |c,jp.  At  the 
chosen  field  strength,  dij  can  be  computed  in  perturbation 
theory  [7],  the  final  result  being  that  the  mixture  of 
superpositions  has  the  coefficient  co,o  associated  with 
the  state  |0, 0, 0)  on  the  order  of  >/^.  This  mixed  state 
is  then  passed  through  the  two  stationary  fields  and  the 
deposition  pattern  computed.  Results  for  one  such  case 
are  shown  in  Fig.  4  where  results  including  the  coherence 
contributions  are  shown  in  4(a)  and  contrasted  with  the 
results  where  only  the  noninterference  terms  are  included 
[Fig.  4(b)].  The  results  are  quite  similar  to  those  of  the 
single  superposition  shown  in  Figs.  2  and  3  above.  That 
is,  including  the  interference,  in  addition  to  eliminating 
the  periodicity,  results  in  more  intense,  sharper  lines. 
Examination  of  V(jc)  as  a  function  of  7,  M  shows  that  the 
lack  of  broadening  of  the  peaks  with  the  mixing  of  /,  M 
levels  is  a  result  of  the  fact  that  changing  7,  M  alters  only 
the  depth  of  the  V  (x)  minima,  and  not  their  location. 

In  summary,  we  have  shown  that  introducing  a  coher¬ 
ence  between  molecular  energy  levels,  in  conjunction  with 
two  frequency  related  electromagnetic  fields,  introduces  a 
set  of  parameters  that  allow  for  control  over  the  nanoscale 


molecular  deposition  pattern.  Further  work  is  needed  to 
consider  the  possibility  of  depositing  any  arbitrary  pattern, 
to  examine  the  focusing  of  larger  molecules  (which  have 
inherently  larger  polarizabilities  and  should  be  more  eas¬ 
ily  focused),  and  to  consider  the  effects  of  more  intense 
cw  fields.  Work  to  this  effect  is  in  progress. 
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Coherent  control  provides  a  route  to  controlling  reaction 
dynamics  via  laser-induced  quantum  interference  effects. 
The  vast  majority  of  work  has  been  done  on  controlling  uni- 
molecular  processes.  However,  we  recently^’"^  showed  that  it 
is  possible  to  apply  the  principle  of  coherent  control  to  con¬ 
trol  bimolecular  reactions.  These  considerations  indicate  that 
bimolecular  control  requires  conditions  additional  to  those 
operative  in  unimolecular  processes,  making  bimolecular 
control  more  challenging.  Here  we  show,  however,  that  re¬ 
actions  of  the  form  +  C  afford  a  unique  opportu¬ 

nity  for  studying  controlled  bimolecular  reactions. 

The  essential  principle  of  coherent  control  requires  that 
one  create  a  controllable  superposition  of  degenerate  Hamil¬ 
tonian  eigenstates  in  the  center  of  mass  coordinate  system.* 
By  altering  the  composition  of  this  superposition,  one  can 
alter  the  ratio  of  reaction  products.  Consider  then  the  bimo¬ 
lecular  case 

A  +  D-^F+G,  (1) 

where  A,  D,  F,  G  are,  in  general,  molecules  of  mass  Af  ^ , 
Mp,  Mf,  and  Mq.  Here  F  and  G  can  be  identical  to  A  and 
D  (nonreactive  scattering)  or  different  from  A  and  D  (reac¬ 
tive  scattering).  We  label  A  +  D  as  arrangement  q  and  F 
+  G  as  arrangement  q' . 

In  accord  with  standard  scattering  theory^  the  cross  sec¬ 
tion  (j£(n,<y';m,^)  for  scattering  between  the  incident 

— ^ - - - I 

cr£(n,^';{aJ^,^)  =  |(£,qr\n~iK^2 

m 

m  „/ 

m 

-2  |amlMn,^';in;9)  +  2  2 


Hamiltonian  eigenstates  |F,^,m;0)  of  A  +  D  (labeled  q)  and 
the  product  Hamiltonian  eigenstates  (F,^',n;0|  of  F+G  (la¬ 
beled  q^)  is  given  by 

arE{n,q';m,q)  =  \{E,q',n-\V^\E,q,m-,0)\\  (2) 

Here  n,  m  denote  quantum  numbers  associated  with  the  re¬ 
actants  and  products,  respectively,  |F,^',n“)  are  the  incom¬ 
ing  scattering  solutions  associated  with  product  in  state 
|F,^',n;0),  and  Vg  is  the  component  of  the  total  potential 
that  vanishes  as  the  A  to  D  distance  becomes  arbitrarily 
large.  The  cross  section  for  scattering  into  arrangement  q', 
independent  of  the  product  internal  state  n,  is  then 

(TE(.q';m,q)  =  'Z  \{E,q' ,n-\V^\E,q,m-,Q)\^.  (3) 

n 

Control  of  bimolecular  collisions  is  achieved  by  con¬ 
structing  an  initial  state  |F,^,{a^})  comprised  of  a  superpo¬ 
sition  of  N  energetically  degenerate  asymptotic  states 

l^.9.{ani})  =  2  (4) 

m 

The  cross  section  associated  with  using  Eq.  (4)  as  the  initial 
state,  obtained  by  replacing  |F,^,m;0)  by  Eq.  (4)  in  Eq.  (2), 
is 


2  \V^\E,q,m\Q){E,q,m'\Q\V^\E,q' ,n  ) 

cr(n,^';m',m,^),  (5) 
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where  is  defined  via  Eq.  (5).  The  total 

cross  section  into  arrangement  q '  is  then  given  by 

n 

Note  that  Eq.  (5),  and  hence  Eq.  (6),  are  now  of  a  standard 
coherent  control  form,  i.e.,  direct  contributions  from  each 
member  of  the  superposition,  proportional  to  lamP*  pltis  in¬ 
terference  terms  which  are  proportional  to  .  It  is  clear 
that  if  we  control  the  ,  through  assorted  preparation  meth¬ 
ods,  then  we  can  control  the  interference  term,  and  hence  the 
scattering  cross  section.  In  the  case  of  bimolecular  collisions, 
coherent  control  arises  only  from  states  that  are  of  equal 
energy  and  that  have  the  same  center  of  mass  momentum. 

Consider  now  the  laboratory  preparation  of  the  general¬ 
ized  superposition  states  [Eq.  (4)]  where  for  simplicity  we 
limit  consideration  to  a  superposition  of  two  states.  To  em¬ 
phasize  the  role  of  the  center  of  mass  motion  and  the  par¬ 
ticular  utility  of  choosing  A  =  D  we  first  treat  this  problem  in 
general  (i.e.,  any  D).  To  do  so  we  examine  the  scattering  of 
A  and  D,  each  in  a  previously  prepared  superposition  of 
Hamiltonian  eigenstates  \  |<^£)(0)  of  molecules  A 

and  D.  These  states  are  of  energy  e^iO  and  ep(i),  respec¬ 
tively.  We  denote  and  Tq  as  the  laboratory  position  of  A 
and  D  with  denoting  their  laboratory  momenta. 

The  relative  momentum  k,  relative  coordinate  R,  center  of 
mass  momentum  K,  and  position  Rc.m.  are  defined  as 

K=k^  +  k®,  R,,„=(M^r^  +  MDrD)/(M^  +  Mo), 

(7) 

k=(Mok^-A/Ak^)/(M^  +  Mo),  R=r^-rB. 

The  wave  functions  of  A  and  D  in  the  laboratory  frame, 
ipA  and  if/Q ,  are  of  the  general  form: 

^^/»=ai|<^A(l))exp(jkfT^)+a2l<^/i(2))exp(tk^TA), 

(8) 

^>1 1  0d(  1  )>exp(jkf  Td)  +  ^2!  ^D(2))exp(ik2  To). 

(9) 

The  incident  wave  function  is  then  the  product 

=  [«i  I  <^/»(  1  ))exp(ikf  Tx)  +  02!  <^A(2))exp(  jk^T^)] 

X  1 1  </'d(  1  )>exp(  ikf  To)  +  b2\  <^o(2))exp(ikf  To)] 

2 

=  2  Aij  exp(jki;*R)exp(iKi/Rc,„.),  (10) 

'.;  =  i 

where  ki,=  (Mokf-M^kf)/ 

{Ma + Md)  .  and  K,  -  kf  +  k? . 

As  constructed,  Eq.  (10)  is  composed  of  four  indepen¬ 
dent  noninterfering  incident  states  since  each  has  a  different 
center  of  mass  wave  vector  K^j .  However,  we  can  set  con¬ 
ditions  so  that  interference,  and  hence  control,  is  allowed. 
That  is,  we  require  the  equality  of  the  center  of  mass  motion 
of  two  components,  plus  energy  degeneracy: 
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K,2  =  K2,, 

+  eA{l)  +  e[){2)  =  h‘^kl^/2^J.+  eAi2)  +  eDW, 

(11) 

with  ii=MaMc/{Ma  +  Md).  Equation  (10)  then  becomes 
I2exp(iki2-R)+A2i  exp(ik2i-R)]exp(tK,2-Rc.m.) 

+A„  exp(/k,,*R)exp(iK,,-Re„,,) 

+ A  22  exp(  i  k22-R)  exp(  K22-Rc.m. ) .  (12) 

where  the  term  in  the  square  brackets,  due  to  Eq.  (11),  is  a 
linear  superposition  of  two  degenerate  states.  We  therefore 
expect  that  the  scattering  cross  section  will  be  comprised  of 
noninterfering  contributions  from  three  components  with  dif¬ 
fering  Kij ,  but  where  the  first  term  allows  for  control  via  the 
interference  between  the  A  n  and  A  21  terms.  The  two  remain¬ 
ing  terms,  proportional  to  An  and  A 22*  are  uncontrolled  sat¬ 
ellite  contributions. 

For  example,  if  we  design  the  experiment  so  that  kf 
=  -k^  and  k^  =  -kf  then  K,2=K2,=0,  and  ki2=kf, 
k2i=  — kf ,  so  that  the  degeneracy  requirement  [Eq.  (11)] 
becomes 

h^(k^,)^/2^+eA{l)  +  eD{2) 

=^h\kf)V2fi+eAi2)-i-eDil).  (13) 

In  general,  this  condition  necessitates  a  method  of  pre¬ 
paring  (//a  and  i//d  which  correlates  the  internal  states 
I^a(O)  and  \(f>D(i))  with  their  associated  momenta  kf  ,kf 
so  as  to  obtain  Eq.  (13).  This  requires  a  considerable  exten¬ 
sion  of  currently  available  experimental  techniques.  How¬ 
ever,  the  situation  simplifies  enormously  for  the  case  of  D 
=A,  the  subject  of  this  note.  Specifically,  consider 

A+A'->5+C.  (14) 

Here  we  have  used  A'  to  denote  the  molecule  A,  but  in  a 
superposition  state  which  is  not  necessarily  the  same  as  A.  If 
we  prepare  each  of  the  two  initial  A  and  A'  superposition 
states  from  the  same  molecular  bound  states,  e.g.,  |^^(1)) 
=  I  <^a'(  1 ))  and  I  <^a(2))  =  I  <Aa ' (2))  then  the  requirement  for 
conservation  of  energy  in  the  center  of  mass  [Eq.  (11)]  be¬ 
comes 

hHknfl2ti  =  h\k2ifl2fi.  (15) 

This  condition  is  satisfied  for  a  standard  scattering  arrange¬ 
ment  where  kf  =  k^  and  =  ,  since  then  /:i2=|0.5(kf 

-l4')|  =  |0.5(k^-kf')|  =  l:2i. 

This  scenario  opens  up  a  wide  range  of  possible  experi¬ 
mental  studies  of  control  in  bimolecular  collisions.  Specifi¬ 
cally,  we  need  only  prepare  A  and  A '  in  a  controlled  super¬ 
position  of  two  states  (e.g.,  by  resonant  excitation  of 
|</>a(1)))  produce  a  superposition  with  |<;^a(2)),  scatter 
them,  and  vary  the  coefficients  in  the  superposition  to  affect 
the  reaction  probabilities.  Control  originates  in  quantum  in¬ 
terference  between  two  degenerate  states  associated  with  the 
contributions  of  |<^yi(l))|^A'(2))  and  |<^a(2))|</'x'(1))- 
This  is  accompanied  by  two  uncontrolled  scattering 
contributions  corresponding  to  the  contributions  of 
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and  |<^A(2)}i0A'(2).).  Control  is  achieved 
by  varying  the  four  coefficients  ,  bi,  /=  1,2. 

STIRAP^  provides  a  natural  choice  for  such  state  prepa* 
ration.  A  particularly  promising  version  is  the  tripod- 
STIRAP  variant  which  was  recently  suggested^  and  experi¬ 
mentally  demonstrated.®  In  the  tripod-STIRAP  scheme,  an 
additional  laser  couples  the  intermediate  level  (through 
which  the  initial  and  final  state  are  radiatively  connected  via 
the  pump  and  Stokes  laser)  with  another  unpopulated  state. 
Depending  on  the  overlap  in  time  of  the  interaction  of  the 
additional  laser  with  that  of  the  pump  and  Stokes  laser,  any 
coherent  superposition  of  the  initial  and  final  state  can  be 
created.  The  system  remains  in  the  superposition  state  after 
the  interaction  with  the  lasers  has  ceased  and  the  superposi¬ 
tion  so  created  is  robust,  i.e.,  it  is  not  sensitive  to  small 
variations  of  the  laser  intensities  or  the  overlap. 

The  above-described  control  approach  can  be  general¬ 
ized  to  a  superposition  of  N  levels  in  each  of  the  two  A  and 
A'  reactants.  Specifically,  choosing  all  kf  =  k^  and  all  kf 
=  k"  we  have 


<if^  =  exp(ik^T^) 


N 

i=\ 


<^A'  =  exp(«V'T^») 


2  bj\<l,^{i)) 


(16) 


The  scattering  wave  function  is  then 


=  exp(.iK-Rc„,  )exp(  jk-R) 


N 

i- \ 


2  bj\4>^U)) 

J=1 


(17) 


Since  =  ,  k=(k^-’k^')/2  and  K=k^  +  k^\  The  ki¬ 
netic  energy  is  the  same  for  each  term  in  Eq.  (17)  so 

that  degenerate  states  in  the  center  of  mass  frame  correspond 
to  states  \(f>A(0)\<f>A'U))  (17)  which  are  of  equal 

internal  energy  eA{i)-^e^,(j).  Expanding  the  product  in  Eq. 
(17)  gives  terms,  N  terms  of  which  are  of  differing  energy 
2^a(0»  z  =  1,...,A  and  states  of  energy  ^a(0 


+  ^A'0)»  Of  Ihe  latter  terms,  each  is  accompanied  by 
another  term  of  equal  energy  [i.e,,  ^A(0  +  ^A'(y)“^A(7) 
’I’^A'CO]-  Hence  the  terms  are  comprised  of  N  direct 
terms  plus  {N^  —  N)12  degenerate  pairs  which  are  a  source  of 
interference,  and  hence  control.  Here  control  is  achieved  by 
altering  the  2N  coefficients  in  the  initially  prepared 
state  [Eq.  (17)],  e.g.,  by  shaped  pulsed  laser  excitation  of 
|<^a(1))  I<Aa'(1))*  The  extent  to  which  increasing  N 

affects  control  must  be  the  subject  of  further  study. 

Finally,  we  note  that  OH+OH— ►H2O+H  is  an  excellent 
candidate  for  study.  Experimentally,  this  system  is  desirable 
because  cooled  OH  has  only  a  few  populated  rotational  lev¬ 
els,  the  first  electronic  state  (needed  in  STIRAP)  is  accessible 
with  conveniently  available  near-UV  radiation,  and  the  H 
atom  product  can  be  detected  by  resonance  enhanced  multi¬ 
photon  ionization,  possibly  in  combination  with  ion  imaging 
to  obtain  information  of  the  internal  energy  of  the  H2O  prod¬ 
uct. 

Theoretical  and  experimental  efforts  to  examine  this 
control  scenario,  with  initial  applications  to  isotopes  of  mo¬ 
lecular  hydrogen  and  to  OH+OH^H20+H,  are  under  way. 
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Abstract 

Semiclassical  wavefunction  propagation  for  chaotic  systems  suffer  from  numerical  difficulties  due  to  the  chaotic  nature 
of  classical  trajectories,  resulting  in  reduced  accuracy  for  standard  initial  value  representation  (IVR)  methods.  We  compare 
four  recent  IVR  methods  developed  to  overcome  these  difficulties  (Herman-Kluk  with  trajectory  truncation;  stationary-phase 
Herman-Kluk  (SPHK);  cellularized  frozen  Gaussian  approximation;  stationary-phase  Monte  Carlo)  by  computing  the 
Franck-Condon  spectrum  of  the  2-dimensional  Henon-Heiles  and  quartic  oscillator  systems.  The  SPHK  is  found  to  be  the 
most  successful  of  the  four  methods.  The  SPHK  is  then  used  to  determine  the  spectrum  for  collinear  CO2  photodissociation. 
©2000  Elsevier  Science  B.V.  All  rights  reserved. 


1.  Introduction 

There  has  been  a  great  deal  of  recent  interest  in 
semiclassical  methods  to  treat  the  dynamics  of  atoms 
and  molecules  based  upon  an  initial  value  representa¬ 
tion  (IVR)  [1-7].  An  IVR  expresses  the  system 
dynamics  as  an  integral  over  initial  phase-space  (co¬ 
ordinate  and  momenta)  variables.  Dynamical  system 
quantities  are  evaluated  along  the  classical  trajecto¬ 
ries  which  emanate  from  these  initial  phase-space 
points.  The  primary  advantage  of  IVR  methods  is 
that  they  do  not  require  a  search  for  trajectories 
which  satisfy  both  initial  and  final  time  constraints, 
which  is  the  case  for  any  boundary  value  representa¬ 
tion  such  as  the  Van  Vleck  propagator  [8].  The 
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central  deficiency  of  IVR  methods  is  in  the  need  to 
integrate  over  highly  oscillatory  integrands.  Here  we 
examine  IVR  propagators  for  the  numerically  diffi¬ 
cult  case  of  chaotic  dynamics. 

Extensive  studies  have  been  carried  out  to  com¬ 
pare  IVR  propagators  for  non-chaotic  systems.  In 
this  case,  the  Herman-Kluk  (HK)  frozen  Gaussian 
approximation  [2],  an  improved  version  of  the  origi¬ 
nal  frozen  Gaussian  approximation  of  Heller  [l],  has 
proven  particularly  useful.  In  addition  to  providing 
reliable  results,  the  method  does  not  require  the 
computation  of  the  Maslov  index  [5],  a  simplifying 
feature.  For  example,  Kay  compared  several  IVR 
methods  for  non-chaotic  systems  [4],  and  concluded 
that  the  HK  propagator  can  produce  highly  accurate 
results  which  converge  quickly.  Similarly, 
Garashchuk  and  Tannor  [9]  found  the  HK  formalism 
to  be  far  better  at  treating  reactive  scattering  than 
other  semiclassical  methods,  and  van  de  Sand  and 
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Rost  [10]  successfully  treated  3-dimensional  Coulomb 
scattering  using  the  HK  propagator.  This  propagator 
has  also  been  used  by  Walton  and  Manolopoulos  to 
treat  collinear  CO2  photodissociation  [11]  (cf.  Sec¬ 
tion  3).  The  method  converged  but  required  10^ 
trajectories.  The  large  number  of  trajectories  is  un- 
doubtably  due  to  the  dissociative  nature  of  the  prob¬ 
lem,  but  the  authors  also  identified  unstable  periodic 
orbits  as  a  contributing  factor. 

Far  fewer  studies  have  been  directed  at  chaotic 
dynamics.  Here  chaotic  trajectories  and  associated 
exponential  growth  cause  serious  convergence  prob¬ 
lems  for  the  oscillatory  integrals  that  dominate  IVR 
methods.  Kay  treated  bound  chaotic  systems  [12]  and 
noted  that  the  HK  method  was  not  very  successful 
due  to  chaotic  trajectories  which  caused  the  inte¬ 
grand  to  grow  exponentially.  To  resolve  this  problem 
Kay  proposed  discarding  excessively  unstable  trajec¬ 
tories,  an  ad  hoc  procedure  (which  we  term  HKK) 
that  produced  good  results.  Subsequently,  Campolieti 
and  Brumer  [13]  introduced  a  stationary-phase  ap¬ 
proach  that  automatically  weighted  chaotic  trajecto¬ 
ries,  obviating  the  need  for  arbitrary  truncation  of 
any  trajectories.  The  resultant  technique,  a  station¬ 
ary-phase  Monte  Carlo  (SPMC)  not  related  to  the 
HK  approach,  provided  good  results  for  bound 
chaotic  dynamics. 

Attempts  have  also  been  made  to  modify  the  HK 
integral  to  treat  chaotic  dynamics.  We  examine  two 
such  methods:  the  stationary-phase  Herman-Kluk 
(SPHK)  of  Herman  [7]  and  the  cellularized  frozen 
Gaussian  approximation  (CFGA)  of  Walton  and 
Manolopoulos  [6].  In  this  Letter,  we  will  consider 
these  three  modified  HK  methods  (HKK,  SPHK,  and 
CFGA)  and  compare  their  utility  on  a  number  of 
chaotic  systems.  We  also  include  a  comparison  with 
our  previously  proposed  stationary -phase  Monte 
Carlo  (SPMC)  method  [13].  Comparisons  are  made 
by  computing  the  Franck-Condon  spectrum  for  three 
2-dimensional  systems  of  varying  degrees  of  chaotic 
behavior  (Henon-Heiles  (HH)  and  quartic  oscillator 
potential).  Our  goal  is  to  assess  both  accuracy  and  to 
determine  the  method  which  requires  the  fewest 
trajectories  for  convergence.  The  results  are  com¬ 
pared,  and  the  SPHK  approach  is  found  to  be  the 
most  successful.  This  method  is  then  used  to  treat 
collinear  CO2  photodissociation.  We  show  that  the 
SPHK  method  can  obtain  reasonable  estimates  of  the 


spectrum  using  orders  of  magnitude  fewer  trajecto¬ 
ries  than  the  unmodified  HK  approach. 

Note  that  the  systems  we  consider  have  been 
examined  previously  by  some  type  of  semiclassical 
IVR  method  (Henon-Heiles  in  Ref.  [6];  quartic  os¬ 
cillator  in  Refs.  [12,13];  collinear  CO2  in  Ref.  [11]). 
However,  this  Letter  provides  a  systematic  compari¬ 
son  of  the  methods,  crucial  to  further  development  of 
this  area.  A  comparison  of  the  IVR  methods  applied 
to  chaotic  systems,  as  presented  in  this  Letter,  leads 
to  the  unambiguous  conclusion  that  the  SPHK  is  the 
best  of  the  four  approaches  for  the  properties  studied. 


2.  Semiclassical  propagation  of  wavefunctions 

In  Section  2,  we  outline  the  Franck-Condon  spec¬ 
tral  theory,  and  describe  the  four  IVR  procedures. 

The  absorption  spectrum  /(£),  the  quantity  we 
wish  to  compute,  can  be  expressed  as  the  Fourier 
transform  of  an  autocorrelation  function  [14] 

/(£)  =Re^/"jfexp(/£r/^)C(/).  (1) 

where  C(/)  =  <'*P^Q|exp(  — is  the  autocor¬ 
relation  function  for  an  initial  propagating  under 
Hamiltonian  H.  The  initial  state  is  chosen  to  be  a 
Gaussian  in  the  coordinate  representation 

Xexp(-a:|^'  -^1^  -I-  ip  •  {q'  -q)/hy 

(2) 

where  q  and  p  are  the  coordinate  and  momentum 
shift,  respectively,  and  a  is  a  width  parameter.  The 
(g,p)  phase  space  is  of  dimension  2d. 

A  wavefunction  at  time  t  is  given  in  terms  of  the 
wavefunction  at  time  zero  by 

fdx' K,(x,x')%(x'),  (3) 

where  K^{x,x*)  is  the  Feynman  propagator 
K,{x,x')  =  <jiflexp(  -i^t/^)lx'> .  (4) 
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The  autocorrelation  function  is  therefore  given  by 

C(0  =  /  dA:^o*(^)  /  (5) 

A  semiclassical  approximation  to  the  quantum 
wavefunction  at  t  is  obtained  by  replacing  by  a 
semiclassical  propagator  giving  the  semiclassi¬ 
cal  approximation  to  the  autocorrelation  func¬ 

tion. 

2.7.  Herman-Kluk  propagator 

To  appreciate  the  differences  between  the  semi¬ 
classical  propagators,  we  consider  the  structure  of 
each  method  studied.  The  HK  propagator  is  given  by 
[3] 


a  reasonable  choice  used  in  many  cases  [6,9,11,12, 
16]. 

Substituting  Eqs.  (2)  and  (6)  into  Eq.  (5)  and 
performing  the  x  and  x'  integrations  gives  the  HK 
representation  of  the  autocorrelation  function 


Xexp 


-^(p(0  +/»)  (9(0 -q) 


(p(0  -pf 

iah} 


exp 


a 


fipf 

X<x|p(?)9(r)a'0><pga'0U'>, 

(6) 

where 


=  Pi^')  ■  qiO  -  ,  (7) 


Here  q,p  denote  phase-space  points  at  /  =  0,  which 
evolve  classically  to  q(t),p(t)  at  time  t.  The  stability 
matrix  Af consists  of  the  sub-matrices  given  by 
=  dq(t)/dq,  =  dq(t)/dp,  =  dp(t)/dq, 

Mpp  =  dpit)/dp.  The  sign  of  the  prefactor  is 
chosen  to  keep  differentiable  at  all  times.  Note 
that  the  Maslov  index  does  not  appear  in  Eq.  (6); 
instead  R^^,  must  be  kept  differentiable  over  the 
entire  trajectory. 

The  quantity  or'  (Eq.  (6))  is  an  adjustable  parame¬ 
ter  [3],  which  defines  the  width  of  the  frozen  Gauss- 
ians  which  are  propagated  [15].  The  effect  of  varying 
a'  has  been  examined  by  Kay  [4]  for  the  HK,  who 
recommends  determining  a'  by  examining  energy 
conservation  of  a  wavepacket,  and  by  Herman  [7]. 
Below,  we  take  a'  —  a  for  the  initial  wavefunction. 


I  _  _  (p—p) 

(9) 

Eq.  (9)  is  the  unmodified  version  of  the  HK 
method  which  has  been  used  successfully  to  treat 
non-chaotic  systems  [4,9-11].  The  integrand  in  Eq. 
(9)  is  highly  oscillatory  due  to  rapid  variations  of  the 
phase,  and  7?^^^  can  grow  exponentially  fast  for 
chaotic  trajectories.  For  these  reasons  Eq.  (9)  is 
unable  to  provide  accurate  spectral  estimates  for 
chaotic  systems. 

A  simple,  surprisingly  successful  method  [12]  to 
treat  chaotic  systems  using  the  HK  propagator  is  to 
truncate  trajectories  when  the  prefactor  7?^^,  grows 
large  (HKK).  In  particular,  contributions  to  the  inte¬ 
gral  are  kept  until  |7?^^J^>79p  where  £),  is  some 
arbitrarily  defined  function  of  time. 

More  systematic  methods  involve  pre-averaging 
the  integrand  to  reduce  the  oscillatory  behavior 
[6,7,16-20],  e.g.  by  application  of  a  Filinov  trans¬ 
form  [21].  In  a  particular  Filinov  transformation  [7], 
the  oscillatory  2<i-dimensional  integral 

/=  JdzA(z)exp[i/(z)] ,  (10) 

is  replaced  by  the  approximation 

/  ~  4  =  7  dzA(z)  exp[iy(z)]exp[  -  e|V/(z)|^] . 

(11) 
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This  form  emphasizes  regions  of  stationary  phase  in 
the  integral,  and  contains  the  adjustable  parameter  e. 

In  general,  lim^  _►  o  4  ^  4  approaches,  as 

e  ->  00,  the  result  of  summing  over  stationary-phase 
points  [17,18].  For  computational  purposes,  e  should 
be  chosen  relatively  small  so  that  the  series  expan¬ 
sions  used  in  developing  4  are  valid  [18].  However, 
it  is  desirable  to  use  large  e,  since  fewer  trajectories 
are  needed  to  converge  4.  Unfortunately,  as  e-^oo^ 
determining  the  stationary-phase  points  becomes  in¬ 
creasingly  difficult,  and  any  brute  force  numerical 
implementation  is  bound  to  fail.  These  considera¬ 
tions  are  used  to  determine  a  suitable  e;  the  con¬ 
verged  Monte  Carlo  integral  should  be  stable  for  a 
range  of  non-zero  €.  This  range  is  typically  3-4 
orders  of  magnitude. 

2.2.  Stationary-phase  Herman-Kluk  approach 


2,3.  Cellularized  frozen  Gaussian  approach 

Another  method  based  on  the  Filinov  transforma¬ 
tion,  is  the  cellularized  frozen  Gaussian  approxima¬ 
tion  (CFGA)  of  Walton  and  Manolopoulos  [6].  Since 
the  expansions  used  in  deriving  the  CFGA  are  to  a 
higher  order  than  those  used  for  the  SPHK,  it  is 
possible  that  the  CFGA  will  be  able  to  obtain  the 
correct  result  for  larger  e,  and  hence  require  fewer 
trajectories. 

The  CFGA  result  is  [6] 


Applying  Eq.  (11)  to  Eq.  (9),  gives  the  first-order 
SPHK  approximation  [7,16,20] 


Xexp 


a 


-^(p(0  +p)  (9(0 -9) 


(p(0  -pf 


exp 


a  « 


'  {p  ~p) 

+  —(p+p)-(q-q) - rr- 


(12) 


where 


=  exp/  -  ^  •  (p(  t)  -p)  -  M,, 


(9(0-9)  -P+p)^(Af„-(p(0  -P) 


where 


^pqt 


(14) 


:MLM, 


(15) 


\  gg 

gp 

\  pg 

pp 

—Ml, 

2 

gg 

/  a 

+  — 

+  — 

U 

46 

a 

/, 


2  8  a 


M 

P9  2  *”*^‘”’*  '  ' 

^pp  —  ~2^9P^9P 


A.  =-MLM„„  + 
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b^  =  a[Mj^(q(t)-q)+{q-q)] 

+  {P-P)]^  (21) 

b^  =  a[Mj^iq(t)-q)\+^ 

^{^L(pO)  -p)  +  {p-p)] 

+  ^[^/p(?(0  -?)  -M^pipO)  -p) 

-(9-?)].  (22) 

(^pqt=2^i9(t)-9f  +  i9-9f] 

+  ^[(/»(0  +P)^(9(0-9) 

-(P+P)^(9-9)]  •  (23) 


Although  the  CFGA  introduces  significant  numer¬ 
ical  complexity,  it  has  been  used  successfully  to  treat 
2-  and  3-dimensional  bound-state  systems  [6],  and  to 
obtain  the  photodissociation  spectrum  of  Ar^P  [22]. 


2 A.  Stationary-phase  Monte  Carlo 


A  non-HK-based  propagator  can  also  be  used.  We 
consider  the  method  of  Campolieti  and  Brumer  [13] 
which  uses  the  first-order  stationary-phase  method 
applied  to  the  coordinate-based  expression  for  C{t). 
Methods  of  this  type  have  been  successfully  used  to 
treat  both  non-chaotic  and  chaotic  systems 
[4,13,19,23].  This  coordinate  propagator  yields  the 
following  result  for  the  autocorrelation  function  [5] 


C^^{t) 


hrih  I 


x// dp  d^ 

X%^{q)%{q{t)),  (24) 


Table  1 

Numerical  details  associated  with  the  spectra  in  Figs.  1-3  for  the  three  systems  studied 


Parameters 

Number  of 
trajectories 

Average 

(ff) 

Trajectories 

truncated 

HH  Case  1 

SPHK 

e=  10~^ 

2000 

428 

0 

SPMC 

e=  10"^ 

10000 

428 

0 

CFGA 

e=10-’ 

2000 

421 

8 

HKK 

D,  -  5000 

2000 

374 

24 

HH  Case  2 

SPHK 

6=10“* 

40000 

304 

0 

SPMC 

II 

o 

80000 

304 

0 

CFGA 

1 

o 

II 

40000 

241 

32 

HKK 

D,  =  1000 

40000 

133 

71 

Quartic  oscillator 

SPHK 

II 

O 

1 

o\ 

100000 

50 

0 

SPMC 

e=10-^ 

200000 

50 

0 

CFGA 

e=  10"^ 

100000 

6 

100 

HKK 

D,  =  lOOe®-^' 

100000 

6 

99 
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Scaled  Energy 


0  5  10  15  20  25 

Scaled  Energy 

Fig.  3.  Quartic  oscillator.  The  vertical  lines  are  some  of  the  dominant  quantum  eigenvalues  [28],  although  the  additional  peaks  (above  the 
noise)  also  reproduce  the  quantum  result. 
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Scaled  Energy 

Fig.  3  (continued). 


where  v  is  the  Maslov  index  and  the  initial  wave- 
function  is  given  by  Eq.  (2).  Applying  a  stationary- 


phase  procedure  to  Eq.  (24)  sinnilar  to  that  which 
generated  Eq.  (12)  from  Eq.  (9),  gives  the  sta- 
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tionary-phase  Monte  Carlo  (SPMC)  result  (it  is  as¬ 
sumed  that  the  Maslov  index  is  constant  within 
phase-space  regions) 


^  j  j  dp  d^  |detMjp|'^^e'^'’»'/^e'’^''/^ 

-a\q{t)-q\^  +  i(q(t)-q)-p/h], 

(25) 

where 

Ap„  =  exp|--^[(M„-(p(/)  +p)-(p+p)f 

+  {Mgp-(pO)+P)f]y  (26) 

This  result  is  quite  different  from  the  methods 
based  on  Herman-Kluk.  In  particular,  the  p  and  q 
are  treated  differently  in  this  equation.  Specifically 
the  p  integration  does  not  benefit  from  a  Gaussian 
decay  factor.  In  addition,  the  t  ->  0  limit  of  Eq.  (24) 
is  not  obvious  (it  does,  in  fact,  reproduce  the  result 
C*‘^(0)  =  1  [5]).  These  two  considerations  are  draw¬ 
backs  of  the  SPMC  method. 

The  differences  between  the  stationary-phase  con¬ 
ditions  for  SPHK  and  SPMC  should  also  be  noted. 
For  SPHK,  the  phase  contains  a  momentum  depen¬ 
dence  which  is  not  in  the  SPMC.  This  results  in  a 
stationary-phase  term  (Eq.  (13))  which  is  more  sym¬ 
metric  in  coordinate  and  momentum  than  that  for 
SPMC  (Eq.  (26)).  The  SPHK  is  therefore  expected  to 
be  better  at  damping  down  regions  of  phase  space 
which  contribute  a  negligible  amount  to  the  integral. 

3.  Results  and  discussion 

3.1.  Essentially  bound  systems 

In  Section  3.1,  we  compare  results  for  these  four 
semiclassical  IVR  methods  as  applied  to  increasingly 
chaotic  2-dimensional  bound-state  systems.  In  each 
case,  the  IVR  integrals  are  evaluated  by  Monte  Carlo 
integration.  A  box  Muller  transformation  [24]  is  used 
to  perform  the  p  and  q  integrals  for  the  HK-based 


methods  (HKK,  CFGA,  SPHK),  and  the  q  integral 
in  the  SPMC  method.  The  p  integral  in  the  SPMC 
method  is  carried  out  using  a  simple  Monte  Carlo 
method  over  a  rectangular  region.  The  spectra  are 
found  from  the  autocorrelation  function  by  an  FFT 
[24],  and  are  artificially  broadened  to  be  consistent 
with  previous  treatments  using  a  windowing  function 
W(t)  =  exp[-/V(2W^r)]. 

We  consider  two  cases,  a  modified  HH  Hamilto¬ 
nian  and  a  quartic  oscillator,  where  the  Hamiltonian 
H  =  (l/2)p^  +  V(^)  and  where  h=\.  The  modi¬ 
fied  2-dimensional  HH  system  [25]  has  the  potential 

V{qx,qy)  =  jw^ql  +  +  kq^qy  —  pq^y  . 

(27) 

We  consider  two  parameter  sets  [1,6]:  Case  1  has 
Wx  =  1.1,  Wy  =  1,  A  =  —0.11,  p  =  0.0,  a  —  0.5,  5jt 
=  0,  qy  =  A,  p  =  0,  Wy  =  57.0;  Case  2  has  =  Wy 
=  1,  A  =  0.111803,  /i,  =  0.037268,  a  =  0.5,  =  0, 
9^= -1.914,  p,  =  3.976,  =  0.961,  Wj.  =  57.0. 

TTie  average  Lyapunov  exponents  for  the  two  cases 
are  0.2  and  0.16,  respectively.  That  is,  these  systems 
are  only  mildly  chaotic.  The  systems  have  dissocia¬ 
tive  classical  trajectories  above  ~  15.125  and 
13.333,  respectively.  Such  trajectories  are  included 
in  the  phase-space  average  only  up  until  the  time  of 
dissociation.  The  final  time  is  taken  as  T  =  450. 

The  quartic  oscillator,  which  is  much  more  chaotic 
than  the  HH  potential  [26,27],  has  [28] 

^(.qx^qy)"=iqlqy  +  ~^{qt  +  qt)'  (28) 

with  [12]  p  =  0.01,  a  —  0.5,  =  0,  —  8.32,  p  = 

0,Wj^  =  17.7.  For  the  quartic  oscillator,  the  results  are 
presented  in  terms  of  the  scaled  energy,  (2£)^/'* 
[28],  In  this  case,  the  average  Lyapunov  exponent  is 
0.8,  which  is  an  order  of  magnitude  larger  than  for 
the  least  chaotic  HH  case  considered.  Since  the 


Table  2 

Average  Lyapunov  exponent  and  number  of  trajectories  to  con¬ 
verge  the  spectrum  using  the  SPHK  method 


A 

No.  of  trajectories 

HH  Case  1 

0.02 

2000 

HH  Case  2 

0.16 

40000 

Quartic  Case  2° 

0.83 

100000 

Quartic  Case  1 

0.93 

100000 

“/S  =  0.01,a  =  2.0,9^  =  O.qy  =  5.0, =  5.0, p,,  =  0,e  =  lO'*. 
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Fig.  4.  (a)  Single  trajectory  contributions  to  |C(r)|  and  (b)  the  stationary-phase  damping  term  with  e  =  10"’  for  HH  Case  2  (Eqs. 

(13)  and  (26));  solid  lines  are  SPHK,  dashed  lines  are  SPMC,  The  initial  conditions  for  the  trajectory  are  q  -q,p-p.  For  ease  of 
comparison,  the  term  is  not  included  in  the  |C(f)|  contribution. 


l(?)ol  IWol 
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Time  (a.u.) 

Fig.  5.  Results  for  CO2  photodissociation  with  10^  trajectories:  (a)  HK  autocorrelation,  dashed  line  is  one  standard  deviation  error  in  the 
Monte  Carlo  sum;  (b)  SPHK  autocorrelation  with  e-  10~^;  (c)  HK  spectrum  (dash)  and  SPHK  spectrum  (solid). 
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quartic  oscillator  is  a  confining  potential,  no  trajecto¬ 
ries  dissociate.  The  final  time  is  taken  as  T  =  50. 

The  quartic  oscillator  posseses  symmetry  [29], 
and  we  only  consider  states  with  Aj  symmetry,  i.e. 
wavefunctions  which  are  symmetric  under  reflec¬ 
tions  across  the  axes  and  symmetric  under  reflections 
across  the  diagonals.  An  arbitrary  function  G  can  be 
modified  in  the  following  manner  to  satisfy  Aj  sym¬ 
metry 

PAfi{^x^Px^^y^Py) 

+  G(qy,py-q^,-p]) 

-¥G(-q,-p,-q^-Py) 

+  G[-q,-p„q^,Py] 

+  G(q^,p^,-qy,-p^] 

+  G[qy,py,q„p^] 

-\-G[-q^-p^-q^-p^).  (29) 


Thus,  our  initial  Gaussian  wavefunction  is  replaced 
by  the  sum  of  eight  Gaussians. 

Table  1  contains  the  values  of  the  adjustable 
parameters,  the  number  of  trajectories,  the  average 
final  time  (/f)  of  the  trajectories,  and  the  percent  of 
trajectories  truncated  for  each  of  the  cases  studied. 
Note  that  although  the  CFGA  method  does  not  ex¬ 
plicitly  call  for  discarding  trajectories,  we  found  that 
the  complex  matrix  manipulations  required  the  trun¬ 
cation  of  trajectories  in  order  to  obtain  results  (these 
matrix  manipulations  have  previously  been  noted  as 
a  possible  weakness,  confirmed  herein,  by 
Garashchuk  and  Tannor  [9]).  Specifically,  we  found 
that  for  some  chaotic  trajectories  the  matrix  A^^, 
would  grow  to  such  a  size  as  to  make  inversion 
inaccurate.  If  these  trajectories  were  not  truncated 
then  the  integrand  grew  to  infinity  and  the  results 
became  meaningless.  Note  also  that  the  data  in  Table 
1  makes  clear  that  the  SPMC  method  requires  2-5 
times  the  number  of  trajectories  than  does  the  HK- 
based  methods  to  achieve  convergence. 

The  resultant  /(£)  for  all  cases  is  shown  in  Figs. 
1  and  3.  The  results  are  all  in  good  agreement  with 
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the  quantum  I{E)  [6,12]  except  for  the  extra  noise 
seen  in  the  SPMC  results.  Further,  a  comparison  of 
the  I{E)  in  Figs.  1  and  3  makes  clear  that  all  the 
HK-based  methods  are  in  basic  agreement  with  one 
another.  By  contrast,  the  SPMC  results  are  somewhat 
noisier  even  though  the  method  utilizes  more  trajec¬ 
tories. 

Table  2  shows  a  comparison  of  the  Lyapunov 
exponent  and  the  number  of  trajectories  required  for 
convergence.  Clearly,  increasing  A  necessitates  a 
larger  trajectory  sample.  As  is  evident  from  Fig.  3, 
however,  the  system  with  the  largest  A  need  not 
display  the  most  chaotic  spectrum  (compare  Fig.  2 
and  Fig.  3).  Rather,  in  the  case  of  the  quartic  oscilla¬ 
tor,  a  large  number  of  trajectories  had  to  be  run  in 
order  to  expose  the  underlying,  simple  autocorrela¬ 
tion  function.  Indeed,  for  the  quartic  oscillator  the 
HKK  methods  obtains  results  with  only  very  short 
time  trajectories.  This  is  because  the  correct  quartic 
oscillator  autocorrelation  function  is  quasiperiodic, 
so  that  a  nearly  correct  spectrum  would  result  from  a 
computation  over  a  single  period.  This  is  not,  how¬ 
ever,  a  general  result.  For  example,  the  HH  system 
requires  the  proper  computation  of  a  large  number  of 
resonances  since  the  autocorrelation  function  is  not 
quasiperiodic. 

Also  of  interest  is  the  extent  to  which  spectral 
results  can  be  obtained  with  a  small  number  of 
trajectories.  In  general,  the  spectrum  which  results 
from  using  fewer  trajectories  is  noisier.  However,  in 
many  cases  it  is  possible  to  determine  the  eigenval¬ 
ues  to  sufficient  accuracy  with  far  fewer  trajectories 
than  reported  in  Table  1 .  For  example,  all  HK-based 
methods  gave  good  results  for  the  HH  Case  1  with  as 
few  as  500  trajectories.  Similarly,  the  SPHK  quartic 
oscillator  spectrum  (€  =  10”^)  can  be  estimated  quite 
accurately  using  only  10"^  trajectories.  However, 
convergence  is  only  attained  with  10^  trajectories. 

Finally,  we  comment  on  the  inefficiency  of  the 
SPMC  method.  This  is  due  to  the  lack  of  localization 
of  the  p  integration.  That  is,  since  the  integrand  does 
not  contain  localizing  terms  of  the  form  exp[  — 
-pY]  or  exp[-  —p)^],  the  SPMC  relies  to  a 

greater  degree  on  numerical  cancellation  than  do  the 
HK  methods.  For  example.  Fig.  4  shows  the  differ¬ 
ence  in  single  trajectory  contributions  to  the  SPMC 
and  the  SPHK  methods.  Specifically,  the  single  tra¬ 
jectory  contribution  to  the  autocorrelation  (Fig.  4a)  is 


seen  to  be  both  much  larger  and  have  more  peaks  for 
the  SPMC.  Some  of  these  peaks  will  have  to  be 
cancelled  by  contributions  from  other  trajectories  in 
order  to  obtain  a  near  zero  result,  which  the  SPHK 
obtains  automatically.  The  stationary-phase  damping 
term  (Fig.  4b)  is  also  seen  to  be  smoother  and 
spends  less  time  near  unity  for  the  SPHK,  due  to  the 
extra  terms  in  Eq.  (13)  which  are  not  present  in  Eq. 
(26).  The  stationary-phase  procedure  therefore 
achieves  better  damping  of  chaotic  trajectories  for 
the  SPHK  than  it  does  for  the  SPMC. 

5.2.  Photodissociation 

Our  particular  interest  is  in  the  use  of  IVR  tech¬ 
niques  for  coherent  control  [30]  and  hence  for  pro¬ 
cesses  like  photodissociation.  Previous  studies  of  3D 
photodissociation  using  the  SPMC  method  [31] 
showed  good  results  but  required  many  trajectories. 
In  an  effort  to  see  the  utility  of  other  IVR  methods 
we  consider  collinear  CO2,  a  system  which  has  been 
previously  examined  in  great  detail  [11,32-34].  In 
particular,  we  compare  the  HK  and  SPHK  ap¬ 
proaches  to  explore  the  effect  of  the  stationary-phase 
method.  CO2  provides  an  interesting  case  because  its 
spectrum  depends  heavily  on  a  relatively  small  num¬ 
ber  of  periodic  orbits  [33,34].  For  example,  Walton 
and  Manolopoulos  studied  collinear  CO2  using  the 
HK  formalism  [11],  and  required  10^  trajectories  for 
convergence,  due  to  both  periodic  orbits  (specifi¬ 
cally,  the  symmetric  stretch  motion),  as  well  as  the 
dissociative  nature  of  the  system.  Here  we  extend  the 
SPHK  to  photodissociation  and  demonstrate  substan¬ 
tially  improved  efficiency  over  the  HK  approach. 

The  model  CO2  Hamiltonian  is  given  by  [33] 

H  =  -  -Lp,  +  V{R„R^)  (30) 

Z  fJL  ITIq 

where  R^  and  R^  are  CO  and  OC  interatomic  dis¬ 
tances,  and  p,  =  mQm(./{mQ  +  nif-).  The  potential 
used  is  the  LEPS  potential  [35],  parameters  are  taken 
from  Ref.  [32],  and  energy  is  measured  relative  to 
COj  dissociation.  The  initial  state  of  the  system  is 
given  by  Eq.  (2),  with  equilibrium  separation  R^  = 
9i~92“2.20  Uq,  p  —  0  a.u.,  a  =  69.2  The 
CO2  spectrum  was  computed  with  e=  10“’  from 
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the  autocorrelation  function  with  no  windowing 
function. 

Fig.  5  shows  the  autocorrelation  and  spectrum 
obtained  using  10^  trajectories  for  both  the  HK  and 
the  SPHK  methods.  As  can  be  seen  from  Fig.  5a,  the 
HK  autocorrelation  has  not  converged  for  large  times, 
resulting  in  an  inaccurate  representation  of  the  spec¬ 
trum  (Fig.  5c).  By  contrast,  the  SPHK  autocorrela¬ 
tion  is  well  converged  (Fig.  5b),  and  the  associated 
spectrum  is  in  good  agreement  with  quantum  results 
[32],  allowing  for  accurate  estimates  of  the  energy 
eigenvalues  (Fig.  5c).  Thus,  the  autocorrelation  and 
associated  eigenvalues  can  be  estimated  using  the 
SPHK  with  two  orders  of  magnitude  fewer  trajecto¬ 
ries  than  that  required  by  the  HK  method. 

The  extent  to  which  this  spectrum  agrees  with  the 
true  quantum  spectrum  was  found  to  depend  greatly 
on  the  choice  of  e.  If  €  is  chosen  too  large,  impor¬ 
tant  long  time  information  can  be  lost  (cf.  Section  2). 
Note,  however,  that  even  though  the  autocorrelation 
in  Fig.  5b  does  not  contain  the  actual  structure  of  the 
correct  CO2  autocorrelation  for  times  greater  than 
3000  a.u.  (due  to  an  insufficient  number  of  trajecto¬ 
ries),  it  does  contain  enough  of  the  actual  autocorre¬ 
lation  structure  to  provide  good  results  for  the  pho¬ 
todissociation  spectrum  (computed  from  all  time 
points).  This  is  largely  due  to  the  simplicity  of  the 
CO2  autocorrelation. 

Finally,  since  periodic  orbits  are  important  in  the 
CO2  system,  we  note  the  effect  of  the  stationary- 
phase  procedure  on  periodic  orbits.  For  the  important 
symmetric  stretch  periodic  orbits  in  the  CO2  system, 
Depqt"^^  for  6=10“^,  so  the  SPHK  procedure 
includes  the  symmetric  stretch  effects  which  are 
essentially  unmodified  from  the  HK  results.  This  is 
quite  different  from  a  HKK  treatment  which  would 
have  discarded  the  trajectory  once  the  prefactor 
became  large.  Trajectories  which  return  to  the 
Frank-Condon  region  but  which  are  far  from  peri¬ 
odic  have  0. 

4.  Conclusions 

We  have  applied  four  semiclassical  IVR  methods 
to  a  number  of  chaotic  systems,  in  order  to  determine 
the  method  with  best  overall  performance.  All  meth¬ 
ods  gave  reasonable  spectra  but  differed  in  utility. 


The  SPMC  method  required  more  trajectories  than 
any  of  the  HK-based  results,  due  to  the  lack  of  a 
Gaussian  damping  function  on  the  p  integral  in  Eq. 
(24).  Further,  the  noise  in  the  resultant  I{E)  was 
considerable,  and  an  expression  which  is  not  numeri¬ 
cally  tractable  at  r  =  0  made  this  the  least  effective 
method  of  those  studied. 

The  CFG  A  method  also  suffers  from  numerical 
difficulties  involving  matrix  inversion  when  the  tra¬ 
jectories  are  chaotic.  It  required  the  truncation  of 
trajectories,  a  procedure  which  we  prefer  to  avoid. 

The  HKK  is  still  seen  to  be  a  good  method  for 
chaotic  systems,  although  the  trajectory  truncation 
procedure  remains  unsatisfying.  Nonetheless,  this 
relatively  simple  method  was  able  to  provide  results 
which  matched  the  quality  of  the  more  numerically 
ambitious  methods. 

The  most  successful  of  the  four  methods  for 
calculating  the  bound-state  Frank-Condon  spectrum 
is  the  SPHK.  It  produced  accurate  results  and  did  not 
require  the  truncation  of  any  trajectories.  It  also 
produced  good  estimates  of  the  spectrum  for  collinear 
CO2  photodissociation  and  required  a  relatively  small 
number  of  trajectories.  The  SPHK  is  able  to  deter¬ 
mine  the  autocorrelation  for  chaotic  systems  very 
accurately,  and  requires  only  a  small  amount  of 
numerical  calculation  beyond  that  of  the  HK  method. 
Further,  the  SPHK  method  is  such  that  if  greater 
accuracy  is  required  one  can  decrease  the  smoothing 
parameter  e  giving  a  result  approaching  that  of  the 
converged  HK  method.  The  ability  of  SPHK  to  give 
reasonable  results  for  a  small  number  of  trajectories 
is  useful  for  initial  treatments  of  systems,  and  also 
allows  some  systems  to  be  solved  accurately  using 
only  modest  computing  power. 

The  HK-based  methods  were  found  to  be  espe¬ 
cially  well  suited  to  the  problem  studied,  where  the 
overlap  of  the  initial  and  time-evolved  wavefunction 
is  calculated.  However,  if  one  wishes  to  calculate  the 
propagated  wavefunction,  then  we  note  that  HK- 
based  methods  require  an  integration  over  the  full- 
phase  space  (q,p),  whereas  the  SPMC  requires  only 
an  integration  over  g-space.  This  extra  integration 
may  prove  advantageous:  Kay  has  shown  [4],  by 
calculating  the  overlap  of  the  semiclassical  wave- 
function  with  the  quantum  wavefunction,  that  the 
HK  for  non-chaotic  systems  (and  the  HKK  for  chaotic 
systems  [12])  produce  very  accurate  propagated 


44 


B.R.  McQuarrie,  P.  Brumer /  Chemical  Physics  Letters  319  (2000)  27-44 


wavefunctions.  These  results  suggest  that  HK-based 
methods  like  the  SPHK  should  be  useful  in  obtaining 
more  detailed  properties  of  the  system  (such  as 
photofragmentation  matrix  elements)  which  do  not 
rely  on  an  overlap  with  the  initial  state.  Work  in  this 
direction  is  in  progress. 
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A  laser-based  method  of  increasing  the  enantiomeric  excess  of  a  chiral  enantiomer  in  a  racemic  mix¬ 
ture  is  described.  Neither  the  initial  reagents  nor  the  incident  light  need  be  chiral.  Both  formal  and 
computational  results  show  that  enhancement  of  the  enantiomer  of  choice,  controlled  by  laser  parame¬ 
ters,  can  be  extensive. 

PACS  numbers:  31.10.  +  Z,  33.80. -b 


The  existence  of  enantiomers,  i.e.,  pairs  of  chiral 
molecules  related  to  one  another  through  inversion  /, 
is  one  of  the  fundamental  broken  symmetries  in  nature 
[1].  It  is  also  one  of  great  practical  importance  because 
biological  processes  are  often  stereospecific,  motivating 
a  long-standing  interest  in  asymmetric  synthesis,  i.e,, 
molecular  processes  which  preferentially  produce  one  of 
the  enantiomeric  pairs. 

It  is  a  long-standing  belief  that  asymmetric  synthe¬ 
sis  must  necessary  involve  either  reactants  or  reaction 
conditions  which  are  chiral  [2],  i.e.,  display  a  decided 
handedness.  Thus,  for  example,  previous  efforts  to  use 
light-matter  interactions  to  alter  the  enantiomeric  excess 
in  a  racemic  mixture  used  either  circular  or  elliptically 
polarized  light  [3].  Here  we  show  that  preferential  produc¬ 
tion  of  a  chiral  molecule  in  a  molecular  process  can  occur 
even  though  neither  the  system  Hamiltonian  nor  the  initial 
conditions  are  chiral.  In  particular,  we  show  that  one 
can  design  achiral  laser  scenarios  which  encode  quantum 
coherences  in  the  molecule  to  selectively  enhance  the  pro¬ 
duction  of  either  the  right-  (denoted  D)  ox  left-  (denoted 
L)  handed  enantiomer,  even  when  starting  with  a  racemic 
mixture. 

To  do  so  we  consider  a  molecule  with  two  enantiomers 
L  and  D,  with  a  common  excited  electronic  state  whose 
potential  surface,  denoted  G,  is  achiral  [4].  This  excited 
electronic  state  has  stationary  rovibrational  states  which 
are  either  symmetric  or  antisymmetric  with  respect  to  J. 
The  scenario  that  we  advocate,  which  is  a  significant  ex¬ 
tension  of  the  coherent  control  approach  [6,7],  is  described 
below.  In  particular,  a  racemic  mixture  of  L  and  D  is 
irradiated  with  a  well-defined  sequence  of  achiral  coher¬ 
ent  laser  pulses  to  form  a  specified  coherent  superposi¬ 
tion  of  rovibrational  states  of  G.  This  excited  system 
then  returns  to  the  ground  electronic  state  by  radiative 
emission.  By  successively  irradiating  the  system  and  al¬ 
lowing  radiative  emission  and  collisional  relaxation,  we 
show  that  one  can  enhance  the  concentration  of  either 
enantiomer  L  or  D  by  varying  the  laser  pulse  character- 
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istics.  We  call  this  scenario  the  “laser  distillation  of  chiral 
enantiomers.” 

Consider  then  the  time  dependent  Schrodinger  equation 
for  a  molecule  with  Hamiltonian  in  the  presence  of  a 
series  of  laser  pulses.  In  general  we  may  deal  with  lasers 
which  are  not  fully  coherent  but  for  simplicity  we  focus 
here  on  transform  limited  pulses  of  linearly  polarized  light. 
The  electric  field,  here  comprised  of  two  pulses,  is  given  by 
E(r)  =  Z*=o.iE*(i)  =  Z*.o.i2§*Re[ei(Oexp(ic<;tf)], 
where  Skit)  Is  the  pulse  envelope,  (Ok  is  the  central 
laser  frequency,  and  ik  is  the  polarization  direc¬ 
tion.  The  time  dependent  Schrodinger  equation  is 
iHd\^)/dt  =  Htotit)  1^)  with 

H,odt)  =  HM  (1) 

k 

and  /Ijt  is  the  transition-dipole  moment  for  the  electronic 
transition  induced  by  Ekit).  Expanding  |^)  in  eigenstates 
1 7)  of  the  molecular  Hamiltonian  [i.e.,  \  j)  =  Ej  \  j)]  as 

=  Xy  ^>exp('”/£’y  ?/^)  I7)  and  substituting  into  the 
Schrodinger  equation  gives  the  standard  set  of  coupled 
equations: 

=  7  X  exp(-iw;,r)  •  Et(r)  I  j) ,  (2) 

«  ji 

where  coji  =  {Ej  —  Ei)/h. 

As  an  example  of  an  effective  control  scenario,  con¬ 
sider  the  D  or  L  enantiomer  in  its  ground  electronic  states 
with  |D)  and  |L)  denoting  vibrotational  eigenstates  of  en¬ 
ergy  Eo  =  El.  We  choose  ei{t)  so  as  to  excite  the  sys¬ 
tem  to  two  eigenstates  |1)  and  [2),  of  energies  Ei  and 
E2,  of  the  electronically  excited  G.  The  states  |1)  and 
1 2)  are  coupled  by  an  additional  laser  field  (see  Fig,  1) 
EoU)-  Specifically,  we  choose  E{t)  to  be  composed  of 
two  linearly  polarized  light  pulses,  with  coq  in  near  reso¬ 
nance  with  o)2\  =  {E2  —  E\)/fi,  and  6>i  chosen  to  lie 
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FIG.  1.  Sample  control  scenario. 


between  =  {Ei  —  and  ^^20  =  (^2  “  Ed)I^ 

(see  Fig.  1).  In  this  case  only  four  molecular  states  are  rel¬ 
evant  and  |‘'P)  is  expanded  as 

1^)  =  bait)  cxpi-iEot/H)  \D}  +  bcit)  cxpi-iEit/H)  \L) 
+  blit)  G\pi-iEit/H)\l)  +  b2{t)  Qxpi-iE2t/h)\2). 

(3) 

Equation  (2),  in  the  rotating  wave  approximation,  is  then 
given  by 

bi  =  /exp(/Air)[ft^ifcz)  + 

+  i  exp(/A^^^r)flo^2 » 

b2  =  /exp(/A2r)[n^,2^o  +  ^tibi] 

+  i  cxpi-iA^^^t)[lob\ , 

bo  =  iQxp{-iAit)ilD,\bi  +  /  exp(-iA20i^D,2^2 » 
bi  ==  /exp(~/Air)ftL,i^i  +  /exp(-/A2r)nt.2^2. 

where  ilijit)  =  CIq  =  /t2?eo(0/^>  Ay  = 

(OjD  “  A^^^  ^  0)21  ^0^  where  fjijlf  = 

{i\^k  •  ejkl;),  with  i  =  D,L;  ^  =  0,1  and  j  =  1,2. 
Note,  to  avoid  confusion,  that  all  computations  carried 
out  below  assume  that  the  initial  state  is  either  |D)  [i.e., 
^l(O)  =  0]  or  \L)  [i.e.,  boiO)  =  0].  No  initial  superposi¬ 
tion  of  Id)  and  |L)  is  assumed. 

The  essence  of  the  laser  distillation  process  lies  in  choos¬ 
ing  the  laser  of  central  frequency  coi  so  that  it  excites  the 
system  to  a  state  |1)  which  is  symmetric  with  respect  to 
the  inversion  operation  J,  and  to  a  state  |2)  which  is  an¬ 
tisymmetric  with  respect  to  I.  By  contrast,  |D)  and  \L) 
do  not  share  these  symmetries  but  are  related  to  one  an¬ 
other  through  inversion  (i.e.,  J|D)  =  ““IL),  J|L)  =  “Id) 
whereas  Ill)  =  jl),  J|2)  =  “-|2)).  Hence,  £i(r)  is  cho¬ 
sen  unimodal  if  |1)  and  |2)  are  adjacent  levels,  or  bimodal 
if  the  pulse  needs  to  be  shaped  to  predominantly  excite 
states  of  the  desired  symmetries.  Note  that  |D)  and  |L) 
are  not  eigenstates  of  the  parity  operator  or  of  Hm*  Hence 


there  are  no  parity  constraints  [5,8]  preventing  either  the 
dipole  excitation  of  both  |1)  and  |2)  from  |D)  and  |L},  or 
dipole  transitions  between  |1)  and  \2). 

To  consider  the  nature  of  the  Rabi  frequencies  fl  in 
Eq.  (4)  we  rewrite  |D)  and  \L)  in  terms  of  a  symmet¬ 
ric  state  \S)  ==  [Id)  ““  |L)]/2  and  an  antisymmetric  state 
\A)  =  [|D)  +  |L)]/2.  The  relevant  matrix  elements  are 
then  of  the  form: 

(1|/.»)|D)  =  <1|ac(‘)1A  +  5)  =  (1|m(«|A), 

-  5)  = 

=  (2|/i(‘)lA  +  5)  =  <2|m“’|5), 
<2|/t<'>|L)  =  <2|;a('>|A  -  5)  =  -<2|/i»)|5). 

That  is,  Xlo.i  =  LIl.i,  ^d,2  =  and  Eq.  (4)  there¬ 

fore  becomes 

bi  —  /  exp(/Air)fl^  +  bi]  +  /  exp(/A^^^r)fto^2  > 

b2  =  iQxpiiA2t)Cl*p2[bD  “  b^]  +  /  exp(“-/A^^^Ofto^i , 
bo  =  iexp{-iA\t)Clo,ibi  +  /  exp(-iA20f^£>,2^2  > 
bi  ==  iexp(-/Air)fl£),i^i  /exp(-^A20^^o,2^2  • 

The  essence  of  optically  controlled  enantioselectivity 
lies  in  the  relationship  fl£)^2  ~  ”^^l.2  and  its  effect  on 
the  dynamical  equations  for  the  level  populations  [Eq.  (6)]. 
Note  specifically  that  the  equation  for  boit)  is  different 
than  the  equation  for  biit),  due  to  the  sign  difference  in 
the  last  term  to  Eq.  (6).  Although  not  sufficient  to  ensure 
enantiomeric  selectivity,  the  ultimate  consequence  of  this 
difference  is  that  populations  of  |D)  and  |L)  after  laser 
excitation  are  different  in  the  presence  of  radiative  coupling 
between  levels  |1)  and  |2). 

To  obtain  quantitative  estimates  for  the  extent  of 
obtainable  control  we  have  numerically  solved  Eq.  (4) 
for  model  cases  assuming  Gaussian  pulses:  e^it)  == 
)S^exp{“[(r  “  k)/ote]^}  (^  =  0, 1)  and  system  pa¬ 
rameters  (l|/i^^^|D)  =  (llyifc^^^lL)  =  (2|/i^^^|L)  = 

—{2\fj}^^\D)  ==  1  a.u.,  (Il/i^l2)  =  1  a.u.,  (^2.1  = 

100  cm”^  and  A^^^  =  0.  Figure  2  displays  the  final 
probabilities  Pq  =  Pi  =  I^l(°°)P  in  ID)  and 

iL),  after  a  single  pulse  sequence,  for  a  variety  of  pulse 
parameters.  Results  are  shown  for  various  values  of  Ai 
at  various  different  pulse  powers  assuming  that  one  starts 
solely  with  D,  solely  with  L,  or  with  a  racemic  mixture 
of  both  enantiomers.  Clearly,  the  responses  of  D  and 
L  to  the  pulses  are  quite  different  and,  for  particular 
parameters,  one  can  significantly  enhance  the  population 
of  one  chiral  enantiomer  over  the  other.  For  example,  for 
Ai  =  —125  cm“^  =  /Si  =  1.5  X  10"“^,  a  racemic 
mixture  of  D  and  L  can  be  converted,  after  a  single  pulse, 
to  an  enantiomerically  enriched  mixture  with  predomi¬ 
nantly  D.  Tuning  to  Ai  =  25  cm“^  at  the  same  power 
results  in  a  significant  enhancement  of  L. 

Figure  2,  however,  only  provides  input  into  a  computa¬ 
tion  of  the  overall  result.  In  the  overall  process  we  begin 
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FIG.  2.  Probabilities  of  populating  the  |Z))  (solid  lines)  and  |L) 
(dot-dashed  lines)  after  laser  excitation,  but  prior  to  relaxation,  as 
a  function  of  Ai .  Three  different  cases  are  shown,  corresponding 
to  three  different  initial  conditions:  (1)  only  state  |L)  occupied, 
(2)  only  state  \D)  occupied,  and  (3)  both  \D)  and  |L)  equally 
occupied.  Results  are  shown  for  three  different  laser  powers 
ip  =  pQ  =  ^i),  where  Gaussian  pulses  are  assumed  with  ao  = 
ai  —  0.15  psec,  and  /q  “  ti. 

with  an  incoherent  mixture  of  Np  molecules  of  type  D  and 
Ni  molecules  of  type  L,  In  the  first  step  the  system  is  ex¬ 
cited,  as  above,  with  a  laser  pulse  sequence.  In  the  second 
step,  the  system  collisionally  and  radiatively  relaxes  so  that 
all  the  population  returns  to  the  ground  state  to  produce  an 
incoherent  mixture  of  iL)  and  \D).  This  pair  of  steps  is 
then  repeated  until  the  populations  of  \L)  and  |D)  reach 
convergence. 

To  obtain  the  result  computationally  note  that  the  popu¬ 
lation  after  laser  excitation,  but  before  radiative  relaxa¬ 
tion,  consists  of  the  weighted  sum  of  the  results  of  two 
computations:  Np  times  the  results  of  laser  excitation 
starting  solely  with  molecules  in  |D),  plus  Nl  times  the 
results  of  laser  excitation  starting  solely  with  molecules 
in  iL).  If  Pp  and  Pi  denote  the  probabilities  of  \D) 
and  |L)  resulting  from  laser  excitation  assuming  the 
first  of  these  initial  conditions,  and  Pp  and  Pi  for  the 
results  of  excitation  following  from  the  second  of  these 
initial  conditions,  then  the  populations  of  |D)  and  \L) 
after  laser  excitation  of  the  mixture  are  NpPp  +  NiPp 
and  NpPi  +  NiPi,  respectively.  The  remainder  of  the 
population,  Nd[1  -  Pd  -  Pl]  +  -  P'd  -  P'lI 

is  in  the  upper  two  levels  |1)  and  |2).  Radiative 
emission  from  levels  |1)  and  |2)  then  follows,  with 
the  excited  population  dividing  itself  equally  be¬ 
tween  |D)  and  |L).  The  resultant  populations  3^p 
and  3^1  is  ground  state  |D)  and  |L)  are  then  3Pp  = 
Q.5Np[\  +  Pp-  Pi\  +  Q.SNill  +  Pp  -  Pl]  and 
3^1  —  Np  Ni  —  3pp. 

The  sequence  of  laser  excitation  followed  by  col- 
lisional  relaxation  and  radiative  emission  is  then 
iterated  to  convergence,  i.e.,  3Pp  =  Np,  and  3Pi  = 
Ni.  These  conditions  reduce  to  Np{\  —  Pp  +  Pi)  = 
Ni{\  +  Pp  —  Pl).  If  the  total  population  is  chosen  to  be 


normalized  (Np  +  Ni  —  \),  then  the  final  probabilities 
'Pd^  Pl  of  populating  states  jD)  and  |L)  are 


\  +  p'd-  P'l 
2  -  Pd  +  Pl  +  P'd  -  P'l 


(7) 


with  Pl  =  I  -  Pp. 

Results  for  the  converged  probabilities  for  the  cases  de¬ 
picted  in  Fig.  2  are  shown  in  Fig.  3.  The  results  clearly 
show  substantially  enhanced  enantiomeric  ratios  at  various 
choices  of  control  parameters.  For  example,  at  =  jSo  = 
ySi  =  1.5  X  10^^,  tuning  Ai  to  50  cm""^  gives  a  prepon¬ 
derance  of  L  whereas  tuning  to  the  Ai  =  -125  cm”^ 
gives  more  D. 

Numerous  parameters  in  this  system,  such  as  the  pulse 
shape,  time  delay  between  pulses,  pulse  frequencies,  and 
pulse  powers,  etc.,  can  be  varied  to  affect  the  final  L  to 
D  ratio.  For  example,  Fig.  4  shows  the  dependence  on 
the  ratio  of  field  strengths  )8o/)8i  for  various  values  of 
Ar  =  ro  ■“  ^1-  Changing  these  parameters  is  clearly  seen 
to  alter  the  L  to  D  ratio. 

Conditions  on  the  structure  of  the  molecule  under  which 
this  method  is  applicable  have  been  described  above  and 
such  molecules  are  expected  to  exist  [4].  However,  in 
many  cases  an  excited  state  G  with  the  required  charac¬ 
teristics  does  not  exist  below  the  dissociation  energy.  In 
such  cases  one  may  be  able  to  apply  the  laser  distilla¬ 
tion  procedure  by  adding  a  molecule  B  to  the  initial  L,  D 


Converged  Result 
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FIG.  3.  Results  for  the  cases  in  Fig.  2,  but  after  a  convergent 
series  of  steps  comprised  of  radiative  excitation,  followed  by 
collisional  and  radiative  relaxation. 
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Converged  Result 


At=0.125  ps 


A  t=0  ps 


FIG.  4.  Converged  results  as  a  function  of  field  strength  ratios 
with  Ai  =  0.  Qfo  =  =  0.25  psec,  and  P\  —  1.0  X  a.u. 

for  three  values  of  Ar. 


(L)  +  (B)  (L-B)  (B-D)  (B)  +  (D) 


(G) 


FIG.  5.  Sample  scenario  for  enhanced  enantiomeric  selectivity 
in  a  racemic  mixture  of  two  chiral  alcohols  related  by  inversion. 
An  alcohol  and  a  ketone  exchange  two  hydrogen  atoms  so  as  to 
produce  the  ketone,  but  with  an  alcohol  of  reverse  handedness. 
Here  A  and  X  are  distinct  organic  groups;  dashes  denote,  in  the 
upper  panel,  hydrogen  bonds.  The  electronically  excited  species 
G  is  postulated  to  be  given  by  the  structure  at  the  bottom  of  the 
figure. 


State  which  does  not  have  these  transformation  properties. 
Radiatively  coupling  the  states  in  the  superposition  then 
allows  for  the  transition  probabilities  from  L  and  D  to 
differ,  allowing  for  depletion  of  the  desired  enantiomer. 
Work  is  in  progress  to  obtain  qualitative  insights  into  the 
essence  of  this  symmetry  breaking  scheme  and  to  design 
other  scenarios  based  on  a  common  symmetry  breaking 
principle. 

This  research  was  supported  by  internal  funds  of  the 
Weizmann  Institute  of  Science  and  by  the  Natural  Sciences 
and  Engineering  Research  Council  of  Canada. 


mixture  to  form  weakly  bound  L  —  B  and  B  —  D,  which 
are  themselves  right-  and  left-handed  enantiomeric  pairs. 
The  molecule  B  is  chosen  so  that  electronic  excitation  of 
B  -  D  and  L  —  B  forms  an  excited  species  G  which  has 
stationary  rovibrational  states  which  are  either  symmetric 
or  antisymmetric  with  respect  to  inversion  through  J.  The 
species  L  —  B  and  B  —  D  now  serve  as  the  L  and  D  enan¬ 
tiomers  in  the  general  scenario  above  and  the  laser  distilla¬ 
tion  procedure  described  above  then  applies.  Further,  the 
molecule  B  serves  a  catalyst  that  may  be  removed  from  the 
final  product  by  traditional  chemical  means. 

For  example,  L  and  D  might  be  the  left-  and 
right-handed  enantiomers  of  a  chiral  alcohol,  and  B  is  the 
ketone  derived  from  this  alcohol  (see  Fig.  5).  In  this  case, 
preliminary  studies  [9]  of  the  electronic  structure  of  the 
alcohol-ketone  system  show  that  there  are  weakly  bound 
chiral  alcohol-ketone  minima  in  the  ground  electronic 
state,  as  desired;  further  work  is  in  progress  to  determine 
the  excited  state  structures  [9]. 

In  summary,  we  have  shown  that  a  chiral  outcome,  the 
enhancement  of  a  particular  enantiomer,  can  arise  by  co¬ 
herently  encoding  quantum  interference  information  in  the 
excitation  of  a  racemic  mixture.  The  fact  that  the  initial 
state  displays  a  broken  symmetry  and  that  the  excited  state 
has  states  which  are  either  symmetric  or  antisymmetric 
with  respect  to  I  allows  for  the  creation  of  a  superposition 
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The  application  of  coherent  control  to  modify  the  real  and  imaginary  parts  of  the  refractive  index  n  of  a 
material  is  described.  Parameters  to  control  the  refractive  index,  and  to  minimize  absorption,  are  identified.  An 
application  to  gaseous  N2  shows  that  extensive  control  over  n  is  possible. 
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There  is  considerable  ongoing  interest  in  manipulating 
quantum  interference  effects  in  order  to  alter  the  nonlinear 
optical  properties  of  materials  [1].  Here  we  show  that  one  of 
the  earliest  coherent  control  scenarios  [2,3]  affords  a  versa¬ 
tile  means  of  significantly  increasing  or  decreasing  the  re¬ 
fractive  index  of  molecules  both  off  resonance  and  near  reso¬ 
nance.  Previous  work  on  modifying  the  refractive  index 
through  coherence  effects  includes  Refs.  [4-6].  Harris  and 
co-workers  [4]  focuses  on  broadband  generation  with  con¬ 
comitant  reduction  of  the  index  of  refraction  in  the  case 
where  electromagnetically  induced  transparency  (EFT)  is 
used  to  establish  maximal  two-level  coherence  (i.e.,  |ciP 
=  |c2p=0.5  below).  Hau,  Harris,  and  co-workers  [5]  invoke 
EIT  in  a  Bose-Einstein  condensate  to  modify  the  refractive 
index  of  sodium  atoms  by  many  orders  of  magnitude,  slow¬ 
ing  down  the  speed  of  light  in  this  medium  to  «^17  m/sec. 
Scully  [6]  focuses  on  increasing  the  refractive  index,  with 
low  absorption,  near  resonances.  By  contrast,  this  work  in¬ 
troduces  new  control  parameters  in  the  weak-field  regime 
that  allow  for  direct  and  extensive  control  over  the  real  and 
imaginary  parts  of  the  refractive  index  both  off  resonance 
and  near  resonance. 

We  consider  a  system  that  has  been  prepared  (e.g.,  by 
two-photon  excitation)  in  a  superposition  state 

l</'(f)>  =  Ci|<;6i)exp(-iE,/M)  +  C2|^2)exp(-»£2f/*) 

(1) 

of  Hamiltonian  eigenstates  1 4>i)  of  energy  £,  and  that  is  then 
subjected  to  two  cw  fields  of  the  form 

et=[^texp(ift)if)  +  F^  exp(-jwtf)]fit.  (2) 

where  is  the  unit  vector  along  choose  (a>2“CUi) 

=  {E2—Ei)/h={l2\ ,  so  that  excitation  of  |<^i)  by  Wj  and  of 
|02)  by  0)2  lead  to  the  same  energy  E  =  E|  +  ^cui  =  E2 
+  ho)2  [2].  Our  interest  is  in  modifying  the  refractive  index 
of  the  material  at  frequencies  6>i  or  6)2.  We  examine  the  case 
of  isolated  molecules,  or  molecules  in  a  very  dilute  gas, 
where  collisional  relaxation  and  dephasing  effects  can  be  ig¬ 
nored.  Further,  the  system  and  states  are  chosen  so  that  the 
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radiative  decay  of  and  |<^2)  is  negligibly  small  on  the 
time  scale  associated  with  observing  the  effect  described  be¬ 
low. 

An  application  of  first-order  perturbation  theory  gives  the 
average  value  of  the  resultant  system  dipole  moment  as 


m 

(3) 


where  is  the  transition-dipole  matrix  ele¬ 

ment,  and  c.c.  denotes  the  complex  conjugate  of  the  sum  that 
precedes  it  and  where  the  sum  is  over  all  |  (f>^) .  Here 


M) 


it) 


Ft 


^i(nmi  +  6)i)r 


+  F, 


Jfe*! 

’^m2 +  «>*-<>/’ 


(4) 


where  y  is  the  average  linewidth  of  bound  levels  that  has 
been  introduced  phenomenologically,  Cl„„  =  (E„-E„)ffi, 
=  and  =  Here  we  assume 

that  (a)  the  cw  fields  are  turned  on  at  r— >  —  00,  at  which  time 
the  system  is  in  its  initial  superposition  state  [Eq.  (1)];  (b)  the 
medium  has  no  permanent  dipole  moment;  and  (c) 
—  0  due  to  parity  requirements  discussed  later  be¬ 
low.  Inserting  Eq.  (4)  in  Eq.  (3)  gives  32  term  contributions 
to  {/jl):  half  are  proportional  to  |cip  or  |c2|^  and  hence 
involve  the  independent  effects  of  W]  and  o>2  and  half,  pro¬ 
portional  to  Cicf(i¥^j),  are  interference  terms  originating 
from  the  fact  that  we  are  dealing  with  an  initial  coherent 
superposition  of  Of  these  16  interference  terms,  eight 
do  not  oscillate  with  frequency  or  0)2  and  hence  do  not 
contribute  to  the  susceptibility  ;^(w)  at  these  frequencies. 
Noting  that  /ji(o))  =  (€Q/p)xio))F{o))cxp{io)t),  where  eo  is 
the  permittivity  of  the  vacuum,  F(ci))  is  the  electric  field  at 
frequency  (o,  and  p  is  the  density  of  material,  and  using  the 
expression  for  fi{o))  obtained  as  described  above,  we  have 
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+  \ci?ij-lmij-m2\  o  +  o  4.;. - J. 


+{crc2FpFr) 


^m2  +  0il~iy 


(5) 


eo^Y(w2)/p 
=2  hi- 


1 


1 


+  k2lV2m/im2 

+  (c,c*Ff/F*) 


^m\-0i2-iy  fiml  +  "2-'r, 

1  1 
-+■ 


i^m2-‘^2-'r  ^m2  +  <^2-iy 


^m2-<^2-iy  ^m\  +  ‘^2-iy 


(6) 


Below  we  assume  that  all  of  the  incident  light  is  linearly 
polarized  along  the  z  axis  and  denote  the  laboratory  zz  com¬ 
ponent  of  X  as  Xzz  •  The  desired  index  of  refraction  is  given 

by  n(w/)  =  Vl  +Azz(^j)*  Control  over  both  the  real  and 
imaginary  parts  of  n(ci>)  is  of  interest. 

Examination  of  Eqs.  (5)  and  (6)  shows  that  a'(^‘>)  is  com¬ 
prised  of  two  terms  that  are  proportional  to  [c/p  and  that  are 
associated  with  the  traditional  contribution,  plus  two  field- 
dependent  terms,  proportional  to  dij-cfcjFffFf,  which 
results  from  the  coherent  excitation  of  |0i)  and  |</»2)  to  the 
same  total  energy  £=£i  +  ftcai=£2'*"^^2*  ^  conse¬ 

quence,  changing  dij  alters  the  interference  between  excita¬ 
tion  routes  and  allows  for  coherent  control  over  the  suscep¬ 
tibility,  and  hence  control  over  the  refractive  index. 
Experimentally,  this  control  is  achieved  by  altering  the  pa¬ 
rameters  in  the  state  preparation  in  order  to  affect  Ci,C2 
and/or  by  varying  the  relative  phase  [7]  and  relative  magni¬ 
tude  of  Fi  ,^2- 

Three  comments  are  in  order.  First,  with  |^i)  and  |^2) 
assumed  to  belong  to  the  same  electronic  state,  nonzero  di¬ 
pole  products  such  as  require  that  |<^i)  and  |<^2) 

of  the  same  party.  Thus,  a  superposition  state  that  allows  for 
control  must  be  prepared  via  a  parity-preserving  process, 
e.g.,  by  two-photon  absorption.  In  this  case,  using  a  laser  of 
frequency  and  of  field  amplitude  FpSp ,  gives 


^12“  2 
n 


2* 

P 


n 


(7) 


Here  the  superscript  denotes  the  component  of  the  vector 
matrix  element  along  ep .  Second,  Eqs.  (5)  and  (6)  make 
clear  that  control  over  x{(Oi)  is  expected  to  be  substantial  if 
F^IFj  is  large.  However,  under  these  circumstances  control 


over  xi^j)  is  minimal  since  the  corresponding  interference 
term  is  proportional  to  FjlF^.  Hence,  effective  control  over 
the  refractive  index  is  possible  only  at  one  of  Wi  or  o>2. 
Third,  the  assumption  of  perturbation  theory  implies  that 
|c2p  cannot  exceed  *^0.2,  the  value  used  below. 

As  an  example  of  this  general  theory  we  consider  modi¬ 
fying  the  refractive  index  of  gaseous  N2.  Sample  control 
results  for  n(a)),  both  off  resonance  and  near  resonance,  are 
shown  below.  The  off-resonance  computations,  carried  out  to 
convergence,  included  over  120  transition  dipole  matrix  ele¬ 
ments  from  rovibrational  states  of  the  ground  elec¬ 
tronic  state  to  the  vibrotational  states  of 

c'n„,  and  0'n„  electronic  states.  The  near¬ 
resonance  computations  approximate  N  2  as  a  three-level  sys¬ 
tem.  We  assume  the  Condon  approximation,  use  the  elec¬ 
tronic  dipole  transition  matrix  elements  of  Stahel  et  al  [8] 
with  radial  wave-function  overlap  calculated  via  uniform 
WKB,  and  include  all  vibrotational  states  needed  for  conver¬ 
gence.  Control  is  shown  as  a  function  of  the  relative  laser 
phase  6— 26 p^'  62-^  Ox  where  Bp  is  the  phase  of  F*  and 
1,2)  is  the  phase  of  Ff  . 

Figure  1  shows  the  dependence  of  the  real  [panel  (a)]  and 
imaginary  [panel  (b)]  parts  of  Ai(a)i)==Ai'(o>i)4*m"(a)i), 
which  are  linked  by  causality,  on  1^2 /Fj  for  various  differ¬ 
ent  values  of  6.  Results  are  shown  for  the  nonresonant 
excitation  of  a  superposition  state  comprised  of  |0i) 
=  ki=0,y,  =  0,A/,  =  0)  plus  |(^2)  =  k2=0.'^2=2,M2  =  0), 
where  lc2k=0.2,  cu,  =  3X10'^  Hz,  and  <02  =  2.99775 X lO'® 
Hz.  The  quantities  ,M,)  denote  quantum  numbers  for 
vibration,  rotation,  and  for  the  projection  of  the  angular  mo¬ 
mentum  along  the  z  axis. 

Consider  first  the  case  of  0=  -  'nil.  Here  n"(wi)  =  0  (i.e., 
no  absorption  of  the  field)  and  /z'(a)|)  is  seen  to  grow  lin¬ 
early  on  the  log-log  plot  for  |F2/Fi|)10;  i.e.,  once  the  inter¬ 
ference  term  in  Eq.  (6)  dominates.  Extensive  control  over  n' 
is  evident;  e.g.,  n'  has  changed  by  well  over  10%  by 
|F2/Fi|~10^  This  is  in  sharp  contrast  with  the  tiny 
refractive-index  changes  associated,  for  example,  with  the 
optical  Kerr  effect  or  self-focusing  (e.g.,  changing  the  index 
of  refraction  of  N2  by  as  little  as  10"’^  via  either  of  these 
effects  requires  laser  intensities  of  >  10^^  W/cm^). 

Figures  1(a)  and  1(b)  display  a  broad  range  of  behavior  of 
n'  and  /i".  For  example,  for  the  case  of  0=0  and  tt  the  n' 
increases  for  1^2 /Fi|>  1100.  For  0=0  this  increase  is  ac¬ 
companied  by  positive  and  hence  by  the  absorption  of  the 
field.  By  contrast,  the  case  of  0=  tt  shows  negative  n",  i.e., 
the  field  is  amplified.  Also  of  interest  is  the  case  of  0=  7r/2, 
which  shows  rapidly  decreasing  n*  with  increasing  F2/F1, 
accompanied  by  zero  n". 

Additional  computations  indicated  a  strong  dependence  of 
control  on  |c/|  and  on  the  particular  choice  of  |<^/).  For  ex¬ 
ample,  results  for  initial  superpositions  comprised  of  |<^j) 
=  |ui=0,/i  =  0,Afi  =  0)  and  |<^2)  =  l^^2»72,A/2=0)  de¬ 
pended  weakly  on  the  choice  of  72~^  or  72  "^2,  but  were 
heavily  dependent  on  i;2- particular,  the  larger  the  V2,  the 
smaller  the  n'  at  fixed  IF2/F1I.  This  behavior  is  a  direct 
consequence  of  the  reduced  size,  for  larger  Vi,  of  the  radial 
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FIG.  1.  Dependence  of  n(<o)  on  F2IF1  in  N2  (in  the  superpo¬ 
sition  state  described  in  the  text)  for  different  values  of  the  relative 
laser  phase  $.  (a)  Real  part  n'{w)  for  0=  -7r/2  (solid),  ^=0  and  ir 
(dashed),  and  d—irll  (dot-dashed);  (b)  imaginary  part  /i"(£o)  for 

—  and  7r/2  (solid),  ^=0  (dashed)  and  d—TT  (dotted). 

overlap  matrix  elements  which,  in  turn,  lower  the  value  of 
dipole  products  such  as  hence  reduce  the  in¬ 

terference  contribution. 

Altering  \c\\,  either  in  a  controlled  fashion  or,  e.g.,  due  to 
thermalization  of  population  among  various  states,  leads  to  a 
change  in  n.  For  example,  Fig.  2  shows  n'  for  the  case  of 
^=-7r/2,  but  where  coefficients  |c|p  are  extracted  from 
state  populations  at  T=29^°  K.  Two  examples  are  shown, 
the  first  is  associated  with  having  prepared  a  superposition  of 
|yj  =  0,/i  =  0,Mi  =  0)  with  |u2=  ^he 

second  for  a  density  matrix  comprised  of  (2Ji  + 1 )  of  super¬ 
positions  of  lu]  =  0,7i  =  6,M;)  with  \v2=^J2~^Mi)y  Mi 
=  “7i  to  7i,  where  (ui  =  0,7i  =  6)  is  the  most  populated 
state  at  the  given  T.  These  superpositions  (only  a  part  of  the 
full  density  matrix)  would  result  from  preparation  via  exci¬ 
tation  [Eq.  (7)]  that  is  two-photon  resonant  with  the  energy 
spacing  between  the  indicated  levels.  The  results  in  Fig.  2 
show  a  significant  reduction  in  control  over  that  shown  in 
Fig.  1.  Nonetheless,  extensive  control  is  predicted. 

Consider  now  near-resonant  excitation  of  the  superposi¬ 
tion  state  used  in  Fig.  1.  Excitation  with  6)1  =  1.900  884279 
X 10^^  Hz,  and  6)2=  1.900 659 420X  10*^  Hz  excites  the  sys- 


FIG.  2.  Dependence  of  n'{(o)  on  F2/F1  for  a  superposition  of 
|i;  1  =  0,71  =  0,Af  1  =  0)  with  |i;2”  l»72  =  0,Af2  =  0)  where  (solid  line) 
molecules  are  in  the  ground  state  with  |ci|^  determined  by  thermal 
populations  at  7=298°  K  and  (dashed  line)  for  a  density  matrix 
comprised  of  superpositions  of  |y  1  =  0,7i  =  6, A/ 1  =  ( ^ 6  to  6)}  with 
|i;2=L72  =  6,A/2  =  (-6  to  6)). 


FIG.  3.  Real  and  imaginary  parts  of  the  index  of  refraction  of  N2 
as  a  function  of  the  detuning  A  for  the  initial  superposition  state 
described  in  the  text  with  F2/F|=1000.  (a)  0=-irl2,  (b)  9 
=  7r/2+10"^ 
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tem,  on  resonance,  to  the  |i;  =  0,7=  1,A/  — 0)  bound  state  of 
energy  of  the  electronic  state  of  N2.  Consider  then 
the  refractive  index  as  a  function  of  detuning  A  (i.e.,  E 
-Ex-¥ho}x  —  E2+ho)2  —  Ei,  —  h^),  Figure  3(a)  shows  n' 
and  rt"  as  a  function  of  the  detuning  A  for  the  choice 
^2/^1  =  1000.  Here  large  values  of  the  index  of 
refraction  are  seen  to  be  associated  with  negligible  absorp¬ 
tion  at  A  >20  GHz,  and  the  group  velocity  of  light 
=  c/[n'  +  in  this  regime  [5]  can  be  estimated  to 

be  150  m/sec.  The  sensitivity  to  the  control  parameters  is 
evident  by  changing  Q  to  7r/2+ 10"^,  shown  in  Fig.  3(b). 
Here  is  negative,  corresponding  to  amplification  of  the 
beam.  One  should  note  then  that  a  rich  range  of  behavior  is 
possible  in  near-resonance  cases  as  the  control  variables  dij 


[1]  See,  e.g.,  M.O.  Scully  and  M.S.  Zubairy,  Quantum  Optics 
(Cambridge  University  Press,  Cambridge,  1997). 

[2]  P.  Brumer  and  M.  Shapiro,  Chem.  Phys.  Lett.  126,  541  (1986), 

[3]  For  a  recent  review,  see  M.  Shapiro  and  P.  Brumer,  J.  Chem. 
Soc.,  Faraday  Trans.  93,  1263  (1997). 
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are  altered.  Numerous  examples  are  provided  in  Ref.  [9]. 

In  summary,  this  simple  control  scenario  affords  the  pos¬ 
sibility  of  a  broad  range  of  control  over  the  refractive  index. 
Applications  to  N2  show  that  the  control  range  is  extensive. 
The  scenario  discussed  in  this  Rapid  Communication,  where 
a  superposition  of  two  levels  is  excited  by  two  cw  lasers,  is 
just  one  of  many  possible  coherent  control  scenarios  that 
take  advantage  of  quantum  interference  effects  [3].  Other 
coherent  control  scenarios,  as  well  as  the  possibility  of  lasing 
in  the  region  of  negative  are  currently  under  investiga¬ 
tion. 
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nature  it  often  leads  to  solutions  that  provide  little  physical  insight.  When  the  energy  spectra.  This  is  so  because  for  bound  states,  which  give  rise  to  discrete 

explicit  time-dependent  terms  in  the  Hamiltonian  serve  only  to  prepare  a  state  spectra,  decoupling  at  the  end  of  the  process  is  not  possible.  By  its  very  defini- 

that  then  evolves  in  the  absence  of  an  external  field,  or  when  its  explicit  time  tion,  the  constituents  of  a  bound  system  remain  close  together  at  all  times, 

dependence  can  be  treated  adiabatically,  there  exists  a  more  elegant  method,  Therefore,  these  constituents  rarely  reach  a  configuration  where  they  decouple 

called  coherent  control  (CC)  (Bnimer  and  Shapiro,  1986;  Shapiro  and  Brumer,  and  cease  to  interact  with  one  another. 


I 


Hence  the  n  ,  |i  and  |  \i  |  matrix  elements  are  related  as  scalar  products 

of  the  |£id  •  eP)  and  Ifd  ■  €£2)  state  vectors.  By  the  Schwarz  inequality,  -phe  latter  two  terms  correspond  to  traditional  photo-dissociation  terms 

without  associated  interference  contributions  and  provide  uncontrollable 
|(£id  •  eP\Pd  ■  eE2)\^  <  (£id  •  eP\Pd  ■  eEi){E2d  ■  eP\Pd  ■  lE-^  (61)  photo-dissociation  terms  that  we  call  “satellites.”  In  this  and  all  coherent 
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Sculpting  the  incoming  wave  in  bimolecular  scattering  by  varying  its  partial  wave  content  is  shown  to  provide 
an  effective  means  of  controlling  the  cross  sections  for  bimolecular  collisions.  Applications  to  Ar  +  H2  and 
Ar  +  HD,  treated  as  atom— rigid  rotor  scattering,  show  enhancement  factors  of  the  outgoing  flux  for  a  selected 
rotational  transition  of  more  than  an  order  of  magnitude. 


1.  Introduction 

Considerable  work,  over  the  past  three  decades,  has  gone  into 
the  study  of  atom— molecule  inelastic  collisions,  including  the 
development  of  extensive  formalism  and  the  calculation  of  cross 
sections  for  rotational,  vibrational,  and  electronic  excitations. 
All  of  these  studies  are  designed  to  analyze  the  natural  outcome 
of  the  inelastic  scattering  of  atoms  and  molecules.  By  contrast, 
current  interest  lies  in  the  ability  to  control  the  outcome  of 
atomic  and  molecular  processes.  In  particular,  modern  efforts 
in  coherent  control*’*^  have  aimed  at  using  lasers  to  introduce 
controllable  quantum  interference  terms  into  the  cross  sections 
of  atomic  and  molecular  processes.  As  a  consequence,  varying 
specific  laser  parameters  induce  changes  in  these  quantum 
interference  terms  which,  in  turn,  significantly  alter  the  natural 
yields  and  cross  sections.  Both  detailed*  and  elementary^  reviews 
of  this  coherent  control  approach  are  available. 

Examining  the  coherent-control  literature  shows  that  the  vast 
majority  of  controlled  processes  previously  considered  are 
unimolecular  in  nature,  e.g.,  the  photodissociation  or  photoion¬ 
ization  of  isolated  molecules.  Only  recently  have  we  shown^"^ 
that  the  essential  principle  of  coherent  control  can  be  used 
effectively  to  alter  cross  sections  for  scattering  processes.  That 
is,  we  demonstrated  that  if  one  collides  two  molecules  in  a 
superposition  of  energetically  degenerate  scattering  states,  then 
the  resultant  scattering  cross  section  contains  controllable 
interference  terms. 

For  a  general  bimolecular  collision  of  the  type 

A  -f  BC(vj)  —  A'  +  B'C'(i;7) 

where  v  and  j  are  vibrational  and  rotational  quantum  numbers, 
the  requirement  that  the  total  energy  be  the  same  means  that 
we  must  choose  all  the  interfering  paths  contributing  to  the 
process  so  that  they  are  at  energy 

E  =  +  hh^rifi  =  +  hh'^12/1  (1) 

Here  €t,j  denotes  the  internal  state  of  the  BC  molecule  with 

*  To  whom  correspondence  should  be  addressed. 


vibrational  quantum  number  v  and  rotational  quantum  number 
jy  and  hJkVlp  is  the  A—BC  relative  kinetic  energy.  Similar 
definitions  hold  for  the  primed  symbols.  Thus,  if  we  attempt 
bimolecular  control  by  colliding  an  initial  superposition  state 
O  made  up  of,  for  example,  two  vib— rotational  states, 

<t>  =  C,|y,J,>  +  C2|j/2^'2)  (2) 

then  we  must  simultaneously  correlate  each  component  of  the 
superposition  state  with  a  translational  wavefunction  whose  k 
wave-vector  satisfies  eq  1 ,  that  is 

=  (3) 

That  is,  we  must  construct  wavefunctions  of  the  form 

«*  =  C,klJl>|k„,J,>  +  C2k2./2>|k^jJj>  .  (4) 

which  satisfy  eq  3.  When  ^  ^  ^^^k 

to  achieve  experimentally,  although  we  have  provided  some 
suggested  scenarios. If,  however,  the  internal  states  used  in 
the  initial  superposition  state  O  are  degenerate,  the  condition 
(eq  3)  on  the  relative  momenta  can  be  achieved  automatically 
with  a  single  translational  energy. 

In  ref  4  we  followed  the  latter  approach  by  considering  an 
initial  superposition  state  comprised  of  degenerate  mj  magnetic 
sublevels.  The  resultant  scenario,  while  allowing  control  over 
the  angular  differential  cross  section,  did  not  allow  for  control 
over  the  integral  cross  section.  In  this  paper,  we  explore  the 
possibility  of  using  another  combination  of  degenerate  asymp¬ 
totic  states,  that  is,  different  orbital  angular  momentum  partial 
waves  /.  In  doing  so,  we  deviate  from  the  normal  scattering 
experiment  in  which  two  plane  waves  representing  two  molec¬ 
ular  beams  are  allowed  to  collide.  Instead,  by  controlling  the  / 
components  of  the  incoming  wave,  we  create  a  sculpted 
imploding  wave  and  explore  its  effect  on  specific  quantum 
transitions. 

Although  this  approach  is  applicable  to  any  bimolecular 
collision,  we  apply  it  here  to  rotational  excitation  (and  de¬ 
excitation),  obtaining  optimally  constructed  imploding  waves. 
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We  show  that  sculpting  the  incoming  wave  can  lead  to  a 
considerable  enhancement  of  integral  cross  sections  for  specific 
transitions. 

The  structure  of  this  paper  is  as  follows.  In  section  2,  we 
summarize  the  usual  theory  of  rotational  excitation  by  collisions 
using  plane  wave  beams  of  structureless  atoms  and  rigid 
molecular  rotors.  In  section  3,  we  develop  the  theory  of 
scattering,  and  in  particular  rotational  excitation,  for  the  collision 
between  two  nonspherical  imploding  waves.  In  section  4,  we 
show  how  to  maximize  the  scattered  flux  associated  with  a 
specific  transition  by  sculpting  such  nonspherical  imploding 
waves.  Finally,  in  section  5  we  demonstrate  the  utility  of  our 
approach  via  two  sample  rotational  excitation  cases,  the  collision 
of  an  Ar  atom  with  H2  and  with  HD. 

2.  Rotational  Inelastic  Transitions  with  Incoming 
Plane-Waves 

Here,  we  summarize  the  theory  of  rotational  transitions  for 
ordinary  inelastic  collisions,  as  formulated  by  Arthurs  and 
Dalgamo.^^’^"^  Our  purpose  is  not  to  repeat  this  well-know  theory, 
but  rather  to  establish  the  notation  used  in  this  paper  and  to 
emphasize  the  differences  between  a  process  occurring  with 
ordinary  plane- waves  and  with  sculptured  imploding  waves. 

Consider,  then,  an  atomic  projectile  colliding  with  a  rigid- 
rotor  target  whose  coordinates  are  specified  by  two  angles,  6 
and  0,  which  comprise  the  unit  vector  f  =  (0,  <i>).  The 
coordinates  of  the  projectile  relative  to  the  rotor  center  of  mass 
are  denoted  R  =  {R,  R),  with  R  =  (0,  <I>)  being  a  unit  direction- 
vector.  With  the  target  Hamiltonian  written  as 

W„,  =  ^(/  +  l)  (5) 


where  1  is  the  rotor’s  moment  of  inertia  and  j  is  the  rotor’s 
(internal)  angular  momentum  operator,  the  total  Hamiltonian 
is  given  as 

(6) 

Here,  is  the  reduced  mass  of  the  atom-rotor  system  and  V(/?,R* 
f)  is  the  atom— rotor  interaction  potential.  It  is  convenient  to 
introduce  the  functions  f),  which  are  the  common 

eigenfunctions  of  H\  the  total  angular  momentum,  7;  and  its 
projection  on  a  space-fixed  Z-axis,  M,  having  entrance-channel 
internal  and  orbital  angular  momenta  quantum  numbers  j  and 
/,  respectively.  These  functions  satisfy  the  Schrodinger  equation: 

f)  =  f)  (7) 

The  total  energy,  E,  is  comprised  of  translational  and  internal 
rotational  energies: 


The  Schrodinger  equation  can  be  solved^^  by  expanding 
W^^(R,  f)  in  bispherical  harmonics: 


=  (10) 

fxR 

where  yjJ^(R,  f),  the  bispherical  harmonics,  are  defined  as 
/  J 


and  are  eigenfunctions  of  J,  M,  j,  and  /.  Substituting  eqs  5,  6, 
and  10  into  eq  7  we  obtain  a  set  of  coupled  channel  equations 
for  the  radial  expansion  coefficients 


111 


d^  /'(/'+!) 
- 1 - 


where 


=  f (13) 

Equations  12  are  solved  numerically,  subject  to  the  boundary 
conditions, 


«;,-./o)=o, 

~  —lidjydif  sm(kjR  —  ljt/2)  + 


2)  - 

(14) 

W/ 


where  y/,  an  element  of  the  S  matrix,  is  given  in  terms  of 
of  eq  14  as 

(15) 


The  asymptotic  behavior  of  the  wavefunction  can  be  written 
as 


limWf'(R,  f)  =  ^'"(R,  f)  +  ^"^(R,  f)  (16) 

where  the  second  term  represents  a  scattered  wave,  and  the  first 
term  represents  either  a  plane-wave  (whose  partial  wave 
components  are  given  in  the  second  line  of  eq  14)  or  an 
imploding  spherical  wave  (with  partial  wave  components  given 
in  the  last  time  of  eq  14). 

Given  the  S  matrix,  the  probability  of  observing  a  rotational 
transition  from  state  jl  to  state  //'  for  fixed  J  is  given  as 


with  kj  being  the  channel  wavenumber,  given  by  eq  8  as 


(17) 

3.  Scattering  of  Sculpted  Imploding  Waves 

We  now  generalize  the  treatment  of  section  2  to  include  a 
collision  with  nonspherical  imploding  waves.  Use  of  such 
imploding  waves  offers  a  powerful  method  to  control  the 
outcome  of  the  collision  and  to  alter  the  rotational  transition 
probabilities. 
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Nonspherical  imploding  waves  are  formally  obtained  by 
considering  superpositions  of  f)  with  arbitrary  com¬ 

plex  coefficients  {c*^^} 

V'/R,f)=fX  £  (18) 

fCj  J=0  M^-J  MJ-]\ 

However,  since  our  interest  is  control  via  changes  in  mj  and 
mi  rather  than  J  and  M,  it  is  more  convenient  to  specify  the 
superposition  state  via  mj-  and  m/~dependent  coefficients, 
denoted  as  which  are  related  to  the  Cj^  coefficients  by  a 
unitary  transformation  of  the  form 

J  / 

=  X  (19) 

m(=-l 

Comparing  eqs  19  and  18  with  eq  10,  we  see  that  for  an 
incoming  plane-wave,  (fjl^^^iplane)  =  2/+ 1 

where  is  the  specification  for  the  initial  j  projection. 

By  analogy  to  eq  16,  we  can  break  the  asymptotic  expansion 
of  yjj  into  incoming  and  scattered  parts: 

Hm^/R,  f)  =  (R,  f)  +  (R,  f)  (20) 

W>  J  J  J 

where 

^‘;(RJ)  =  2y^cfjlikjR)/j^(R,i)  (21) 

JMl 

and 


Substituting  eqs  1 1  and  19  in  eq  21  and  using  the  orthogonal¬ 
ity  property  of  the  Clebsch-Gordan  coefficients^^  allows  us  to 
express  the  incoming  wavefunction  in  terms  of  as 

rpf(R,  f)  =  Y,„<iR)Yj„p  (23) 

/  mjmi 

For  cylindrically  symmetric  potentials,  the  ky  vector  can  be 
chosen  in  the  z  direction,  and  the  summation  over  mi  reduces 
to  the  single  term  m/  =  0.  As  a  result,  V^j”(R,  f)  depends  on  the 
angle  $  between  ky  and  R  but  is  independent  of  the  azimuthal 
angle  0. 

Defining  a  generalized  scattering  amplitude  as 
.  (R)  =  m  X 

Imi  tnif  JM 

we  can  write  f)  as 

1/2 

(25) 


ntj  y^f/ 


a  cross  section  as  the  ratio  between  the  scattered  flux  and  the 
incoming  flux  per  unit  area.  However,  an  arbitrary  incoming 
wave  has  multidirectional  and  nonspherical  incoming  and 
scattered  fluxes.  Hence  the  term  “incoming  flux  per  unit  area” 
is  meaningless,  and  a  cross  section  cannot  be  defined.  We 
therefore  adopt  the  strategy  of  working  separately  with  the 
incoming  (or  imploding)  and  scattered  fluxes  and  show  below 
(see  section  4)  how  to  choose  the  coefficients  to 

maximize  the  scattered  flux  into  a  given  rotor  state  /. 

The  imploding  part  of  the  wavefunction  in  the  limit: 

((.'■'""^(R,  f)  ~  (26) 

ikjR  I  mjm,  ' 


has  an  associated  flux 


ih\  ■  av'f''(R.f) 


drpT‘^(R,  f) 


fi  (27) 


where  n  is  a  radial  unit  vector.  Using  the  fact  that  as  R  — ^  ©o, 
aV/f^(R,f)/a/?  -  f),  we  integrate  F}'^'^(R,  f)  over  R 

(at  radius  R)  and  over  f  to  obtain  the  total  flux  of  f) 

entering  a  sphere  of  radius  R: 


Ff»  =  ^ni[R  Y/df  dR  V^'"'«(R, 


hk.  4ft 

= - f  dR|V^'^(R,  f)|'  = - 

P  pkj  I  tnani 

(28) 

We  see  that  the  imploding  flux  is  proportional  to  the  total 
population  of  all  {/,  m/,  my}-states  in  the  incoming  wave.  Any 
unitary  transformation  on  conserves  this  quantity. 

For  a  plane-wave,  (plane)  —  i\f7tll  + 

Therefore, 


= ^X(2^ + 1)  (29) 

/  mjint  I 


This  sum,  and  hence  for  the  plane-wave,  are  infinite.  In 
order  to  be  able  to  compare  the  effectiveness  of  rotational 
transitions  using  a  general  imploding  wave  to  that  of  a  plane- 
wave,  we  consider  only  a  finite  portion  of  both  waves  by 
introducing  a  cutoff  angular  momentum  //,  chosen  to  be  the 
highest  angular  momentum  which  contributes  effectively  to  the 
scattering  process. 

Using  a  similar  calculation  as  for  V^y'"^(R,  f),  the  scattered 
flux  of  V'f  (R,  f)  into  /,  m'j  is  given  by 


Related,  my-  and/or  m/-summed  fluxes  are  given  as 


We  now  proceed  to  derive  expressions  for  the  incoming  and 
scattered  fluxes  associated  with  a  general  incoming  wave.  We 
concentrate  on  fluxes,  rather  than  cross  sections,  for  the 
following  reason.  Plane-waves  have  a  uniform  incoming  flux 
coming  from  a  single  direction  and  allow  for  the  definition  of 


pscat  ^  ^  pscat  ,  pscat  _  '’tn  pscat 
ntj  nif 

pscat  _  pScat 

ZLi 

mj,mf 


(31) 
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After  some  algebra,  it  is  possible  to  show  that 

%-j  =  (32) 

pfCjl'mi’  JMl 

[if  j  =  /,  nij  =  m/,  an  additional  (infinite)  scattered  flux  exists 
from  the  incoming  wavefunction  f)]  and  that 

(33) 

piCjJMl'  Imi 

In  a  similar  fashion  we  can  show  that 

=  T/Mi  Vr-if  = 

cTT/r-/  (34) 


pkJJMi'  i 


4.  Maximization  of  the  Scattered  Flux 

Consider  now  maximizing  the  scattered  flux  into  a  given  / 
state,  subject  to  various  constraints.  The  control  parameters  are 
the  coefficients,  which  shape  the  input  wavefunction 
tpj\R,  f).  Our  strategy  is  to  formulate  the  problem  as  a  linear 
optimization  problem  in  these  coefficients. 

Note  first  that  if  we  average  on  mj,  then  control  is  possible 
only  if  the  coefficients  depend  upon  mj.  That  is,  if 
are  independent  of  my,  that  is,  if  then  no  phase 

control  over  the  rotational  transitions  is  possible.  In  order  to 
see  this,  consider  the  nonpolarized  flux,  given  (in  the  absence 
of  mj  dependence),  by 


c^cat  _ 


"  X  X  V ^ 

fikj  (2j  +1)  Imt  rmr  JMmjt 

(jrmfir;JM)Tjr-jiTyMr 


Using  the  orthogonality  of  the  Clebsch-Gordan  coefficients,^^ 
we  obtain 


C^cat  _ 


pkj  (2j  -hi)  ji'  +  1  / 


That  is,  the  flux  no  longer  depends  upon  the  phase  of  the 
coefficients.  This  loss  of  control  by  incoherent  averaging  over 
my  is  reminiscent  of  similar  results  obtained  for  my  control  over 
collision  processes.'* 

Consider  next  maximizing  the  scattered  flux  to  a  given  / 
manifold  for  an  incoming  wave  comprised  of  only  one  my  state. 
For  this  case  we  have,  using  eq  33, 


j^cat 

r  „ 
J 


pkj  If*'  mimi'* 


(37) 


where 

4nkn,,  =  l^jlntpi,  JM)(jl">n/nr;  JM)T‘^r-ji  T/r-jr  (38) 

JMt 


It  is  easy  to  show  that  the  0”^}  matrices  are  Hermitian. 

Two  strategies  for  control  over  are  in  principle  pos¬ 
sible:  the  first  is  “classical”,  in  which  we  essentially  choose 


favorable  values  of  /  and  m/,  for  which  the  0^j  matrix  elements 
are  largest.  The  other  is  quantum  mechanical:  we  allow 
interference  between  all  the  amplitudes  comprising  the  incoming 
wave.  The  latter  is  more  general  and  is  utilized  here. 

Within  the  framework  of  the  quantum  strategies,  it  is  possible 
to  optimize  the  coefficients,  subject  to  the  constraint  that 
either  the  total  incoming  flux  is  the  same  as  that  of  a  plane 
wave  or  that  the  normalization  of  the  incoming  wavefunction 
is  the  same  as  that  of  a  plane  wave: 


/ dRdf^''<”(R.f)V^^®(R,f)  =  -  A:®)  (39) 


Both  constraints  are  considered  below.  In  particular,  details 
of  the  constraints  are  discussed  in  section  4.1  and  4.2,  and  results 
are  presented  in  section  5. 

4.1.  Optimization  Subject  to  Incoming  Flux  Constraint. 
In  order  to  equate  the  incoming  flux,  given  in  eq  28  with  its 
plane-wave  value,  we  introduce  a  Lagrange  multiplier  A/: 


pkj  imi  rmr 

(40) 


Differentiating  with  respect  to  to  obtain  the  extremum 

points  of  we  obtain  the  condition 

llcg^‘42r.rh'‘9^‘'  =  (4i) 

mi  / 


Defining  a  dy^^  =  eigenvector,  whose  dimension  is  the 

number  of  possible  initial  /-states,  we  can  write  eq  41  in  matrix 
form  as 

=d  •A-'  (42) 

Jf^J  J 


where  Ay  is  a  diagonal  matrix  of  eigenvalues. 

The  flux  associated  with  each  eigenvector  is  proportional  to 
the  value  of  the  corresponding  eigenvalue  A/,  since  by  eqs  40 
and  42 


pi 


J  ^  J^j 


d^iplaney 

diplane))] 


fx  fx 

=  —  [XjZ{planeyd(plane)]  =  — JrA, T  (2/  + 1)  = 

/xkj  fikj  1=0 

h  . 

—jtX^lf+  if  (43) 


Thus,  the  scattered  flux  associated  with  the  f  ^j,  mj  transition 
is  A/  times  the  //-truncated  sum  of  the  partial-waves  weights 
associated  with  an  incoming  plane- wave.  In  particular,  the 
maximal  eigenvalue  yields  the  maximal  flux.  Since  the  optimal 
A/  for  one  /  ^  j  transition  will  not  necessarily  enhance  the 
flux  associated  with  any  other  transition,  this  control  scenario 
provides  a  great  degree  of  selectivity  of  one  rotational  transition 
over  another. 

4.1.1.  The  Cutoff  Angular  Momentum  If.  For  a  plane  wave, 
=  9Unki)<SX(planeyh-A{plane).  For  high  Vs, 

—  0  faster  than  1/(4^’^"  and  therefore  is  finite, 

even  if  d^d  is  infinite.  By  contrast,  according  to  eq  43,  the 
optimal  solution  does  not  contain  and  is  only 
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limited  by  the  choice  of  If.  As  we  increase  //in  the  construction 
of  the  optimal  imploding  wave  we  can  achieve  larger  and  larger 
scattered  flux  into  the  target /  manifold.  Nonetheless,  choosing 
If  arbitrarily  large  may  not  be  the  best  practical  approach  to 
increasing  the  cross  section,  since  the  difficulty  of  preparing 
the  imploding  wave  in  the  laboratory  is  expected  to  increase 
with  increasing  //. 

In  order  to  decide  what  type  of  optimization  problem  we  want 
to  solve,  we  choose  the  cutoff  parameter  //  according  to  the 
following  procedure:  we  calculate  the  diagonal  contribution  {h/ 
4-  of  the  /-components  of  a  plane- wave  (for  nij 

=  0)  to  the  scattered  flux  (see  eq  37)  and  truncate  the  sum  when 
this  value  dips  below  a  preset  fraction  (1%)  of  its  maximal  value. 

We  emphasize  again  that  for  a  nonuniform  imploding  wave, 
each  choice  of  If  corresponds  to  a  different  scattered  flux  and 
hence  to  a  different  optimization  problem.  The  above  choice 
of  //corresponds  to  optimizing  the  imploding  wave  for  the  first 
If  partial  wave  and  setting  the  weights  of  the  remaining  /  >  // 
partial  waves  to  the  values  for  a  pl£me-wave.  These  partial  waves 
no  longer  contribute  to  the  inelastic  process  of  interest, 

4.2.  Optimization  Subject  to  Incoming  Wavefunction 
Normalization  Constraint.  If  we  require  the  incoming  wave- 
function  f)  to  satisfy  a  normalization 

condition  (eq  39),  the  coefficients  which  make  up  the  imploding 
wave  must  satisfy  (see  Appendix)  the  constraint 

X  djp’  =  ^(2/  +  (44) 

mj 

for  every  /,  m/,,  and  m/j. 

In  the  cylindrically  symmetric  case  mi  =  0,  and  if  we  consider 
one  mj  value,  then 


Figure  1.  Isotropic  potential  Vo{R)  and  leading  anisotropic  potentials 
for  the  Ar-HD  and  Ar’-H2  systems. 

The  terms  Vb(/?)  and  V2(R)  are  parametrized  by  Lennard-Jones 
potentials: 

=  (48) 

V^(R)  =  eJ[(.RyRf  -  l^R^Rf]  = 

-  2(^/?)®]  (49) 

where 

q  =  (R‘JR‘of  and 

For  a  heteronuclear  diatom  composed  of  two  isotopes  (such 
as  HD),  we  can  compute  V\{R)  as^^ 


i'V5rV2/  +  1 


(45) 


V',(7?)  =  -(5 


■dV,{R)  _dV,(R)  ,  1.2., 
_  +  0.4— +  -V,(/f) 


That  is,  the  magnitude  for  each  /  component  is  the  same  as  in 
the  plane-wave,  and  the  only  free  parameters  that  can  be 
optimized  are  the  phases  The  scattered  flux  of  f) 

is  now  given  by 


'  ftkj  ir 


m 


(21"  +  (46) 


The  optimization  is  performed  by  a  nonlinear  search  routine 
in  the  {0^^}  space  of  phases. 


where  d  is  the  displacement  of  the  center  of  mass  of  the  diatom 
from  the  center  of  force.  The  potentials  Vb(i?),  ^1(7?)  (for  Ar- 
HD),  and  V2(R)  are  shown  in  Figure  1 . 

By  defining  a  dimensionless  variable  x  ^  R/Rm  and  a 
dimensionless  potential  V*  =  Vie,  where  R^  ==  /?S  and  e  =  eo, 
the  Coupled  Channels  equations  (eq  12)  assume  the  form 


d^  +  1) 
- 1 - 


+ 


^EX^T/r(^)“/'r-^<(^)  =  0  (50) 
/'  r 


where 


5.  Computational  Results 

5.1.  The  Model.  To  demonstrate  the  possible  control  afforded 
by  sculpting  the  imploding  wave,  we  consider  a  rotational 
excitation  problem,  studied  in  refs  16  and  17,  and  compare  the 
imploding  wave  results  to  those  obtained  with  plane  waves. 
Following  refs  16  and  17,  we  expand  V{R,  R'f),  the  projectile- 
rotor  interaction  potential,  in  a  series  of  Legendre  polynomials** 
and  truncate  the  expansion,  as  appropriate  for  a  weakly 
anisotropic  system,  after  the  first  three  terms: 

V(R,  R-f)  =  Vo(^)  +  (47) 


and 


(51) 


The  dynamics  is  seen  to  be  determined  by  three  dimensionless 
parameters:  B,  BEle,  iiR^Jl,  and  by  the  form  of  the  potential 
chosen. 

We  consider  the  Ar— H2  system  as  an  example  of  a  homo- 
nuclear  molecule  and  the  Ar— HD  systems  as  an  example  of  a 
heteronuclear  molecule.  The  effect  of  6  on  Vo  and  on  V2  is  of 
the  order  of  and  is  therefore  ignored,  and  we  take  Vo  and  V2 
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TABLE  1:  Scattered  Flux  Associated  with  All  the/  = 
2,  ntj  =  0  Transitions  when  the  f  =  4  State  Is  Optimized® 


(a)  Ar— HD  System 


maximum 

maximum 

minimum 

/ 

plane-wave 

(flux  norm) 

xl03/;t(//+ 1)2 

(wfn  norm) 

(wfn  norm) 

4 

16.3 

55.5 

7.4 

22.0 

13.9 

Other  Transitions 

0 

6.2 

0.6 

0.1 

5.8 

15.0 

1 

37.9 

19.8 

2.6 

49.8 

18.0 

2 

137.2 

43.9 

5.8 

112.9 

148.5 

3 

38.2 

31.4 

4.2 

45.0 

40.4 

5 

2.0 

12.8 

1.7 

2.3 

2.0 

6 

0.1 

0.1 

0.0 

0.1 

0.1 

(b)  Ar— H2  System 

maximum 

maximum 

minimum 

f_ 

plane- wave 

(flux  norm) 

Xl02/S(//+ 1)2 

(wfn  norm) 

(wfn  norm) 

4 

1.6 

7.4 

1.7 

2.0 

1.0 

Other  Transitions 

0 

10.5 

50.8 

11.8 

24.4 

7.7 

2 

420.9 

112.2 

26.1 

406.7 

424.4 

®  All  values  have  been  multiplied  by  a  factor  of  1000. 


TABLE  2:  Scattered  Flux  Associated  with  All  the/  = 
2,  nij  =  0  Transitions  when  the  f  =  0  State  Is  Optimized® 


(a)  Ar— HD  System 


maximum 

maximum 

minimum 

plane-wave 

(flux  norm) 

xl02/;r(//+  1)2 

(wfn  norm) 

(wfn  norm) 

0 

6.2 

66.3 

6.7 

37.7 

0.9 

Other  Transitions 

1 

37.9 

38.4 

3.9 

33.2 

47.3 

2 

137.2 

34.4 

3.5 

117.4 

124.2 

3 

38.2 

54.7 

5.5 

32.0 

44.5 

4 

16.3 

20.2 

2.1 

15.0 

18.9 

5 

2.0 

0.4 

0.0 

2.1 

2.0 

6 

0.1 

0.0 

0.0 

0.5 

0.1 

(b)  Ar— H2  System 

maximum 

maximum 

minimum 

plane-wave 

(flux  norm) 

xl02/;r(//+ 1)2 

(wfn  norm) 

(wfn  norm) 

0 

10.5 

92.4 

13.3 

34.8 

0.6 

Other  Transitions 

2 

420.9 

171.5 

24.7 

396.3 

431.3 

4 

1.6 

11.0 

1.6 

2.0 

1.3 

®  All  values  have  been  multiplied  by  a  factor  of  1000. 


to  be  the  same  for  both  Ar“H2  and  Ar— HD.  For  V\,  the  leading 
term  is  proportional  to  6,  and  the  next  term,  neglected  here,  is 
proportional  to  6^. 

The  potential  parameters  chosen  to  model  these  systems  are 
60  =  52.21  cm“‘,  Rl  =  3.5573  A,  62  =  6.78  cm'^  =  3.814 
A,  d(Ar-HD)  =  0.1276  A.21.22  Therefore,  m  =  0.0359,  02  = 
0.198,  and  q  =  1.52.  “  1.9188  amu,  //at-hd  “  2.8099 

amu.  The  H2  and  HD  rotational  constants  are  Bg  =  60.80  and 
45.655  cm'*,  respectively.^ 

We  obtain  the  matrix  elements  by  propagating  the 

Coupled  Channels  equations  [eq  50]  using  Gordon’s  method^ 
until  we  reach  the  asymptotic  region,  where  the  appropriate 
boundary  conditions  [eq  14]  are  imposed.  In  this  case,  there 
are  seven  open  channels  (j  —  0,  6)  for  Ar—HD  at  Eiot  = 

2000  cm"*  and  three  open  channels  (j  =  0,  2,  4)  for  Ar— H2  at 
the  same  energy.  Fixing  j^ax^  the  maximal  j  quantum  number, 
to  6,  results  in  (at  most)  16  channels  for  each  J,  The  calculation 
was  repeated  for  each  J  value,  whose  maximal  value  is  given 

Jmax  jmax  "b 

The  properties  of  the  ffyp-(k  f)*  dR  df 

matrix  elements^®  ensure  that  the  V'2(f?)P2(R’f)  term  can  only 
couple  j  quantum  number  values  of  the  same  parity.  The  same 
holds  for  the  /  quantum  numbers.  Therefore,  ^n^/m  ^^^^^hes 
if  either  of  j  -  /  or  /"  -  /  are  odd.  This  is  also  the  case  if  there 
is  a  Vi(/?)  potential,  but  mj  =  0  (due  to  the  fact  that  one  of  the 
Clebsch-Gordon  coefficients  in  eq  38  is  zero).  Hence,  the 
matrix  factors  into  an  odd-/  block  and  an  even-/  block,  which 
are  diagonalized  separately.  The  overall  maximal  eigenvalue, 
therefore,  corresponds  to  a  dj>y  vector  with  only  odd  or  only 
even  components.  The  optimized  wavefunction  is  therefore 
parity-adapted,  V^y(R,  f)  =  (-l)^^j(-R,  f),  where  p  is  the  parity 
of  the  /  states  in  the  expansion. 

Below,  we  discuss  the  optimization  results  for  four  cases: 
the /  ==  4  y  =  2  and  they"  =  0  =  2  transitions  for  Ar 

colliding  with  HD  and  for  Ar  colliding  with  H2,  at  a  collision 
energy  of  £"  =  2000  cm"*.  We  focus  on  the  case  of  initial  mj  = 
0. 

5.2.  Optimization  Constrained  by  the  Incoming  Flux. 
Tables  1  and  2  show,  in  column  3,  the  flux  into  all  final  y", 
having  optimized  the  results  for y'  —  4  ^y  =  2,  ntj  =  0  or y"  = 
0  ^  y  =  2,  my  =  0  for  both  Ar  +  H2  and  Ar  H-  HD. 
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Ar-Hj 


(a) 
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Figure  2.  /-Components  of  the  eigenvector  (left,  absolute  square; 
right,  phase)  leading  to  a  maximal  flux  for  the  Ar-HD  and  Ar-Ha 
systems:  (a)y'  =  4  — y  =  2,  ntj  =  0,  1,  2;  (b)  /  =  0  — y  =  2,  mj  = 
0,  1,2;  using  the  flux-normalization  condition.  For  mj  =  0,  only  even 
or  only  odd  /-values  have  nonzero  di  components;  hence,  only  those 
are  shown. 


For  example,  the  maximum  flux  for  rotational  excitation  into 
y"  =  4  for  Ar  +  HD  is  0.055,  as  compared  to  the  partial  wave 
result  (column  2)  of  0.016.  Note  also  that  the  optimization  into 
y"  =  4,  for  example,  does  not  necessarily  decrease  (or  increase) 
the  flux  into  y"  ^  4.  That  is,  each  optimization  is  selective  to 
the  particular  product  channel  optimized. 

The  /-components  of  the  eigenvector  dj^j  leading  to  a  maximal 
flux  for  the  y'  —  4  ^y  =  2  and  the y"  =  0  ^y  =  2  transitions 
are  shown  in  Figure  2.  Clearly,  as  can  be  seen,  lower  angular 
momenta  contribute  to  the  Ar— H2  scattering  than  to  Ar-HD. 
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^irux  2  ^max 


(b) 


Figure  3.  Square  of  the  absolute  value  of  the  incoming  wavefunction 
leading  to  maximum  outgoing  flux  for  the  Ar—HD  and  Ar— H2  systems 
using  flux-normalization  condition.  The  circle  depicts  the  size  of  the 
diatomic:  (a)  /  =  4  =  2,  m/  =  0  optimization,  maximum  values 

of  ICJ2  are  520  for  Ar-HD  and  163  for  Ar-Hj;  (b)  y '  =  0  —  y  = 
2,  mj  =  0  optimization,  maximum  values  of  235  for  Ar- 

HD  and  125  for  Ar— H2.  Solid  line  contours  correspond  to  0.5,  0.1, 
and  0.01  of  the  maximum  value;  dashed  contours  are  for  10"^  10"\ 
and  10“^  of  the  maximum. 


Similarly,  lower  angular  momenta  contribute  more  to  the 
optimized  excitation  process  (/'  “  4  y  =  2)  than  to  the 
optimized  de-excitation  (/'  =  0  '^—y  =  2)  process. 

The  cutoff  values  for  the  angular  momentum  are  //=  48  and 
36  for  Ar— HD  and  Ar— H2,  respectively,  for  the /  =  4  ^y  = 
2,  nij  =  0  case  (Table  1)  and  55  and  46  for  the /  =  0^j  =  2, 
nij  =  0  case  (Table  2).  In  order  to  be  able  to  compare  those 
results,  we  also  give  the  maximal  flux  divided  by  the  normaliza¬ 
tion  factor  of  jr(//  +  1)^. 

The  absolute  square  value  of  the  incoming  wavefunction 
corresponding  to  the  maximal  flux  are  shown  in  Figure  3.  These 
should  be  compared  to  an  incoming  plane-wave,  whose  absolute 
value  is  unity.  Values  for  the  maximal  flux  for  these  cases  are 
provided  in  the  figure  captions,  from  which  it  is  clear  that  the 
Ar  +  HD  wavefunctions  are  less  dispersed  than  those  for  Ar  + 
H2.  Note  that  the  incoming  wavefunctions  for  the  four  cases 
shown  in  Figure  3  are  remarkably  different  from  one  another 
in  topology.  For  example,  for  Ar  +  HD  f  “  0  =  2 

de-excitation  is  dominant  at  large  values  of  z,  whereas  the  Ar 
+  HD  excitation  y'  =  4  /  =  2  is  heavily 

concentrated  at  small  z.  A  similar  difference  is  not  seen  for  the 
Ar  +  H2  case. 

The  differential  cross  section  is  shown,  for  initial  =  0 
values  (summed  over  all  final  m/  values),  in  Figure  4.  Interest¬ 
ingly,  the  optimized  cross  sections  are  symmetric  about  6  = 


Ar-H^  :  max.  ^”^2  * 


Ar-HD :  max. 


Ar-HD  :  plane  wave  (b) 
[0.008 


7t/2 

6  (rad.) 


Ar-H^ :  max.  Ar-H^  :  plane  wave 


Figure  4,  Differential  outgoing  flux  for  the  case  of  maximal  flux  (left) 
and  for  a  plane-wave  (right),  for  the  Ar— HD  system  (top)  and  the  Ar— 
H2  system  (bottom).  Results  are  for  optimization  using  the  flux- 
normalization  condition:  (a)  /  =  4  =  2,  mj  —  0  optimization;  (b) 

f  =  0*-j  =2,  mj  =  0  optimization.  The  plotted  flux  is  a  sum  over  all 
final  m/  values, 

90®,  whereas  the  plane-wave  result  tends  to  peak  near  6  =  180®. 
This  is  because  (for  my  =  0)  only  /  values  of  the  same  parity 
contribute  to  the  final  result,  a  consequence  of  the  fact  that  the 
B  matrix  does  not  couple  /  values  of  different  parity. 

5.3.  Optimization  Constrained  by  the  NormaUzation  of 
the  Incoming  Wave,  In  the  second  approach,  we  require  that 
the  incoming  wavefunction  be  normalized  as 


/ dRdfV^;'<'>*(R.  f)V'f '’(R,  f)  =  djj  (52) 

As  in  eq  45,  the  coefficients  are  given  by 

=  /'  V2/  +  (53) 

The  extrema  are  obtained  at  0  values  which  satisfy  the  condition 


fff, ....  fff, ...) 


dfff 


-  =  o 


Z  =  0,1.2,...  (54) 


Equation  54  leads  to  a  system  of  nonlinear  equations,  which 
may  have  many  solutions,  corresponding  to  local  minima/ 
maxima.  To  find  the  absolute  minimum/maximum  with  high 
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Figure  5.  /-components  of  the  eigenvector  leading  to  a  minimal 
(left)  and  a  maximal  (right)  flux  for  Ar-HD  and  Ar-H2:  (a)  /  =  4  — 
y  =  2,  my  =  0,  1,  2  optimizations;  (b) y"  =  4  ^y  =  2,  my  =  0,  1,  2 
optimizations.  Wavefunction-normalization  conditions  were  used. 


probability,  we  use  a  simulated  annealing  algorithm^^  with 
variables  6jl^^  for  /  ==  0  to  If,  where  If  is  estimated  in  section 
4.1. 

The  maximal  and  minimal  fluxes  for  the  y'  =  4  y  =  2,  my 
=  0  transition  are  shown  in  Tables  1  and  2  (columns  4  and  5), 
along  with  the  fluxes  into  other  final  channels.  For  the  case  of 
Ar  +  HD,  for  example,  the  range  of  results  into  f  —  4  obtained 
with  incoming  plane- wave  normalization  is  0.0139  to  0.0220, 
compared  to  the  flux  associated  with  an  incoming  plane-wave 
of  0.0163.  The  less-constrained  maximization  associated  with 
the  flux  norm  yielded  the  considerably  larger  value  of  0.0553. 
Note,  however,  that  even  though  the  y'=  4  ^y  =  2,  my  =  0  flux 
has  been  maximized,  it  often  still  remains  small  compared  to 
the  elastic  scattering  (/  =  f  =  2). 

The  phase  leading  to  a  minimal  and  to  a  maximal  flux 
for  the  f  —  4  ^y  —  2,  my  =  0,  1,  2  and  for  the /  =  0  = 

2,  my  =  0,  1,  2  transitions  are  shown  in  Figure  5.  They  show 
remarkably  little  uniformity,  reflecting  the  individuality  of  each 
optimization.  This  case-dependence  is  also  evident  in  the 
absolute  squares  of  the  incoming  eigenfunctions  leading  to 
maximum  and  to  minimum  scattered  fluxes,  shown,  for  Ar  + 
HD,  in  Figure  6.  The  corresponding  differential  fluxes  for  my 
=  0  (summed  over  all  possible  m/)  are  shown  in  Figure  7.  Note 
the  significantly  different  angular  distributions  associated  with 
the  optimized  vs  plane- wave  results  (Figure  4).  Analogous 
results  were  obtained  for  Ar  +  H2,  but  space  limitations  prevent 
their  consideration  here.^^ 

Additional  studies  were  carried  out  to  assess  the  stability  of 
the  extrema.  For  example,  the  phase  of  each  9  contributing  to 
was  vaired  by  7t  to  determine  the  effect  of  such  changes 
on  the  yield.  Results  showed  that  the  yield  was  strongly  affected 
by  variations  in  some  angles  and  totally  insensitive  to  changes 
in  others.  An  alternate  study  involved  random  changes  in  the 
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Figure  6.  Square  of  the  absolute  value  of  the  incoming  wavefunctions 
leading  to  maximum  and  minimum  outgoing  flux  for  the  Ar-HD 
system  using  the  wavefunction-normalization  condition,  (a)  y"  =  4  — 
y  =  2,  my  =  0  optimization,  maximum  values  are  169  for  and 

138  for  y'  =  0  *— y  =  2,  my  =  0  optimization,  maximum 

values  are  193  for  and  30  for  Contour  values  are  as  in 

Figure  3. 
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Figure  7.  Differential  outgoing  flux  for  wavefunctions  leading  to  a 
minimal  flux  (left)  and  a  maximal  flux  (right)  for  Ar-HD  using  the 
wavefunction-normalization  condition:  (a)  y"  =  4  -^y  =  2,  my  =  0 
optimization;  (b)  y"  =  0  -^y  =  2,  my  =  0  optimization. 

values  of  the  phases  from  their  values  at  the  extremum,  over  a 
range  of  —0.3  to  0.3  radians.  The  flux  was  found  to  be  sensitive 
to  some  of  these  variations,  but  a  wide  variety  of  phases  in  this 
range  produced  similar  flux  values. 


Imploding  Waves  in  Biomolecular  Processes 
6.  Summary 


We  have  shown  that  it  is  possible  to  significantly  alter  the 
nature  of  the  incoming  scattering  wave  in  a  bimolecular  process 
so  as  to  optimize  the  scattering  into  a  given  product  channel 
From  the  viewpoint  of  coherent  control,  this  is  yet  another 
example  of  how  one  can  superimpose  eigenstates  in  the 
continuum  to  produce  controllable  quantum  interferences  that 
affectg  the  flux  into  particular  channels. 

It  remains  a  challenge  to  produce  these  modifled  incoming 
waves  in  the  laboratory.  One  possible  approach  would  be  to 
focus  the  projectile  beam  or  the  target  beam  (or  both)  with  an 
optical  standing  wave  specifically  designed  for  the  purpose. 
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Appendix:  Orthonormality  of  General  Incoming  Waves 

In  this  appendix,  we  prove  the  orthogonality  properties  of 
(cylindrically  asymmetric)  incoming  waves  with  arbitrary 
We  also  derive  the  conditions  satisfied  by  when  a 
general  incoming  wave  is  constrained  to  have  the  normalization 
of  a  reference  plane- wave. 

Orthogonality  between  plane- waves  implies,  amongst  other 
things,  that  two  waves  propagating  along  different  directions, 
and  kP-\  are  orthogonal  to  one  another.  If  we  insist  that  the 
sculpted  incoming  wavefunctions  have  this  orthogonality  prop¬ 
erty,  we  must  characterize  each  incoming  wavefunction  with  a 
k  vector.  However,  in  contrast  to  plane- waves,  a  k  vector  cannot 
signify  the  propagation  direction  of  the  wavefunction,  since  a 
general  incoming  wavefunctiuon  does  not  have  a  well-defined 
propagation  direction.  The  k  vector  should  therefore  be  thought 
of  as  a  quantum  number  which  helps  differentiate  one  general 
incoming  function  from  another. 

We  begin  by  writing  a  partial  wave  expansion,  valid  over 
the  whole  space  (and  not  just  in  the  asymptotic  region,  as  in  eq 
23),  for  two  incoming  wavefunctions,  as 

f) = (a-d 

/  m/ni 

V'jf(R2.  f)  =  (A.2) 

/  mjmi 

Since  in  the  above  expansion,  Rj  ^(6\,  (pi)  and  R2  =  (O2,  (pi) 
are  expressed  relative  to  the  directions  of  and  kj^\  respec¬ 
tively,  we  first  need  to  express  both  wavefunctions  with  respect 

to  the  same  z  axis,  which  can  be  chosen  as  the  direction  of 
(2) 

Rotating  the  kj^  vector  to  coincide  with  the  z  axis  via  three 
Euler  angles  (a  y),  we  can  write  ^j^VR2,  f)  in  the  common 
coordinate  system  as 

V/f(R„f)  = 

I  mjnti  m"i 
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/dR  ^  y)  v>>  ^ 

(A.3) 

Using  orthonormality  relations  of  the  spherical  harmonic 
functions,  we  obtain 

/  dR,dfv;;;<')(R„  f)^]f(R2,  f)  =  4^  z  Z^r-  X 


m/,OT/2  ntj 


After  imposing  the  Bessel  functions  orthonormality  conditions, 
we  obtain 

/  dR,dfv^<'>(R„  f)V']f(R2,  ?) = 4Z  Z  ^ 

l  ffj/j/n/2  ffij 

Therefore,  the  angular  normalization  requirement  is 


1 


Using  the  identities 

=  ZZil/*;.‘')i'/m,(^f)  (A-4) 


/  m2 


’)  =  p,  Y)Yun477)(.-lT"-'^  (A.5) 


we  obtain 


m/i-m/2 


/  m/j  m„ 


/  m/,  m/2  m;  AtT 

(A.6) 

Using  the  orthogonality  and  normalization  of  the  rotation 
matrices  (see  ref  15,  eq  4.6.1) 

1  plTt  pn  p2jt 


SjP' 


/oT/o  £>i;:iU(a.)3,y)D^?;^(a.  Ay)dasinMdy  = 

^  j  (A-7) 


where  jS,  y)  are  Wigner  rotation  matrices.*^  Integra¬ 

tion  yields 


we  obtain,  my  multiplying  eq  A.6  by  (tt,  /5,  y)  and 

integrating. 
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0  =  (A.8) 

mj  ^Ttr 

Finally,  choosing  =  (0,  0),  we  obtain  the  normalization 
condition  on  the  coefficients  as 

=  ^(2/  +  l)<5„,.o<5„„o  (A.9) 

mj 

for  every  /,  w/p  and  mi^. 
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The  essential  requirements  for  preparing  a  bimolecular  collisional  superposition  state  in 
the  laboratory,  allowing  for  control  over  reactive  scattering,  are  described.  Specific 
applications  to  isotopic  variants  of  H  H-  H2  scattering  are  used  to  demonstrate  the  range 
of  control  for  superposition  states  built  from  degenerate  diatomic  states. 


1.  Introduction 

The  principle  of  controlling  atomic  and  molecular  processes  via  quantum  interference,  ue.  coherent 
control,  is  now  well  established.^’^  In  particular,  one  arranges  to  arrive  at  a  final  state  through 
two  or  more  independent  coherent  routes  whose  features  can  be  varied  via  experimentally  control¬ 
lable  parameters.  Having  done  so,  the  multiple  routes,  and  the  interference  between  them,  can  be 
controlled  by  changing  the  relevant  laboratory  parameters.  Numerous  computational  and  experi¬ 
mental  studies  show  that  the  interference  contribution  is  a  function  of  the  particular  product  so 
that  one  can  alter  the  ratio  of  products  by  manipulating  the  interference  contributions  through 
laboratory  variables.  Further,  this  control  is  often  found  to  be  extensive. 

This  principle  has  been  established  formally  and  computationally  for  both  unimolecular  and 
bimolecular  processes  and  shown  experimentally  for  unimolecular  processes.^“^  A  review  of  this 
work  makes  clear,  however,  that  the  control  of  bimolecular  processes  is  still  in  its  infancy.  In 
particular,  we  have  presented  the  rudiments  of  a  general  formalism  for  control  of  bimolecular 
collisions,®"®  studied  control  for  one-dimensional  reactive  scattering®  and  demonstrated  control  of 
the  differential  cross  section*^’*  for  isotopic  variants  of  H  H-  H2  in  a  particular  implementation 
discussed  further,  below.  In  this  paper  we  systematically  describe  the  specific  requirements  for 
bimolecular  control  and  discuss  methods  for  implementing  control  in  the  laboratory.  In  their  most 
general  form  they  invoke  the  manipulation  of  matter  as  waves,  an  area  overlapping  with  matter 
interferometry^®  and  laser  cooling.^ ‘  We  then  consider  one  simple  scenario  to  examine  the  extent 
of  possible  control. 

Consider  then  the  general  collision  processes 

A  +  +  G  (1) 

where  A,  D,  F,  G  are,  in  general,  molecules  of  mass  M^,  M^,  Mp  and  Mq.  Here  F  and  G  can  be 
identical  to  A  and  D  (nonreactive  scattering)  or  different  from  A  and  D  (reactive  scattering).  We 
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label  A  +  D  as  arrangement  q  and  F  +  G  as  arrangement  q\  Eigenfunctions  of  the  asymptotic 
reactant  Hamiltonian  at  energy  E,  where  A  +  D  are  widely  separated,  are  denoted  |£,  m;  0>. 
Here  m  includes  all  quantum  number  which  describe  the  state,  other  than  the  energy  E  and  the 
arrangement  q.  Asymptotic  product  states  of  F  +  G  are  similarly  denoted  |  £,  q\  n\  0>,  and  |  £,  q\ 
/!'*■>  denotes  the  outgoing  scattering  solutions^^  associated  with  product  in  state  |£,  q\  n\  0>.  The 
probability  q*\  m,  q)  of  forming  the  product  |  £,  q\  n  \  0>,  having  initiated  the  scattering  in  |  £, 
ffi;  0>  is  given  by 

q';  m,  q)  =  |<£,  q',  n;  0|5|£,  q,  m;  0>|*  (2) 

where  5  is  the  scattering  matrix.  Alternatively,  the  cross  section  q'\  m,  q)  for  forming  |£,  q\  n; 
0>  having  initiated  the  scattering  in  |  F,  m;  0)  is: 

a^n,  q';  m,q)  =  \  <£,  9',  n*  \V^\E,  q,  m;  0>  \\  (3) 

Here  is  the  component  of  the  total  potential  that  vanishes  as  the  A  to  D  distance  becomes 
arbitrarily  large.  The  cross  section  for  scattering  into  arrangement  q\  independent  of  the  product 
internal  state  /i,  is 

9)  =  Z I  <^>  9'-  9. o>  P-  (4) 

a 

Assorted  other  cross  sections  may  be  defined,  depending  upon  which  of  the  elements  of  n  are 
summed  over.  Of  relevance  below  are  (a)  a^(q\  0,  0;  m,  ^),  corresponding  to  scattering  into  the  q' 
product  channel  and  into  scattering  angles  (0,  and  (b)  the  traditional  differential  cross  section 
ff£(9'.  e;m,q)  =  ll'  d(t>  ff^q',  6,  (pirn,  q). 

Note  that  eqns.  (2)-(4)  arise  in  scattering  theory  after  separating  out  the  motion  of  the  center  of 
mass  of  A“D,  a  feature  discussed  in  greater  detail  in  Section  11. 

To  control  bimolecular  collisions  we  construct  an  initial  state  |  F,  q,  {c„}>  consisting  of  a  super¬ 
position  of  N  energetically  degenerate  asymptotic  states  |  F,  m;  0> : 

I E,  9.  {c»}>  =  I E,  9,  m;  0>.  (5) 

m 

The  cross  section  associated  with  using  eqn.  (5)  as  the  initial  state,  obtained  by  replacing  \E,q,m; 
0>  by  eqn.  (5)  in  eqn.  (3),  is 

odn,  q';  {c«},  q)  =  |  <£,  q',  |  K,  c*  |  £,  q,  m;  0>  p 

m 

=  'Z\cJ\E,q',n*\V^\E,q,m-,0->\^ 

m 

+  Z  Z  c:,<£,  q',  n*\  K,  I E,  9,  m;  0><£,  q,  m';  0\V^\E,  q',  n*} 

=  Z  I  9':  «.  9)  +  Z  Z  q' ;  m',  m,  q)  (6) 

m  m'  m^m’ 

where  <7(11,  q';  m\  #n,  q)  is  defined  via  eqn.  (6).  The  total  cross  section  into  arrangement  q'  is  given 
by 

M9':  {Cm}.  9)  =  Z  9':  {c«},  9)  (7) 

■ 

Note  that  eqn.  (6),  and  hence  eqn.  (7),  are  now  of  a  standard  coherent  control  form,  i.e.  direct 
contributions  from  each  member  of  the  superposition,  proportional  to  plus  interference 

terms  which  are  proportional  to  c*. .  This  form  has  three  significant  features.  First,  it  is  clear  that 
if  we  control  the  ,  through  assorted  preparation  methods,  then  we  can  control  the  interference 
term,  and  hence  the  scattering  cross  section.  Second,  it  provides  a  specific  functional  form  for 
control  so  that  the  experimentalist  needs  only  determine  a  small  number  of  terms  (the  crs)  in  order 
to  generate  the  entire  control  map,  i.e.  control  as  a  function  of  c„ .  Third,  it  arises  from  eqn.  (5), 
which  includes  only  energetically  degenerate  terms.  In  particular,  if  eqn.  (5)  were  to  contain  states 
of  different  energies  F  and  F  then  the  interference  term  would  carry  a  factor  of  exp[i(F  —  E')t/K] 
which  would  average  to  zero  over  a  period  h/(E  —  F')  and  control  would  vanish.^ ^  This  degener- 
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acy  requirement,  which  is  standard  in  all  coherent  control  scenarios,  proves  somewhat  demanding 
in  collisional  processes. 


n.  Preparation  of  the  scattering  superposition 

To  see  how  the  required  superposition  state  [eqn.  (5)]  can  be  constructed  in  the  laboratory 
requires  some  introductory  remarks.  Note  first  that  eqns.  (2)-(7)  and  the  |  £,  q,  m;  0>  are  expressed 
in  the  center  of  mass  coordinate  system  and  describe  the  relative  translational  as  well  as  the 
internal  state  of  A  and  D.  In  typical  A^D  scattering  the  removal  of  the  center  of  mass  motion 
comes  about  in  a  straightforward  way.  That  is,  let  and  denote  the  laboratory  position  of  A 
and  D  and  hk^  denote  their  laboratory  momenta.  The  relative  momentum  k,  relative  coordi¬ 
nate  r,  center  of  mass  momentum  K  and  position  R  are  defined  as 

K=k^^k^;  +  + 

k=^{Mj,k^^Mj,f^)l{Mj,  +  M^);  (8) 

In  the  case  where  A  and  D  are  initially  in  internal  states  |  </>a(0>  |  (^d0))»  of  energies  £^(0 

£u(y),  and  the  initial  A  and  D  translational  motions  are  described  by  plane  waves  of  momenta  kf^ 
and  k^  then  the  incident  wavefunction  is 

'I'ir,  =  I  <I>aW>  I  •  '•A)exp(i*?  •  '•d) 

=  l<^A{>)>l<^DO‘)>exp(iA-r)exp(iA’-^).  (9) 

The  second  equality  follows  from  eqns.  (8).  Since  the  interaction  potential  between  A  and  D 
depends  solely  upon  the  A-D  relative  coordinates,  the  center  of  mass  momentum  is  conserved  in 
the  collision,  allowing  us  to  separate  out  the  center  of  mass  motion  and  to  describe  the  dynamics 
in  the  center  of  mass  coordinate  system,  f.e.,  in  terms  of  |  £,  ^,  ni;  0>. 

Scattering  may  also  occur  from  a  state  composed  of  different  values  of  center  of  mass  momenta 
For  example, 


\K>^Yd,„\E,q,m-,0}\K,'>  (K,  K,).  (10) 

(m 


Since  the  center  of  mass  momentum  is  conserved,  and  since  it  can  be  measured  at  the  end  of  the 
collision,  the  cross  section  for  scattering  into  |  £,  q\  «;  0>  in  this  case  is  given  by 


q)  =  '£ 

I 


<E,q',  n*\V^Ydu,\E,q.m;Oy 


(11) 


That  is,  components  of  the  wavefunction  with  different  values  of  |  contribute  independently  to 
the  reaction  cross  section  and  do  not  interfere  with  one  another. 

Consider  now  preparation  of  the  generalized  superposition  states  [eqn.  (5)]  where,  for  simplicity, 
we  limit  consideration  to  the  preparation  of  a  superposition  of  two  states.  To  do  so  we  examine 
the  scattering  of  A  and  D,  each  in  a  previously  prepared  superposition  state.  The  wavefunctions 
and  in  the  laboratory  system  are  chosen  to  be  of  the  general  form : 


^A  =  a  1 1 0A(l)>exp(i*t  •  +  Oj  \  (^A(2)>exp(iA^  •  rj  (1 2) 

=  "s  I  '^D(3)>exp(iA:?  •  rj  +  04 1  </'D(4)>exp(i*S  •  rj.  (13) 


Since  A  and  D  are  initially  noninteracting,  the  incident  wavefunction  is 

i/'in  =  I^'a  (('d  =  C"i  I  <^A(l)>exp(i*t  •  »-a)  +  “2 1  <^A{2)>exp(iA5  •  r J] 

X  [03 1  <^D(3)>exp(i*?  •  rp)  +  |  <^D(4)>exp(iAcJ  •  r^)] 

=  Z  Z  Aiexp(iAy-r)exp(iJi:y-J?)  (14) 

1-1 J-3 

where  A^j  =  aiajl<fi^(0>IMj)>.  -  A/^A:f)l(M^  +  Mj,).  and  =  +  with 

(i  =  l,2;;  =  3,4). 
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As  constructed,  eqn.  (14)  is  composed  of  four  independent  noninterfering  incident  wavepackets 
since  each  has  a  different  center  of  mass  wavevector  However,  we  can  set  conditions  so  that 
interference,  and  hence  control,  is  indeed  achieved.  That  is,  we  require  the  equality  of  the  center  of 
mass  motion  of  two  components,  plus  energy  degeneracy: 

^13  ~  ^24 

with  n  =  +  Md).  Eqn.  (14)  then  becomes 

=  [^13  exp(ik,3  •  r)  +  A24.  exp(ik24  •  r)]exp(ijri3  •  R) 

+  /l23exp(ik23T)exp(LB:23-/f)  +  /li4exp(ik,4T)exp(iif,4-/f),  (16) 

where  the  term  in  the  first  bracket,  due  to  eqn.  (15),  is  a  linear  superposition  of  two  degenerate 
states.  In  accord  with  eqns.  (10)  and  (11)  we  expect  that  the  scattering  cross  section  will  be  com¬ 
posed  of  noninterfering  contributions  from  three  components  with  different  but  where  the 
first  term  allows  for  control  via  the  interference  between  the  and  A24,  terms.  The  two  remain¬ 
ing  terms,  proportional  to  A22  and  A^^ ,  are  uncontrolled  satellite  contributions. 

For  example,  if  we  set  =  —k^  and  then  -  K24,  =  0.  In  addition,  ^13  =  A:f , 

^24  “  so  that  eqn.  (15)  becomes 

m  =  (2Wd  +  «d(4)  -  exd)  -  «d(3)]/(M„  -  M  J  (17) 

Note  also  that  we  can  implement  eqn.  (17)  for  the  case  of  atom-diatom  scattering  by  setting 
I0a(1)>  =  I^a(2)>  =  l0A(g)>»  where  |0A(g)>  is  the  ground  electronic  state  of  atom  A.  Eqn.  (17) 
then  becomes 

-  (kin  -  (2Mo  MM4)  -  eo(3)]/(M^  -  MJ  (18) 

Finally,  in  the  specific  case  where  we  superpose  degenerate  states  of  the  molecule  D,  eqn.  (18) 
becomes  (kf)^  ==  (k^)^.  Indeed,  in  this  case  we  can  choose  =  ki  =  —  k®  =  so  that  all  of  the 
Kij  are  equal  and  all  of  the  four  terms  in  eqn.  (14)  are  energetically  degenerate  in  the  center  of 
mass  coordinate  system.  Hence  in  this  case,  which  corresponds  to  the  scattering  of  an  atom  off  a 
molecule  in  a  superposition  of  degenerate  molecular  states,  there  are  no  extraneous  uncontrollable 
satellite  contributions.  Results  for  this  case  are  considered  below  for  the  case  of  atom-diatom 
scattering. 


in.  M  Superpositions 

It  is  clear  that  the  easiest  way  of  implementing  bimolecular  control  in  the  laboratory  is  to  start 
with  a  superposition  of  degenerate  states  of  the  fragments.  In  atom-diatom  scattering,  to  which  we 
restrict  attention,  we  utilize  the  (2/  +  1)  diatomic  rotational  states  | m>,  where  m  is  the  projection 
of  diatomic  angular  momentum  j  along  a  space  fixed  axis.  In  this  case  (and  in  the  case  of  the 
helicity,  i.e.  the  projection  of  the  angular  momentum  along  the  relative  velocity  vector,*^’®  as  well) 
we  show  below  that  control  over  the  differential  cross  section  is  possible  but  control  over  the  total 
cross  section  is  not. 

Consider  first  superimposing  two  m  states  of  the  diatomic  in  atom-diatom  scattering.  For  this 
case  eqn.  (5)  assumes  the  form: 

l».  9>=  E  (19) 

where  |  is  an  eigenket  of  the  diatomic  of  energy  with  v  denoting  the  diatom  vibrational 
quantum  number.  is  a  plane  wave  of  energy  describing  the  free  motion  of 

the  atom  relative  to  the  diatom  in  the  q  arrangement. 

The  differential  cross  section  into  scattering  angles  0,  (p  is  given  by 


a(q’vjk! 


q,  vj,  mi,  m2|0,  <(>)  = 


E  -  S,  V) 

i=1.2 


(20) 
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Table  4  Optimal  control  coefficients  c,-,  for  the  H  -f  H'D  collisions  at  £  =  1.25  eV* 


q 

m, 

u  =  0,  ;■ 

=  1 

v  =  0,j 

=  2 

v  =  0J 

=  4 

p  =  0,;  = 

=  6 

|C.I 

arE(cJ 

\c,\ 

arg(cj 

|C,I 

arg(c,) 

|c,| 

arg(cj 

2 

0 

0.914 

0.429 

0.592 

1.958 

0.576 

-2.250 

0.542 

-0.756 

2 

1 

0.287 

0.0[+0] 

0.540 

0.476[-it] 

0.494 

2.539C-7:] 

0.478 

-2.273[+7i] 

2 

2 

0.183 

0.0[+0] 

0.278 

1.341[-tc] 

0.312 

2.624[-h0] 

2 

3 

0.112 

0.381[-7i] 

0.155 

1.393[-7i] 

2 

4 

0.028 

0.0[+0] 

0.052 

0.385[+0] 

2 

5 

0.014 

-0.212[+7t] 

2 

6 

0.003 

0.0[+0] 

3 

0 

0.890 

-1973 

0.535 

0.984 

0.498 

-0.834 

0.500 

0.117 

3 

1 

0.322 

-n[+n] 

0.561 

0.194[-7t] 

0.468 

-2.061[  +  7r] 

0.453 

-l.256[  +  7i] 

3 

2 

0.206 

0.0[+0] 

0.333 

-2.775[+0] 

0.328 

-2.232C+0] 

3 

3 

0.205 

-3.104[  +  n] 

0.213 

-2.877[  +  7i] 

3 

4 

0.063 

-7l[+0] 

0.118 

3.005[  +  0] 

3 

5 

0.052 

2.882[-Tr] 

3 

6 

0.012 

-Tl[  +  0] 

=  2  corresponds  to  the  final  H'  +  HD  arrangement  and  q  —  3  corresponds  to  the  final  D  + 

HH'  arrange- 

ment.  Here  C(  =  where  — ;  ^ 

Values  of  |Ci|  are  found  to  be  a  function  of  |md  and  arg(cj  for  lm,  |  are 

shown.  In  order  to  get  arg(cj  for  - 

-|mj,  one  should  add  the  numbers  in  square  brackets  to  the  value  of  arg(c,) 

forj 

m,|.  le.g.  arg(Ci) 

=  0  for  g  =  3, 

m,=  - 

1,  V  =  OJ  =  1]. 

nation  of  the  results  showed  that  this  is  not  the  case.  Thus,  optimal  control  results  from  quantum 
interference  effects  and  not  from  a  simple  classical  reorientation  of  the  angular  momentum  vector. 

rV.  Summary 

Our  general  treatment  of  laboratory  conditions  for  bimolecular  control  has  identified  two  dis¬ 
tinctly  different  classes  of  control.  In  the  first,  one  prepares  a  superposition  of  degenerate  internal 
reactant  states  which  is  subsequently  used  as  a  reagent  in  the  collision.  In  this  case  there  are  no 
undesirable  uncontrolled  satellite  contributions.  However,  in  examining  the  most  natural  case,  ue. 
superposing  diatomic  m  states  in  collisions  with  atoms,  we  have  found  that  (a)  one  can  control 
differential,  but  not  total  integral,  cross  sections  and  (b)  control,  although  evident  in  general,  only 
becomes  extensive  with  the  inclusion  of  many  initial  m  states.  An  examination  of  Table  1  shows 
that  this  is  because  the  (Tu  interference  contributions  are  small  when  compared  to  the  (t,,  . 

The  second  control  class  requires  the  creation  of  the  desired  superposition  state  [eqn.  (5)]  from 
non-degenerate  internal  states  of  the  reactants.  In  this  instance  we  require  special  conditions  in  the 
laboratory  in  which  the  relative  motion  of  the  atom  and  internal  energy  are  correlated  within  a 
laboratory  superposition  state.  Although  similar  correlations  have  been  established  in  laser 
cooling  of  atoms^^  these  techniques  have  yet  to  be  extended  to  molecules.  Given  these  conditions 
controllable  superpositions  result,  but  they  are  accompanied  by  uncontrolled  satellite  terms  {e.g. 
eqn.  (16)].  Nonetheless,  previous  studies  on  model  collinear  scattering^  suggest  the  possibility  of 
extensive  control  under  these  circumstances  due  to  large  relative  values  of  .  These  studies 
motivate  the  further  work  which  is  currently  underway^"^  on  three-dimensional  atom-diatom  scat¬ 
tering  using  non-degenerate  internal  states  in  the  initial  superposition  state. 
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Here 


(6,  <P)  =  — 77 - Z  (2-^  +  (21) 

^^qvj  J 

is  the  scattering  ampUtude,**  and  are  the 

elements  of  the  scattering  5-matrix  in  the  helicity  representation/^  Here  k'  is  the  hehcity  of  the 
product  diatom  (i.e.  the  projection  of  the  product  diatom  angular  momentum  onto  the  final  rela¬ 
tive  translational  velocity  vector),  and  -  €^„j)/h,  with  being  the  atom-diatom 

reduced  mass  in  the  q  channel.  Note  that  the  use  of  (n  -  0)  in  eqn.  (20),  rather  than  is  discussed 
in  ref.  16. 

Expanding  the  square  in  eqn.  (20)  gives  the  reactive  differential  scattering  cross  section  as 
(where  we  drop  the  initial  state  labels  for  convenience) 

a^(v'fk'  \e,(p)  =  \c,  I  1 0)  +  I  Cj  | V5i(o7fe'  1 0)  +  2  Re{cf  Cj  a^,^(v'fk'  \  8,  (?)},  (22) 

where 

«r!)(t;7fc'|  0)  =  9>)P 

=  (4fc,V-‘  Z{2J  +  1X2J'  +  l)di.Jn  -  e)di:jit  -  0) 
j,r 

X  ^'^•v'rk\qvJmiL^Wrk\qvjm3**  ^  ^  2,  (23) 

and 

G^llWk'  I  6,  (p)  -  0,  (p)fq'v-rk'^qvjmli^  -  <P) 

gl(mi  -mz)^ 

— rp— i:(2^  +  iX2i'+i) 

^^qvj  j,r 

X  di.„,(n  -  9)di.„Jin  -  0)Si.„.j.t,  q  #  q'.  (24) 

Here,  the  superscript  R  denotes  reactive  scattering  into  a  specific  final  arrangement  channel  q'  #  q. 
The  total  differential  cross  section,  o^(0,  (p),  for  reaction  out  of  a  state  in  eqn.  (19)  is  given  by  the 
sum  over  final  states  at  energy  £  as 

<^(®.  </>)=£  o^Wk'  1 0,  (p).  (25) 

P'./.fc' 

Note  that  the  cp  dependence  of  the  measurable  cross  sections  is  due  solely  to  the  interference  term. 
Integration  of  eqn.  (22)  or  (25)  over  angles  6  e  [0,  7t]  and  (p  e  [0,  In']  gives  the  state-resolved 
integral  reactive  cross  section  a^vyk').  However,  the  integral  of  ^2W'k'  1 6,  (p)  over  <p  is  zero  so 
that  the  interference  term,  and  hence  control  over  the  total  cross  section  disappears.  Indeed,  the 
integral  over  0  <  (p  <n  exactly  cancels  the  integral  over  n  <  (p  <  2n,  For  this  reason  we  consider 
control  over  scattering  into  the  hemisphere  0  <(p  <n,  giving  the  state  resolved  integral  cross 
section  denoted  a^(v'fk';  (p  ^  tt).  This  can  also  be  written  as  three  terms,  as  in  eqn.  (22),  but  with 
the  afj  replaced  by  (rf/vyk';  <p  ^  tc),  {i,j  =  1,  2),  where 


with 


fffi(v'fk';  (p  <  It)  =  X  (2-^  +  2. 

^^qvj  J 

cUVfk';  <P  <  n)  =  (4feJ„j)-‘  X(2J  +  1X2J'  + 


J,r 


X  I(m 


1,  «2)  ^ 


d0  sin  0  di.„^(n  -  0)di;„,(n  -  0),  q^  q', 


(26) 


(27) 


/(fftj,  mj)  = 


i(mi  -ma)^ 


if  mj  —  m2  is  odd, 
if  mj  —  mj  is  even. 
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Summing  over  the  final  v\  /,  k!  at  energy  £,  gives  the  total  integral  cross  section  into  the  hemi¬ 
sphere  as 

ff*(<p<7i)=  Y  (28) 

It  is  important  to  stress  that  state-to-state  cross  sections  afjiv'fk'\6)  and  afiiv'fk!;  ^  ^  it)  in  eqns. 
(23)  and  (26),  as  well  as  the  corresponding  total  cross  sections  (75(0)  and  (j^ ,  appear  in  standard 
scattering  theory  (see,  e.g,,  ref,  17),  while  <P)  and  ^  tc)  in  eqns.  (24)  and  (27) 

are  new  types  of  interference  terms  which  allow  for  control,  through  the  c^,  over  the  atom-diatom 
collision  process.  Note  that  significant  control  requires  substantial  which  follows  from  the 
Schwartz  inequality  [\a^2  \  ^  \/^ii  *^2!  large  (7^2  requires  also  large  and  a 22-  Therefore, 
extensive  control  is  not  limited  to  regions  near  the  reactive  threshold.^® 

To  examine  the  extent  of  control  over  the  reaction  it  is  convenient  to  rewrite  the  reactive  cross 
section  in  the  form  (where  we  refer  to  scattering  into  a  hemisphere,  but  drop  the  notation  “(p  <  tc” 
for  convenience), 

=  [ff?,  +  xVI,  +  2x  1 0^2 1  cos(5?2  +  .^i2)]/(l  +  (29) 

where  x  =  |c2/c,  |,  <^>12  =  arg(c2/ci),  and  5?,  =  arg(ff52)-  In  many  cases,  of  greatest  interest  is 
control  over  branching  ratio  between  the  reactive  and  nonreactive  total  cross  sections  which  is 
given  by 

—  =  M  +  x^<r»2  +  2x  I  oi;2 1  cos(3?2  +  ^12) 

^NR  O^f  +  x^<j^  +  2x\a^\cos(5^+<l>,,)- 

Here  NR  refers  to  nonreactive  scattering;  definitions  of  the  nonreactive  cross  sections  are  analo¬ 
gous  to  their  reactive  counterparts. 

It  follows  from  eqns.  (29)  and  (30)  that  by  varying  the  coefficients  (i.e.  varying  either  the 
relative  magnitude,  x  or  the  relative  phase,  (^9)  through  the  initial  preparation  step, 

we  can  directly  alter  the  interference  term  (r^2  (and/or  (r^J)  and  hence  control  the  scattering  cross 
sections.  Such  a  preparation  might  be  carried  out,  for  example,  by  a  suitably  devised  molecular 
beam  experiment  where  the  diatomic  is  excited,  with  elliptically  polarized  light  to  a  collection  of 
well-defined  m  states. 

Note  that  the  above  approach  can  be  readily  extended  to  the  case  of  N  interfering  superposition 
states,  as  discussed  in  Section  IIIB  below. 

A.  Computational  results 

We  have  considered  control  over  the  reactions  D  -I-  H2 ,  H  -f*  D2 ,  and  H  -I-  H'D  (H  and  H'  denote 
^  hydrogen  atoms  which  are  deemed  distinguishable)  using  this  approach  and  present  a  few  typical 
results  in  this  section.  Control  over  reaction  products  is  achieved  by  preparing  superpositions  of 
two  initial  degenerate  interfering  diatomic  states  {v,  j\  m^)  and  (i?,  7,  m2).  In  our  three-dimensional 
quantum-mechanical  calculations,  the  A  +  B2  symmetry  has  been  exploited  for  the  first  two  reac¬ 
tions,  while  the  last  one  has  been  considered  as  an  atom-heteronuclear  diatom  reaction  of  the 
general  A  -1-  BC  type.  The  cross  sections  reported  below  are  obtained  via  the  symmetrization 
procedure  described  in  ref.  16.  Since  only  initial  states  of  and  D2  with  even  j  were  considered, 
only  the  “plus”  molecular  parity  block  was  computed  for  each  partial  wave.  The  LSTH^^  poten¬ 
tial  surface  was  used  and  scattering  calculations  were  done  with  the  log-derivative  version  of  the 
Kohn  variational  principle^®  using  a  basis  set  contraction  procedure.^ ^  Scattering  calculations 
were  carried  out  for  total  angular  momentum  up  to  7  =  31  with  «  14  and  =  2.5  eV  for 
the  D  -I-  H2  and  H  -f  D2  reactions,  and  up  to  7  =  46,  =  15  and  =  2.6  eV  for  the 

H  +  H'D  reaction,  ensuring  fully  converged  cross  sections  for  the  chosen  energies.  Here,  and 
jmtx  ^re,  respectively,  the  maximum  (cutoff)  energy  and  maximum  diatomic  rotational  quantum 
number  of  all  asymptotic  channels  and  internal  basis  functions  included  in  the  calculation. 

Consider,  as  an  example,  the  results  for  scattering  from  a  superposition  state  consisting  of  the 
(u  =  1,7  —  2,  mj  =  1,  mj  =  0),  as  shown  in  Fig.  1.  Results  are  reported  as  contour  plots  of  cross 
section  ratios  vs.  the  phase  ^12  the  parameter  5  =  x^/{l  +  x^).  The  value  s  =  0  corresponds  to 
scattering  from  the  state  with  mj  :=  1  and  s  =  1  corresponds  to  scattering  from  the  state  with 
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Fig.  1  Contour  plot  of  the  c^(d\  ^  <  K)la^\d\  <p  <  JtX  x  10^)  ratio  for  D  -f  as  a  function  of  <^12  ^  at 

B  —  60**,  with  E  =  1.25  eV.  The  initial  state  is  a  superposition  state  with  v  =  \J  =  2,  =  1,  =  0. 


m2  =  0.  Fig.  1  shows  (p  <  n)/c^^{(p  <  which  is  seen  to  vary  from  0.22  to  0.58  as  (^12  is 
changed  from  157°  to  342°  at  s  «  0.51.  This  range  should  be  compared  with  the  uncontrolled 
ratios  of  ^0.36  at  s  =  1  and  <^0.40  at  s  =  0.  Note  further  that  Fig.  1  is  of  the  familiar  form,^’^ 
resulting  from  the  interference  between  two  states.  Thus,  varying  the  coefficients  allows  one  to 
either  increase  or  decrease  the  ratio  of  differential  cross  sections,  in  comparison  to  the  uncon¬ 
trolled  ratio,  by  a  factor  of  1.5.  Less  extensive  control  was  observed,  for  example,  for  scattering 
from  the  (v  =  Q,j  =  2,  =  2,  mj  —  1)  initial  state  (not  shown). 

Similar  ranges  of  control  are  observed  for  control  over  the  cross  section  into  the  hemisphere, 
i.e,  (r\(p  ^  <  ti),  shown  in  Figs.  2  and  3.  The  results  shown  in  Fig.  2  correspond  to 

D  +  H2  H  +  HD  at  F  =  0.93  eV,  with  scattering  from  an  initial  superposition  of  (u  =  0,  j  =  2, 
mj  —  1,  m2  =  0).  The  ratio  of  cross  sections  is  seen  to  vary  from  0.05  to  0,079,  showing  maximum 
and  minimum  that  are  well  outside  (up  to  factor  1.22  and  1.26  respectively)  of  the  range  of  results 


Fig.  2  Contour  plot  of  the  ratio  ^  <  tcX  x  10^)  for  D  +  Hj  at  £  =  0.93  eV  as  a  function  of  ^12 

and  s.  The  initial  state  is  a  superposition  of  i;  =  0,  j  =  2,  nij  =  1,  mj  =0. 
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Fig.  3  Contour  plot  of  the  ratio  ^  n)/ff^\<p  ^  7i)(  x  10^)  for  D  +  at  £  =  1.25  eV  as  a  function  of  <^12 
and  s.  The  initial  state  is  a  superposition  of  u  =  1  j'  =  2,  =  1,  mj  =0. 


for  scattering  from  a  single  state.  Thus,  the  ratio  of  cross  sections  can  be  increased  or  decreased 
by  « 20%  through  coherent  control  effects.  Somewhat  better  control  is  observed  at  higher  ener¬ 
gies  (E  =  1.25  eV),  further  from  the  reaction  threshold  (Fig.  3.)  where  a  superposition  of  (y  =  1, 
j  =  2,  =  1,  m2  =  0)  initial  superposition  states  shows  the  ratio  of  cross  sections  varying  from 

0.053  to  0.073  as  both  <^12  and  s  are  varied. 

In  essence,  superposing  two  m  levels  provides  some  degree  of  control  over  the  differential  cross 
sections.  Nonetheless,  control  is  far  from  extensive.  The  origin  of  this  behavior  is  evident  from  the 
sample  results  shown  in  Table  1,  which  shows  the  contributions  cr,.,.  and  0-12  ^or  reactive  and 
nonreactive  scattering  from  several  initial  superposition  states  at  E  =  1.25  eV.  The  interference 
contributions  0*12  are  seen  to  be,  for  both  the  reactive  and  nonreactive  terms,  approximately  one 
order  of  magnitude  smaller  than  the  diagonal  terms.  As  a  consequence,  the  extent  of  control  is 
rather  limited.  Two  alternatives  for  improved  control  suggest  themselves.  The  first  is  to  seek 
alternate  linear  superpositions,  e.g.  composed  from  nondegenerate  molecular  states,®  whose  result¬ 
ant  interference  terms  are  closer  in  magnitude  to  the  diagonal  elements.  The  second  is  to  examine 
the  extent  of  control  resulting  from  the  inclusion  of  more  than  two  degenerate  reactant  states  in 
the  initial  superposition,  as  discussed  below. 

B.  Optimized  bimolecular  scattering 

The  treatment  above  can  be  readily  extended  to  superpositions  composed  of  more  than  two  states. 
In  particular,  we  adopt  a  previously  devised  scheme  to  optimize  the  reactive  cross  section  as  a 
function  of  for  an  arbitrary  number  of  states. 

Consider  scattering  from  incident  state  |£,  q,  /i;  0>  to  final  state  |£,  q'y  m;  0>.  To  simplify  the 
notation  we  identify  the  m  and  n  labels  with  a  single  quantum  number,  denoted  i  and  f,  with 


Table  1  Integral  cross  sections  <  n),  i  <  ;  =  1,  2,  for  D  +  Hj  at  F  =  1.25  eV* 


V 

J 

mi 

m2 

_NR 

^11 

-NR 

^22 

-NR 

^12 

^11 

<^22 

^12 

0 

2 

1 

0 

2.312(-|-1) 

2.305(-l-l) 

4.294(-l) 

3.337(4-0) 

3.364(4-1) 

3.578(-l) 

0 

2 

2 

1 

2.466(  +  l) 

2.312(+1) 

8.854(~1) 

2.051(4-0) 

3.337(4-0) 

8.347(-l) 

1 

2 

1 

0 

6.051(+1) 

6.083{+l) 

2.265(-l) 

4.092(4-0) 

3.549(4-0) 

3.152(-1) 

1 

2 

2 

1 

6.295(+l) 

6.051(4*1) 

1.014(4-0) 

1.841(4-0) 

4.092(-H0) 

1.077(4-0) 

*  Numbers  in  parentheses  denote  the  power  of  ten  by  which  the  tabulated  value  should  be  multiplied. 
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associated  free  states  |£,  q,  i;  0>  and  \E,  q\f\  0).  The  result  is,  however,  completely  general.  In 
accord  with  eqn.  (2),  the  probability  ?(/,  q';  i,  q)  of  producing  product  in  final  state  |/  £,  q'} 
having  started  in  the  initial  state  |  i,  £,  is 

=  (31) 

where  Sy,-  =  <£,/,  q'\S\Ey  i,  q}  and  where  S  is  the  scattering  matrix  for  the  process.  The  total 
probability  P{q'i  i,  q)  of  scattering  into  arrangement  channel  q\  assuming  m  open  product  states,  is 
given  by 

W:<-.9)=  (32) 

/“I 

To  simplify  the  notation  we  have  not  carried  an  E  label  in  the  probabilities:  fixed  energy  E  is 
understood. 

If  we  now  consider  scattering  from  an  initial  state  |£,  g,  (cj)  composed  of  a  linear  super¬ 
position  of  k  states  [i.e.,  eqn.  (5)  with  N  =  k']  then  the  probability  of  forming  |£,  q\fy  from  this 
initial  state  is 


(i\  c,  g)  = 


Si 


and  the  total  reactive  scattering  probability  into  channel  P(g';  c,  q)  is 


Piq'ic,q)=  x; 

/■=! 


fi 


(33) 


(34) 


To  simplify  the  notation  we  introduce  the  matrix  A  =  with  elements  A^j  = 
which  allows  us  to  rewrite  eqn.  (34)  as 


P(q'',  c,  q)  =  c’y4c.  (35) 

Here  t  denotes  the  Hermitian  conjugate  and  the  q'  subscript  on  the  S  indicates  that  we  are  dealing 
with  the  submatrix  of  the  S  matrix  associated  with  scattering  into  product  channel  q\ 

One  can  optimize  scattering  into  arrangement  channel  q\  with  the  normalization  constraint 
=  1,  by  requiring 

^  |^?(9';  c,  q)  -  xi\  c,  1^]  =  ~  IcUc  -  Xc^c]  =  0  (36) 

where  A  is  a  Lagrange  multiplier.  Explicitly  taking  the  derivative  gives  the  result  that  the  opti¬ 
mized  coefficients  satisfy  the  eigenvalue  equation 

(37) 

Additional  labels  may  be  necessary  to  account  for  degeneracies  of  the  eigenvectors  Hence, 
optimization  is  equivalent  to  solving  eqn.  (37). 

We  have  applied  this  approach  to  obtain  optimal  for  all  H  +  H2  isotopic  variants.  Typical 
results  are  those  shown  here  for  H  -|-  H'D  at  £  =  1.25  eV,  where  scattering  is  optimized  in  each  of 
the  two  product  channels.  In  each  case,  we  considered  optimization  of  both  and  of  as  a 
means  of  maximizing  (or  minimizing)  In  all  cases,  optimization  of  <r^  was  found  to  provide 

superior  results. 

Results  for  the  maximum  of  into  both  product  arrangements  are  shown  in  columns  5  of 

Table  2  for  a  set  of  even  j,  along  with  the  corresponding  nonreactive  and  reactive  cross  sections. 
Results  were  similar  for  odd  values  of  j\  Also  shown,  for  comparison  purposes,  are  the  maximum 
uncontrolled  ratio,  denoted  ,  along  with  and  .  Optimal  control  results  for  the  same 

collision  processes,  but  where  we  minimize  cr*^,  are  presented  in  Table  3.  Examination  of  Tables  2 
and  3  shows  a  large  range  of  possible  control.  For  example,  scattering  into  q  —  2  from  ;  =  2 
ranges  over  a  factor  of  two,  from  a  maximum  of  2.63  x  10”^  to  a  minimum  of  1.15  x  10’^.  A 
much  greater  range  of  control  (1.98  x  10“^  to  1,51  x  10"'^)  is  evident  for  scattering  into  q  =  3 
with  initial  j  =  10.  Indeed  the  range  of  control  increases  with  7,  a  manifestation  of  the  increasing 
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Table  2  Controlled,  <  71),  and  uncontrolled,  aj'^(9  <  tt),  integral  cross  sections 

for  the  H  -f  H'D  collisions  at  JE  =  1.25  eV"  (results  of  maximization) 


9 

J 

2 

2 

l,10{+0) 

6.49(+ 1) 

2.63(-2) 

1.41(4*0) 

6.25(4-1) 

2.26(-2) 

2 

4 

1.96(+0) 

6.92{+ 1) 

2.83(-2) 

1.39(4-0) 

6.32(4*1) 

2,20(-2) 

2 

6 

2.10(+0) 

7.53(+l) 

2.79(-2) 

1.30(-h0) 

6.47(4-1) 

2.01(-2) 

2 

8 

1.89(+0) 

8.37(+l) 

2.26(-2) 

1.02(+0) 

6.71(-h1) 

1.52(-2) 

2 

10 

6.08(-l) 

9.67(+ 1) 

6.29(-3) 

3.12(-1) 

7.12(4*1) 

4.39(-3) 

3 

2 

l3S{+0) 

6.39(+l) 

2.11(~2) 

1.10(4-0) 

6.25(4-1) 

1.76(-2) 

3 

4 

T.58(+0) 

6.78(+l) 

2.34(-2) 

1.19(4-0) 

6.32(4-1) 

1.88(-2) 

3 

6 

1.86(-h0) 

7.37(4-1) 

2.52(-2) 

1.28(4-0) 

6.47(-Hl) 

T.98(-2) 

3 

8 

2.06(  +  0) 

8.25(+l) 

2.50(-2) 

1.29(4-0) 

6.71(4-1) 

1.93(~2) 

3 

10 

l.92(+0) 

9.70(-Hl) 

l.98(-2) 

L06{  +  0) 

7.12(4-1) 

1.49(-2) 

*  In  all  cases  the  initial  i;  =  0.  For  each  case  shown,  coefficients  c,-  were  obtained  to  maxi¬ 
mize  The  q  =  2  arrangement  corresponds  to  H'  +  HD  and  ^  =  3  corresponds  to 
D  -I-  HH'.  Numbers  in  parentheses  denote  the  power  of  ten  by  which  the  tabulated  value 
should  be  multiplied. 


ability  so  suppress  reactive  scattering  as  the  number  of  initial  states  increases.^^  We  were  unable, 
however,  to  significantly  suppress  nonreactive  scattering  as  a  means  of  enhancing  the  maximal 
a^/(T^  ratio.  Nonetheless,  in  some  instances  {e.g,  ^  2,;  =  10),  the  optimized  was  close  to  the 

theoretical  maximum  of  twicd  the  un optimized  . 

Optimal  control  coefficients  c,-  resulting  from  the  optimization  procedure  are  shown  in  Table  4 
for  a  number  of  the  cases  in  Table  2,  The  case  of  y  =  1  has  been  added  to  allow  the  simple 
verification  of  the  argument  below. 

Of  considerable  interest  is  the  question  of  whether  the  optimized  coefficients  merely  define  a 
new  vector  \j,m;  R}  which  is  simply  a  ket  vector  in  a  rotated  coordinate  system.  If  so  this  would 
indicate '^that  the  optimum  solution  corresponds  to  a  simple  classical  reorientation  of  the  diatomic 
angular  momentum  vector.  Examination  of  the  results  indicate  that  this  is  not  the  case.  Specifi¬ 
cally,  a  vector  I7,  m;  R>  rotated  by  Euler  angles  a,  y  is  given  by^^ 

I;,  m;  ^  <;,  m'  | ;,  m;  R>  |  j,  m'>  =  ^  p,  y)\j,  m'>.  (38) 

w'  m' 

Thus,  if  the  result  of  the  optimal  control  procedure  were  merely  to  affect  a  rotation  of  the;  vector, 
then  the  coefficients  should  equal  (to  within  an  overall  phase)  D^.Ja,  p,  y).  A  careful  exami- 


Table  3  Controlled,  <  n),  and  uncontrolled,  ^  tt),  integral  cross  sections 

for  the  H  +  H'D  collisions  at  E  =  1.25  eV“  (results  of  tr^  minimization) 


j 

^NR 

_NR 

2 

2 

7.23(-l) 

6,26(4-1) 

1.15(-2) 

8.62(-l) 

6.33(4-1) 

1.36(-2) 

2 

4 

4.70(-l) 

6.28(-hl) 

7.49(-3) 

6.64(-l) 

6.45(4-1) 

1.03(-2) 

2 

6 

2.21(-1) 

6.31(4-1) 

3.50(-3) 

4.07(-l) 

6.62(4-1) 

6.15(-3) 

2 

8 

3.59(-2) 

6.36(4-1) 

5.65(-4) 

1.07(~1) 

6.85(-bl) 

1.56(-3) 

2 

10 

1.18(-3) 

6.40(4-1) 

1.85(-5) 

5.60(-3) 

7.16(-K1) 

7.82(-5) 

3 

2 

3,58(*-l) 

6.34(4-1) 

5.65(-3) 

5.35(-l) 

6.33(4*1) 

8.45(-3) 

3 

4 

2.22(-l) 

6.41(-H1) 

3.46(-3) 

4.06(-l) 

6.45(4-1) 

6.29(-3) 

3 

6 

1.22{-1) 

6.52(-H1) 

1.87(-3) 

2.87(-l) 

6.62(4-1) 

4.34(-3) 

3 

8 

4.89(-2) 

6.67(4-1) 

7.22(-4) 

1.51(^1) 

6.85(4*1) 

2.20(-3) 

3 

10 

1.03(-2) 

6.84(4-1) 

1.51(-4) 

4.27(-2) 

7.16{-H1) 

5.96(-4) 

*  In  all  cases  the  initial  u  =  0.  For  each  case  shown,  coefficients  were  obtained  to  mini¬ 
mize  (T*.  The  g  =  2  arrangement  corresponds  to  H'  +  HD  and  q  =  3  corresponds  to 
D  4-  HH'.  Numbers  in  parentheses  denote  the  power  of  ten  by  which  the  tabulated  value 
should  be  multiplied. 
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The  quantum  and  classical  dynamics  of  a  conservative  nonlinear  Hamiltonian  system  in  the  chaotic  regime 
are  compared  in  the  absence  and  presence  of  decoherence  effects.  Results  show  marked  improvement  in 
classical-quantum  correspondence  with  the  introduction  of  decoherence,  even  though  the  initial  quantum  dy¬ 
namics  is  far  from  the  semiclassical  limit.  [S 1063-65  lX(99)09208-9] 


PACS  number(s):  05.45.-a,  03.65.Bz,  03.65.Sq,  05.40.-a 


I.  INTRODUCTION 


The  means  by  which  quantum  mechanics  approximates 
classical  mechanics  for  macroscopic  systems  remains  a  sub¬ 
ject  of  considerable  interest.  Traditional,  often  heuristic,  ap¬ 
proaches  argue  that  the  equations  of  classical  mechanics 
emerge  naturally  as  the  de  Broglie  wavelength  becomes 
small.  Strong  mathematical  support  for  this  approach,  but 
with  the  necessary  inclusion  of  infinitesimal  averaging  over 
energy,  has  recently  been  given  [1].  By  contrast,  others  argue 
that  classical  mechanics  is  not  a  limiting  case  of  quantum 
mechanics,  but  rather  that  decoherence,  i.e.,  loss  of  coher¬ 
ence  due  to  coupling  to  other  degrees  of  freedom,  is  neces¬ 
sary  to  ensure  the  validity  of  the  correspondence  principle 
[2-4].  This  proposal,  however,  is  the  topic  of  considerable 
controversy,  with  many  arguing  that  the  relationship  between 
decoherence  and  correspondence  is  tenuous  [5]. 

In  this  paper  we  examine  a  nonlinear  oscillator  system  in 
the  chaotic  regime  and  show  that  decoherence  does  indeed 
lead  to  substantially  improved  agreement  between  classical 
and  quantum  mechanics.  This  constitutes  a  major  extension 
of  previous  work  on  the  effect  of  decoherence,  which  was 
limited  to  one-dimensional  driven  chaotic  systems  [6-11].  In 
particular,  our  extension  is  to  the  broad  class  of  conservative 
nonlinear  Hamiltonian  systems,  and  into  the  domain  where 
the  system  is  far  from  the  semiclassical  regime.  In  addition, 
we  develop  a  quantum  state  diffusion-split  operator  method 
that  provides  a  generally  useful  and  efficient  method  for 
studying  decoherence  and  gives  interesting  insights  into  the 
origins  of  decoherence  in  conservative  systems. 

To  consider  the  effects  of  decoherence  we  adopt  the 
model  of  Caldeira  and  Leggett  and  of  Uhruh  and  Zurek  [12] 
in  which  the  system  interacts  with  a  harmonic  bath  in  the 
weak  coupling  and  high  temperature  limit.  Extending  this 
model  to  a  system  with  two  degrees  of  freedom  gives  the 
time  evolution  of  the  density  matrix  p  in  the  Wigner  repre¬ 
sentation  as  [12] 


dt  ^  ^  (/,+•§  odd  w.  dx'^dy'^ 


Up"  ^p"/‘ 


(1) 


Here  (p^,py,jc,y)  are  the  system  momenta  and  coordinates, 
V(jc,y)  is  the  potential  contribution  to  the  Hamiltonian  //, 


and  p^-p^{PxyPyyX,y\t)  is  the  Wigner  representation  of 
the  density  matrix  p.  The  first  term  on  the  right  hand  side  of 
Eq.  (1)  is  the  classical  Poisson  bracket  which  generates  clas¬ 
sical  dynamics,  the  second  term  is  responsible  for  quantum/ 
classical  differences,  and  the  third  term  induces  decoherence. 
By  using  Eq.  (1),  and  by  imposing  restrictions  on  the  deriva¬ 
tives  of  the  potential  to  ensure  the  second  term  is  small  rela¬ 
tive  to  the  Poisson  bracket  term,  Zurek  and  Paz  [2]  (and 
independently,  Kolovsky  [13])  derived  the  following  condi¬ 
tion  for  the  quantum  transition  to  classical  behavior  in  cha¬ 
otic  systems: 


where  \  is  the  Lyapunov  exponent  of  the  classical  dynamics, 
and  Y  is  a  characteristic  potential  length,  defined,  for  the  one 
degree  of  freedom  system  that  they  examined,  as  the  average 
value  of  yJ\d^V/dlV\,  Below  we  use  this  criterion  to  establish 
the  range  of  relevant  parameters  in  our  numerical  studies. 

Note  that  Eq.  (1)  ignores  the  back  action  of  the  system  on 
the  environment.  As  such,  one  can  show  [14]  that  the  system 
absorbs  energy  from  the  environment  at  a  D-dependent  rate. 
Thus,  since  D  is  required  to  be  sufficiently  large  to  satisfy 
Eq.  (2),  then  observable  energy  absorption  is  a  necessary 
characteristic  of  decoherence  (without  dissipation)  in  the 
quantum  regime  of  non-negligible  h.  In  the  case  chosen  be¬ 
low  the  rate  is  Dim  [14]  per  degree  of  freedom,  where  m  is 
the  mass,  a  theoretical  prediction  which  we  use  to  confirm 
the  energy  absorption  observed  computationally. 

n.  QUANTUM  STATE  DIFFUSION-SPLIT  OPERATOR 
APPROACH 

Solving  Eq.  (1)  is  quite  complicated  for  a  typical  two 
degree  of  freedom  chaotic  system.  A  useful  numerical  tech¬ 
nique  for  carrying  this  out,  as  well  as  the  specific  example  of 
interest,  is  described  in  this  section. 

The  particular  case  we  examine  is  given  by  the  nonlinear 
oscillator  Hamiltonian  [16] 

H=\{pl+p]+axY)+j(x*+y*),  (3) 


with  )S=0.01,  a=1.0,  a  regime  where  the  system  is  fully 
chaotic  [16]  with  \*=»0.5.  Results  were  also  obtained  for  a 
=  0.1  where  the  system  is  still  chaotic  but  where  the 
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Lyapunov  exponent  is  approximately  two  times  smaller. 
This  system  is  particularly  useful  for  decoherence  studies 
because  (a)  it  has  the  simple  energy  scaling  property  that  all 
trajectories  can  be  scaled  onto  one  Poincare  surface  of  sec¬ 
tion,  ensuring  that  the  dynamics  is  essentially  the  same  even 
if  the  system  energy  changes  due  to  system-environment  in¬ 
teraction;  (b)  the  dynamics  of  this  system  at  a=  1.0  is  very 
chaotic,  enhancing  the  classical-quantum  discrepancy  for  the 
closed  system  and  allowing  for  a  study  in  the  quantum  re¬ 
gime;  (c)  the  potential  has  no  simple  harmonic  terms.  Thus, 
any  observed  agreement  between  classical  and  quantum  be¬ 
havior  cannot  be  attributed  to  the  similarity  of  classical  and 
quantum  harmonic  oscillator  dynamics. 

To  solve  Eq.  (1)  we  adapt  the  quantum  state  diffusion 
(QSD)  approach  [15]  based  on  the  stochastic  differential 
equation  for  the  state  vector  into  a  usable  scheme  for  nonlin¬ 
ear  oscillator  systems.  In  this  approach  we  solve  for  the  dy¬ 
namics  of  the  system  wave  function  in  the  presence  of  a 
random  potential,  to  obtain  a  single  realization  |^(^;„(r),r)). 
Specifically,  we  consider  [15] 

\d4,)=^H\,j,)dt 

+  S  (  2<L:)|  -  LlL„  -  <L;L>|  ^)<L„)|  I 

m 

+  2  (4) 

m 

where  the  operators  represent  the  coupling  between  the 
system  and  environment,  and  (L;„)|^)  =  (^|L;„|^)/(^|^)  and 
where  are  independent  complex  differential  random 
variables  of  a  complex  normalized  Wiener  process,  with  well 
defined  mean  properties  [15].  Averaging  over  these  realiza¬ 
tions  by  selecting  different  gives  p(t) 

=  (1/5)1. with  5  being  the  total 
number  of  realizations  of  the  time-dependent  stochastic  vari¬ 
ables  .  Note  that  the  p(t)  is  the  sum  of  projection  opera¬ 
tors  computed  from  individual  realizations  so  that  one  can 
regard  each  contribution  as  repre¬ 

senting  a  single  laboratory  experiment  for  a  quantum  open 
system.  Below  we  utilize  this  viewpoint  to  gain  insight  into 
the  effects  of  decoherence  on  the  evolution  of  individual 
wave  packets. 

Our  specific  implementation  of  the  QSD  method  takes  the 

operators  L/  as  Li  =  (Vd/^)jc  and  L2  —  {ylD/h)y  and  uses 
the  first-order  Euler  method,  shown  to  be  accurate  for  statis¬ 
tical  expectation  values  [17],  to  integrate  Eq.  (4).  That  is,  we 
solve 


where  St  is  the  integration  time  step,  and  where  W] ,  W2  are 
two  ordinary  independent  complex  random  variables  with 
(where  M  denotes  the  mean)  M((Re  Wi)^)=M((Im 
=  M((Re  W2)^)  =  M((Im  ^2)^)=  St;  M(Wi)  =  M(W2)  =0. 
The  Hamiltonian  dynamics  is  carried  out  via  the  split  opera¬ 
tor  fast  Fourer  transform  (FFT)  technique  [18].  Thus,  com¬ 
bining  the  FFT  approach  and  the  Euler  integration  scheme 
gives  a  general  systematic  approach  to  the  wave  packet  dy¬ 
namics  in  the  quantum  state  diffusion  picture  for  nonlinear 
oscillator  systems,  even  far  from  the  semiclassical  limit. 

Below  we  compare  these  results  to  classical  mechanics  by 
obtaining  the  classical  phase  space  density  Ptix^y^Px^Py) 
which  satisfies  the  Fokker-Planck  equation: 

d 

y^Pt(x,y,Px,Py) 

=  {H,p,(x,y,p^,Py)] 

I  3^  ^  \ 

+  £>  -:^Pi(x,y,Px,Py)+—2Pl(X’y’Px<Py)]-  (6) 

\  ^Px  dPy  I 

In  the  closed  system  case  (D  =  0)  we  do  this  by  solving 
Hamilton's  equations  to  obtain  the  classical  trajectories;  5 
X  10"^  trajectories  were  found  sufficient  for  convergence. 
Similarly,  in  the  open  system  case  (D=?^0)  p  is  obtained  by 
integrating  the  Langevin-Ito  equations  for  each  sample  tra¬ 
jectory: 

dH  dH 

dx^  —dt,  dy  =  “ — dty 

dPx  dPy 

dH  r—  i _ 

(7) 

Here  77^  ,/ =1,2  are  independent  real  differential  stochastic 
variables  satisfying  Af(77i)  =  M(772)  =  0,  M{7j])-M(7jI) 
=  dt.  Once  again,  Monte  Carlo  sampling  from  the  initial 
distribution  and  Euler  integration  of  Eq.  (7)  gave  converged 
results  for  p  with  (2-4)X  10"^  sample  trajectories  and  a  total 
of  30  to  50  realizations  of  771  and  772  for  each  sample  trajec¬ 
tory. 

in.  COMPUTATIONAL  RESULTS 

As  a  specific  example  we  chose  to  examine  quantum- 
classical  correspondence  using  an  initial  ^(x,y,0)  given  as  a 
two-dimensional  coherent  state  with  Wigner  function. 


|(A(r+^0)=  Qxp{-iHStfh)\tp{t)) 

+  ^i2{x)x-x^-{xy)\if>(t)} 

+  ^(x-{x))\,l,(t))W,+  ~(2{y)y-y^ 

-{ynm) 

45 

+  -^{y-{y))\>l'{t))W2, 


Pa(x,y.Px<Py)  = 


(x-x)'^  (y-^) 

h  h 


(Px-Px)^ 

h  h  I’ 


(8) 


where  x,  y,  p^,  and  Py  are  mean  positions  and  momenta, 
respectively.  In  the  computations  reported  below  [19]  h 

=  0.1,  Ar=0.002,  D  =  6X10“^  1=0.40,  j=0.60,  p, 

=  0.50,  p^  =  0.414  with  a  spatial  grid  spacing  of  Ax=^y 


(5) 


PRE  60 


DECOHERENCE  AND  CORRESPONDENCE  IN  . . . 


1645 


FIG.  1.  Time  dependence  of  four  statistical  moments  ((y), 

(Py),  and  (Ey))  for  the  closed  chaotic  system  case.  Dark  dots  de¬ 
note  quantum  results,  thin  solid  lines  are  classical  results.  All  vari¬ 
ables  are  in  dimensionless  units  [19]. 

=0.16.  Convergence  was  checked  by  decreasing  the  time 
steps,  enlarging  the  grid  size,  and  by  increasing  S,  with  S 
=  1000  found  sufficient  to  obtain  convergent  results.  In  ad¬ 
dition,  energy  absorption  was  in  accord  with  the  theoretical 
prediction  cited  above. 

Note  first  that  our  choice  of  D  lies  close  to  the  border  of 
the  quantum-classical  transition  predicted  by  Eq.  (2).  That  is, 
this  two-dimensional  system  has  three  characteristic 
potential  lengths  and  • 

\l\dxV/dx^y^\*  For  ^he  energy  region  of  interest  their  aver¬ 
age  values  are  8,  1.5,  and  1,  respectively.  With  for 


FIG.  2.  Same  as  Fig.  1,  but  for  the  open  chaotic  system  case. 

«=  1.0  and  approximately  two  times  smaller  for  a =0.1,  the 
inequality  (2)  is  satisfied  for  at  least  one  of  these  lengths. 

We  consider  first  a  comparison  of  classical  and  quantum 
mechanics  for  the  closed  (i.e.,  D  =  0)  system,  as  shown 
through  expectation  values  of  coordinates  and  momenta  and 
“energy  in  a  zeroth-order  mode,”  e.g.,  for  y,  {Ey)  =  {pp2 
+  (^/4)y'^).  Figure  1  shows  the  classical  and  quantum  ex¬ 
pectation  values  for  four  moments  associated  with  y.  Analo¬ 
gous  results  were  obtained  in  the  x  variable.  All  figures  show 
qualitatively  similar  behavior,  i.e.,  after  an  initial  period  of 
classical/quantum  agreement  the  quantum  results  continue  to 
oscillate  while  the  classical  results  show  smooth  relaxation 
[20].  Computational  results  in  the  less  chaotic  regime  {a 
=  0.1)  showed  similar  results  except  that  the  deviation  be- 
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FIG.  3.  Contours  of  constant  wave  function  intensity  at  r=25 
for  propagation,  for  the  chaotic  case,  from  the  same  initial  state:  (a) 
shows  results  for  the  closed  system  (D  =  0);  (b),  (c),  and  (d)  show 
results  for  different  realizations  with  nonzero  D.  All  variables  are  in 
dimensionless  units  [19]. 


tween  the  classical  and  quantum  is  significantly  less  in  the 
a  =  0.1  case,  and  the  classical-quantum  discrepancy  begins  at 
a  later  time.  Note  also  that  the  quantum  results  do  not  always 
simply  oscillate  about  the  classical  (e.g.,  see  results  for  (y^)) 
and  that  the  quantum  fluctuations  about  the  mean  are  sub¬ 
stantial  (e.g.,  30%  in  the  case  of  {Ey)). 

Results  for  the  same  moments,  after  introducing  decoher¬ 
ence,  are  shown  in  Fig.  2.  A  comparison  of  Figs.  1  and  2 
shows  substantially  improved  classical-quantum  correspon¬ 
dence  upon  introducing  decoherence.  In  particular.  Fig.  2(a) 
and  Fig.  2(c)  show  that  quantum  oscillations  in  the  first-order 
moments  are  strongly  suppressed  by  decoherence.  More  re¬ 
markable  is  the  observed  correspondence  for  the  case  of  {y^) 
[see  Fig.  2(b)],  in  which  the  long  term  quantum  average  in 
the  closed  system  deviated  significantly  from  the  long  term 
classical  average.  This  indicates  decoherence  delocalizes 
quantum  distribution  functions  within  the  energy  shell,  a 
conservative-system  analog  of  the  noise-induced  delocaliza¬ 
tion  seen  in  one-dimensional  quantum  chaotic  systems 
[6,7,9].  Finally,  the  correspondence  in  {Ey)  is  shown  in  Fig. 
2(d),  suggesting  that  the  energy  transfer  between  different 
degrees  is  also  strongly  affected  by  decoherence  effects.  We 
also  note  that  similar  improved  agreement  was  obtained  for 
moments  of  x  and  for  the  a =0.1  case. 

Further  insight  into  the  effect  of  decoherence  results  from 
examining  individual  realizations  within  the  QSD  approach. 
For  example.  Fig.  3  shows  four  quantum  wave  functions  at 
r  =  25,  each  emerging  from  the  same  time  zero  initial  wave 
function.  Figure  3(a)  shows  the  result  of  propagation  in  the 
absence  of  decoherence  and  Figs.  3(b)-3(d)  show  three  dif¬ 
ferent  at  r  =  25,  a  time  by  which  decoherence 

appears  to  have  restored  considerable  correspondence  (see 
Fig.  2).  A  comparison  of  Figs.  3(b)-3(d)  with  Fig.  3(a) 
shows  that  the  former  has  far  less  structure  than  the  latter; 
indeed  Fig.  3(c)  shows  that  decoherence  has  changed  the 
complex  structure  in  Fig.  3(a)  into  a  single  peak.  In  essence, 
the  competition  between  the  Hamiltonian  chaos  (which  tends 
to  exponentially  [21]  increase  the  wave  packet  structure)  and 
the  stronger  decoherence  effect  (which  tends  to  suppress  the 
wave  packet  structure)  is  vividly  demonstrated  here. 

Note,  finally,  that  since  the  parameters  chosen  above  lie  in 
the  range  expected  of  a  typical  molecule,  our  results  suggest 
the  possibility  of  experimentally  observing  these  effects  in 
the  vibrational  motion  of  excited  polyatomics.  To  see  this, 
note  that  a  convenient  dimensionless  unit  to  compare  sys¬ 
tems  is  the  fraction  F{t)  of  energy  absorbed  per  degree  of 
freedom  from  the  bath  per  vibrational  oscillatory  period 
2  77/(0,  relative  to  the  level  spacing  hco,  where  cu  is  the  vi¬ 
brational  period.  That  is,  F (t)  =^(D/m) (2 7r/(o)(l/h(o),  From 
Eq.  (2)  we  have 

F{t)  —  27rD/(mh(o^)>7rfi\/{mx^(ii^)^'Trh/(x^fn(o), 

(9) 

where  we  have  assumed  [22]  K^co.  Typical  sizes  of  the  right 
hand  side  of  the  equation  for  a  small  molecule  are  on  the 
order  of  10"^,  in  the  same  range  as  that  obtained  for  the 
model  adopted  in  this  paper.  With  the  right  hand  side  of  Eq. 
(9)  being  the  ratio  of  ^  to  a  typical  system  action,  the  small 
molecule  is  seen  to  be  of  the  same  order  of  “quantumness” 
as  the  adopted  model. 
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IV.  SUMMARY 

We  have  shown  for  a  generic  conservative  chaotic  Hamil¬ 
tonian  system  that  decoherence  does  indeed  lead  to  signifi¬ 
cant  improvement  in  classical-quantum  correspondence. 
That  is,  the  tendency  for  the  evolving  phase  space  distribu¬ 
tion  in  chaotic  dynamics  to  fragment  exponentially  fast  is 
compensated  by  the  smoothing  effect  of  the  externally  in¬ 
duced  decoherence  and  classical-quantum  agreement  is  sig¬ 
nificantly  improved.  Indeed,  the  stronger  the  chaos,  and 
hence  the  fragmentation,  the  more  effective  is  the  decoher¬ 
ence  [23],  so  the  balance  between  them  is  expected  to  be 
retained  over  a  wide  range  of  X.  This  is  the  case  even  though 
our  studies  are  in  the  quantum  regime  so  that  the  required 
magnitude  of  the  decoherence  leads  to  substantial  difference 


between  the  classical  results  in  the  presence  and  absence  of 
decoherence.  Nonetheless,  correspondence  is  much  im¬ 
proved  by  the  decoherence  effects,  i,e.,  quantum  mechanics 
plus  decoherence  effects  is  in  far  better  agreement  with  the 
classical  mechanics  plus  decoherence  effects  than  is  the 
analogous  comparison  in  the  absence  of  decoherence.  This 
agreement  is  expected  to  improve  even  further  as  one  ap¬ 
proaches  the  classical  limit. 
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Processes  arising  from  collisions  between  atoms  or  mol¬ 
ecules  are  ubiquitous  in  Physics  and  Chemistry.  Recently*’^ 
we  showed  that  it  is  possible  to  use  coherent  control,^  a 
quantum-interference  based  method  of  controlling  atomic 
and  molecular  processes,  to  alter  the  outcome  of  such  pro¬ 
cesses.  This  constitutes  a  major  advance  in  the  range  of  ap¬ 
plicability  of  quantum  control  techniques  which  have  tradi¬ 
tionally  been  applicable  only  to  processes  involving  single 
species  (e.g.,  molecular  photodissociation)."^ 

In  this  letter  we  describe  an  optimization  procedure  for 
reactive  scattering  and  demonstrate  an  important  general  re¬ 
sult  in  the  control  of  collision  processes.  That  is,  we  show 
that  if  the  number  of  open  reactive  product  states  is  less  than 
the  number  of  open  reactant  states,  then  one  can  use  quantum 
interference  to  completely  suppress  reactive  scattering.  The 
particular  example  of  suppression  of  tunneling  is  computa¬ 
tionally  demonstrated  below. 

Consider  reactive  scattering  (e.g.,  A  +  B^C+ D)  from 
the  initial  arrangement  channel  a  described  by  asymptotic 
channel  Hamiltonians  to  the  product  arrangement  chan¬ 
nel  p  described  by  asymptotic  channel  Hamiltonians 
(The  generalization  to  multiple  product  arrangement  chan¬ 
nels  is  straightforward.)  We  wish  to  control  the  outcome  of 
this  scattering  process  and  note  that  it  suffices  to  focus  atten¬ 
tion  on  scattering  at  fixed  energy  E  since  each  energy  con¬ 
tributes  independently  to  the  final  product  cross  sections.^ 
We  denote  the  eigenstates  of  and  at  energy  E  by 
j/,£,a)  and  \f,E,$),  respectively.  Standard  scattering 
theory,^  gives  the  probability  p(f,P\i,a)  of  producing  prod¬ 
uct  in  final  state  \f,E,p)  having  started  in  the  initial  state 
\i,E,a)  as 


(1) 


m 

P(P;i,a)  =  '2, 

/=! 


(2) 


To  simplify  the  notation  we  have  not  carried  an  E  label  in  the 
probabilities:  Fixed  energy  E  is  understood. 

Consider  now,  instead,  scattering  from  an  initial  state 
|c,£,a)  comprised  of  a  linear  superposition  of  k  energeti¬ 
cally  degenerate  scattering  states,  i.e., 

k 

|c,£:,a}  =  2)  c,|/,£,a).  (3) 

1=1 

The  probability  of  forming  \f,E,/3)  from  this  initial  state  is 


p(/,^;c,a) 


k  12 


(4) 


and  the  total  reactive  scattering  probability  into  channel  p, 
is 


m 


F(y3;c,a)  =  2) 

/-I 


k  12 


2 

1=1 


(5) 


Note,  in  Eq.  (5),  the  distinctly  different  character  of  the  two 
sums:  i.e.,  the  incoherent  sum  over  probabilities  to  product 
states  and  the  coherent  sum  over  amplitudes  from  initial 
states.  The  latter  sum  will,  as  shown  below,  allow  control 
over  the  reactive  scattering. 

To  simplify  the  notation  below  we  introduce  the  matrix 
with  elements  —  which  allows  us  to 

rewrite  Eq.  (5)  as 

P()0;c,a)  =  cWc.  (6) 


where  Sfi={f,E,/3\S\i,E,  a)  and  where  S  is  the  scattering 
matrix  for  the  process.  The  total  probability  P(/3;i,a)  of 
scattering  into  arrangement  channel  ^8,  assuming  m  open 
product  states,  is  given  by 
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Here  the  daggers  denote  the  Hermitian  conjugate  and  the  ^ 
subscript  on  the  S  indicates  that  we  are  dealing  with  the 
submatrix  of  the  S  matrix  associated  with  scattering  into 
product  channel  13. 

We  now  optimize  scattering  into  arrangement  channel 
with  the  normalization  constraint  1,  by  requiring 
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d  d 

P(/8;c,a)-x2  =  ^[c^<rc-\ck]  =  0, 

OC^  1  =  1 

(7) 

where  X  is  a  Lagrange  multiplier.  Explicitly  taking  the  de¬ 
rivative  gives  the  result  that  the  optimized  coefficients  Cx 
satisfy  the  eigenvalue  equation 

o’Cx  =  Xcx.  (8) 

Additional  labels  may  be  necessary  to  account  for  degenera¬ 
cies  of  the  eigenvectors  Cx .  Note  also  that  Eq.  (8)  also  results 
from  taking  derivatives  in  Eq.  (7)  with  respect  to  Cjt ,  since  <t 
is  Hermitian. 

Below  we  examine  a  model  case  to  obtain  the  maximum 
and  minimum  tunneling  possible  as  a  function  of  energy. 
Here,  however,  we  focus  on  the  fact  that  if  X  =  0  is  an  eigen¬ 
value  of  Eq.  (8)  with  eigenfunctions  Cq  then  by  inserting  Eq. 
(8)  into  Eq.  (6)  we  have  that  P()S;co,a)  =  0.  That  is,  if  X 
=  0  is  a  solution  to  Eq.  (8)  then  the  coefficients  Cq  com¬ 
pletely  suppress  reaction  into  arrangement  channel  /3. 
Clearly,  X  =  0  is  a  solution  if 

det(<r)  =  det(S^S^)  =  0.  (9) 

which  is  the  case  if  the  number  of  initial  levels  k  participat¬ 
ing  in  the  initial  superposition  [Eq.  (3)]  is  greater  than  the 
number  m  of  open  product  states,  a  situation  which  invari¬ 
ably  occurs  for  endoergic  processes.  To  see  this  result  note 
that,  under  these  circumstances,  a  is  a  matrix  of  order 
kxk  and  is  of  order  kXm.  If  k>m  then  we  can  construct 
a  itXjt  order  matrix  by  adding  a  submatrix  of  (k-m) 
rows  of  zeroes  to  the  lower  part  of  .  Then 

det(  a)  =  det(SlSfl)  =  det(  AIAa)  =  det(  Apdet(  A^)  =  0. 

(10) 

The  last  equality  holds  because  the  determinants  of  A^  and 
A^  are  zero. 

Consider  now  the  particular  case  of  tunneling  in  one 
dimension  where  the  system  has  N  open  incident  channels, 
both  as  an  example  of  the  optimization  procedure  and  of  the 
total  control  achievable  under  the  conditions  described 
above.  Here  arrangement  a  corresponds  to  particles  incident 
on  the  barriers  through  which  they  tunnel,  and  arrangement 
P  corresponds  to  the  particles  after  tunneling.  The  dynamics 
is  described  by  the  N  coupled  channel  Schrodinger  equations 

'*'"(»-)  = -^(E-V)^(r).  (11) 

where  fx  is  the  relevant  mass,  V  is  the  potential  matrix,  E  is 
a  diagonal  matrix  with  elements  £,  and  N  is  the  total  number 
of  open  channels  in  arrangement  a. 

As  a  computational  example  consider  an  A^=4.  We 
choose  a  potential  matrix  described  by  Eckart  potentials  of 
the  form 


VkAr)=^-YZr^- 


where  -exp(27rr/0,  with  t  a  distance  potential  parameter. 
The  matrix  elements  are  shown  in  Fig.  1.  The  S  matrix  ele- 


r(a.u.) 


FIG.  1.  Elements  of  the  potential  matrix  for  the  model  scattering  problem. 
Vij  denotes  the  three  off  diagonal  matrix  elements  i#j,  which  are  all  equal. 
The  nonzero  aij,bij,Cij  elements  [Eq.  (12)]  are  given  (in  a.u.)  by 
-0.02,  a22=0.008,  b22=-0m,  iijj-O.OlS,  044=0-01.  b^^-0.03,  bij 
—  0.005,  with  r  =  2.5,  and  /z— 0.6666  a.m.u. 

ments  for  this  problem  are  computed  by  direct  numerical 
propagation  of  Eq.  (11)  and  the  solutions  to  Eq.  (8)  are  de¬ 
termined  to  obtain  the  optimal  coefficients. 

Reactivity  is  shown  as  a  function  of  energy  in  Fig.  2  for 
the  case  where  the  number  of  populated  initial  states  k  is  less 
than  N:  Here  k-3.  The  curves  labeled  correspond  to  the 
standard  P{P\iya),  i.e.,  total  reaction  probability  from  each 
of  the  individual  initial  states.  The  quantities  Pi  and  P3, 
which  are  open  asymptotically  at  all  energies,  show  a 
gradual  rise  with  increasing  energy,  whereas  P2,  which  is 
closed  on  the  product  side  until  £th(3)  =  0.008  a.u.,  stays 
rather  small  until  £=Pth(3),  where  it  displays  a  very  rapid 
rise  to  near  unity.  Total  reaction  probability  reaches  unity 
above  £’th(4)  =  0.010  a.u.,  the  threshold  for  the  opening  of 
the  fourth  channel. 

The  main  computational  results,  shown  as  solid  curves 
in  Fig.  2,  are  the  maximum  and  minimum  reactivity  obtained 


0.002  0.007  0.012 

E  (a.u.) 


FIG.  2.  Reactivity  shown  as  a  function  of  energy.  Dashed  curves  labeled  ?,• 
correspond  to  the  total  reactivity  P{P\ia)  from  each  of  the  three  individual 
initial  states  in  the  prepared  superposition.  Solid  curves  with  crosses  denote 
the  reactivity  obtained  by  solving  Eq.  (8)  for  the  optimal  solutions.  The  two 
arrows  indicate  the  threshold  energies  for  opening  of  the  third  and  fourth 
channels  (see  Fig.  1).  The  dot-dash  curve  shows  the  minimum  reactivity 
resulting  from  a  separate  computation  which  includes  four  states  in  the 
initial  superposition. 
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Minimum  Tunneling 


FIG.  3.  Optimal  coefficients  associated  with  the  minimal  solutions  shown  in 
Fig.  2. 


Maximum  Tunneling 


from  the  optimal  solutions  to  Eq.  (8).  The  maximum  reactiv¬ 
ity  is  seen  to  be  substantially  larger  than  any  of  the  indi¬ 
vidual  Pi  and  to  reach  unity  at  significantly  lower  energies 
than  any  of  these  solutions.  Minimal  reactivity,  as  predicted 
by  the  argument  presented  above,  is  seen  to  be  zero  for  E 
<Eth(3)  since  the  total  number  of  states  (^  =  3)  in  the  su¬ 
perposition  exceeds  the  number  of  open  product  states  (w 
=  2).  At  E>Eth(3)  a  third  product  channel  opens  so  that  k 
=  m  and  the  minimal  solution  is  no  longer  zero.  Neverthe¬ 
less,  it  remains  smaller  than  the  reactivity  for  each  of  the 
individual  states  P/ .  Note,  however,  that  it  is  still  possible  to 
zero  the  tunneling  over  the  energy  region  0.008  a.u.<P 
<0.010  a.u.  by  adding  an  additional  state  to  the  initial  super¬ 
position  and  re-solving  Eq.  (8).  In  this  energy  regime  k  =  A 
>m  =  3  so  that  total  suppression  of  tunneling  continues  to  be 
possible.  This  result  is  shown  as  a  dot-dashed  curve  in 
Fig.  2. 

Note  that  the  minimum  reactivity  curve  in  Fig.  2  reflects 
a  variety  of  different  interesting  behaviors,  depending  on  the 
particular  energy.  Specifically,  below  the  maximum  of  Vii  at 
0.005  a.u,  the  zero  minimum  corresponds  to  suppression  of 
tunneling  through  that  barrier.  Above  0.005  a.u.  the  zero 
minimum  corresponds  to  suppression  of  the  reactive  scatter¬ 
ing  that  occurs  above  the  barrier. 

The  c^  =  |cy|exp(/^/)  associated  with  the  maximal  and 
minimal  solutions  are  shown  in  Figs.  3  and  4.  The  |c/|  are 
seen  to  follow,  except  at  channel  thresholds,  a  natural  trend. 
That  is,  the  states  with  higher  Pi  are  weighted  more  heavily 
in  the  case  of  maximal  tunneling  and  vice  versa  for  the  mini¬ 
mal  solution,  except  in  some  intermediate  energy  regions. 
The  large  weight  attributed  to  the  closed  channel  (/  =  2)  in 
the  minimal  reactivity  case  is  worth  noting.  That  is,  this 
channel  is  used  as  a  lever  to  eliminate  the  reaction  via  de¬ 
structive  interference  with  the  open  channels,  despite  the  fact 
that  it  itself  is  zero  on  the  product  side.  The  phases  62  and 


^3 ,  shown  relative  to  0i ,  are  in  phase  with  0i  in  the  mini¬ 
mum  tunneling  case  and  generally  out  of  phase  with  0i  in 
the  maximum  tunneling  case.  Additional  studies  show  that 
the  optimal  solutions  are  very  sensitive  to  the  values  of  the 
phases. 

Finally,  we  note  that  the  experimental  realization  of  this 
general  scenario  requires  the  controlled  preparation  of  super¬ 
positions  of  energetically  degenerate  scattering  states.  Pre¬ 
liminary  suggestions  for  preparing  such  states  have  been 
given  elsewhere.*  For  example,  the  simplest  of  such  super¬ 
positions  would  entail  superposing  degenerate  states  of  one 
of  the  reactants  (e.g.,  rrij  states  of  B)  and  colliding  it  with  A. 
Alternatively,  appropriate  states  may  be  prepared  by  an  ear¬ 
lier  coherently  controlled  photodissociation  step.* 

In  summary,  we  have  introduced  a  simple  linear  optimi¬ 
zation  scheme  for  reactive  scattering  and  have  analytically 
demonstrated  that  total  suppression  of  reactive  scattering  is 
guaranteed  when  the  number  of  product  states  is  less  than 
that  of  the  number  of  initial  reactant  states  included  in  a 
prepared  scattering  superposition  state.  As  an  obvious  exten¬ 
sion,  a  similar  result  holds  for  tunneling  in  bound  systems,  if 
the  total  number  of  initial  degenerate  states  at  the  energy  of 
interest  exceeds  the  number  of  accessible  final  states  at  that 
energy. 
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Coherent  control  of  bimolecular  reactions  is  demonstrated  for  3D  atom-diatom  reactive  scattering.  In 
particular,  a  superposition  of  initial  degenerate  (u  jk)  diatomic  states  is  used  to  control  reactive  integral 
and  differential  cross  sections  in  D  +  li2ivjk)  — ♦  H  +  HD,  where  v  and  j  are  the  vibrational  and 
rotational  quantum  numbers  of  a  diatom  and  k  is  the  projection  quantum  number  of  the  diatom  angular 
momentum  onto  the  initial  relative  translational  velocity  vector.  Control  over  the  ratio  of  reactive  to 
nonreactive  scattering  is  extensive.  [80031-9007(98)07470-5] 
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Controlling  the  dynamics  of  atoms  and  molecules  has 
been  a  long-standing  goal  in  physics.  A  recent  approach, 
called  coherent  control,  offers  a  systematic  route  to  reach¬ 
ing  this  goal.  Specifically,  in  coherent  control  one  uses 
the  quantum  properties  of  light  and  matter  to  introduce 
quantum  interference  terms  into  the  system  dynamics; 
these  terms,  and  hence  the  dynamical  outcome,  can  be 
altered  by  manipulating  laboratory  parameters.  This  ap¬ 
proach  has  proven  successful,  both  theoretically  and  ex¬ 
perimentally,  in  controlling  the  outcome  of  unimolecular 
processes  such  as  photodissociation  (see,  e.g.,  [1-4]).  By 
contrast,  control  over  collisional  processes  has  presented 
a  much  greater  challenge  [5]. 

In  this  paper  we  show  that  extensive  control  over 
quantum  reactive  scattering  can  indeed  be  attained  by 
scattering  from  an  initially  prepared  superposition  of  de¬ 
generate  diatomic  states,  demonstrating  the  essence  of  co¬ 
herent  control  in  a  fundamental  collisional  process.  This 
constitutes  a  major  extension  of  the  range  of  possible  ap¬ 
plications  of  coherent  control.  In  particular,  we  show, 
using  the  results  of  three-dimensional  calculations  for 
D  +  H2  H  +  HD  on  a  realistic  potential  surface,  that 
reactive  vs  nonreactive  cross  sections  (both  differential 
and  integral)  can  be  extensively  controlled  by  varying 
phases  and  amplitudes  in  the  initially  prepared  superpo¬ 
sition  state.  Furthermore,  the  proposed  approach  is  easily 
extended  to  any  nonrelativistic  scattering  problem  (e.g., 
atom-atom  scattering,  low  energy  nuclear  scattering,  etc.). 

Consider  the  reaction  A  +  BC  *“►  B  +  AC  or  C  +  AB, 
where  we  label  the  three  possible  arrangement  channels 


by  the  syinbol  a  =  (A  +  BC),  b(B  +  AC),  or  c(C  + 
AB).  We  consider  the  simplest  method  of  introducing 
interference  effects  into  dynamics  by  examining  scattering 
from  an  asymptotic  state  |n,  a)  which  is  an  energetically 
degenerate  superposition  of  scattering  states  composed  of 
two  degenerate  states  of  the  diatom.  The  extension  to 
include  more  states  is  straightforward.  Consider  then 

|n,a>=  ^  (1) 

i=-1.2 

where  n  encapsulates  all  the  state  labels  other  than  a, 
|£^‘"(/))  are  plane  waves  describing  the  free  motion  of 
the  atom  relative  to  the  diatom  for  the  a  arrangement  and 
l^cm(O)  describes  the  motion  of  the  atom-diatom  center 
of  mass.  The  superposition  state  |n,  a),  assumed  normal¬ 
ized,  is  therefore  composed  of  two  degenerate  eigenstates 
\avjki)\E^'^{i))  of  the  asymptotic  a -channel  Hamilton¬ 
ian,  where  the  quantum  numbers  u,  j,  and  ki  denote  the 
vibrational,  rotational,  and  angular  momentum  projection 
quantum  numbers  of  the  diatomic.  The  latter,  ki,  is  taken 
as  the  helicity,  i.e.,  the  angular  momentum  projection  along 
the  relative  initial  translational  velocity  vector,  and  the  di¬ 
atom  states  \avjki}  are  of  energy  €avj* 

Traditional  time  independent  scattering  theory  deals 
with  asymptotic  states  where  one  of  the  ai  =  0,  so  that 
scattering  correlates  with  one  asymptotic  state.  The  equa¬ 
tions  below  are  a  direct,  but  significant,  extension  of  these 
traditional  results.  In  particular,  the  differential  cross  sec¬ 
tion  for  forming  the  a'  arrangement  at  scattering  angle  0, 
having  started  from  the  |n,  a)  superposition  state  [Eq.  (1)], 


^'^{0)=  I 


m-L2 


[Ecmim) 


1=1.2 


^cm  (0 


(2) 


where  the  superscript  R  denotes  reactive  scattering  into  a  | 
specific  final  arrangement  channel  a  and  where  the 
scattering  amplitude  is 

f a*v'j'k**—avjki{^)  “  "^(27  "b  \)di^ti^^{0) 

J 

^  \.^a’v'j’k‘,avjki  ^a'a^v'v^j'j^k’ki~\’ 

(3) 


Here  siiyipk'^avjki  are  the  elements  of  scattering  S 
matrix  in  the  helicity  representation,  J  is  the  total 
angular  momentum,  k^  is  the  helicity  of  the  prod¬ 
uct  diatom  (i.e.,  the  projection  of  the  diatom  angular 
momentum  onto  the  final  relative  translational  velocity 
vector),  ^i(ffc.(g)  arc  the  reduced  rotation  matrices  [6], 
and  kavj  =  yj2juLa{E  -  €av^ with  jjLa  being  the 
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atom-diatom  reduced  mass  in  the  a  channel.  Expand¬ 
ing  the  square  in  Eq.  (2)  gives  the  reactive  differential 
scattering  cross  section  as 

cr'^ie)  =  laiPo-iV^)  +  |a2po-f2W  +  2Re{ata2O’f2(0)}, 

(4) 

where 


(5) 


X  ^^cm(l)  I  ^cmi^))vfa'v'j*k'*—avjki{'^ 

In  the  cases  considered  here,  i.e.,  a  superposition  of  de¬ 
generate  diatomic  states,  the  overlap  (£^cm(l)  I  ^cm(2))v 
of  the  center  of  mass  wave  functions  over  the  scattering 
volume  V,  which  appears  in  Eq.  (6),  is  unity. 

Integration  of  Eq.  (4)  over  angle  6  gives  the  integral 
reactive  cross  section  This  can  also  be  written  as 
three  terms,  as  in  Eq.  (4),  but  with  (xfjid)  replaced  by  crjj 
where 


“  TJ-  S  Z(2-/  +  ,  «•  =  1,2.  (7) 

=  z^<Ecm(l)  I  £cm(2)>v  Z  +  D  (2^'  +  l)'^^  'v*j'k\a  V }k\  \.^a*v*j’k\avjk^ 

^^avj  v'J\k^JJ' 

r  ^  t 

X  /  dO  sin  0d(>k^{7r  —  0)diti^^{7r  —  a  ^  (8) 

./o  “ 


Note  that  cr-^(0)  and  cr-J  in  Eqs.  (5)  and  (7)  are 
the  differential  and  integral  cross  sections  that  appear 
in  standard  scattering  theory,  while  o'i2{0)  and  an  in 
Eqs.  (6)  and  (8)  are  new  types  of  interference  terms  which 
allow  for  control  through  the  ai  over  the  atom-diatom 
collision  process.  Note  further  that  significant  control 
requires  substontial  crf2  and,  by  the  Schwartz  inequality 
[|crf2l  V ^22 ^22-  Significantly 
then,  extensive  control  is  not  limited  to  regions  near  the 
reactive  threshold  [7].  Further,  although  Eqs.  (4),  (7),  and 
(8)  indicate  that  the  differential  and  total  reactive  cross 
sections  are  controllable,  removing  the  sums  over  v\  /, 
and  shows  that  detailed  cross  sections  to  product  states 
|a',  v\j\  y )  can  also  be  controlled. 

Thus,  by  varying  the  coefficients  a/  in  Eq.  (1)  through 
an  initial  preparation  step,  we  can  directly  alter  the  inter¬ 
ference  term  (ri2  and  hence  control  the  scattering  cross 
sections.  Such  a  preparation  might  be  carried  out,  for  ex¬ 
ample,  by  a  suitably  devised  molecular  beam  experiment 
where  the  diatomic  is  excited,  via  elliptically  polarized 
light  to  a  collection  of  well  defined  mj  states.  Alterna¬ 
tively,  the  prereactive  step  may  consist  of  coherently  con¬ 
trolling  the  photodissociation  of  a  polyatomic  molecule 
[1]  to  produce  the  diatom  in  a  controlled  superposition  of 
k  states  relative  to  an  incoming  scattering  partner.  For 
example,  in  the  D  +  H2  case  considered  below  we  can 
subject  H2S  to  a  coherently  controlled  preparatory  step 
producing  H2.  Aiming  the  D  atom  exactly  antiparallel  to 
the  direction  of  motion  of  the  H2  will  then  produce  the 
desired  scattering  of  a  A:  superposition. 

To  examine  'the  extent  of  control  it  is  useful  to  rewrite 
the  total  reactive  cross  section  in  the  form 

(X^  +  x'^(r^2  +  2xkf2l 

X  cos(5f2  +  012)]/(1  +  .  (9) 

where  x  =  \a2/a\\,  (f>i2  =  arg(fl2/^^i)»  and  5f2  = 

3790 


arg(crf2).  Of  greatest  interest  is  control  over  the  reactive 
to  nonreactive  cross  section  branching  ratio  which  is 
given  by 

^  CTii  +  x'^cr22  +  2x|crf2l  cos(gf2  +  ^12) 

^NR  ^NR  ^  x'^cr22  +  2x|o'n^  |  cos(5i2^  +  ^12)  ’ 

(10) 

where  the  nonreactive  terms  are  denoted  NR  and  have 
definitions  analogous  to  their  reactive  counterparts  (i.e.,  a' 
is  replaced  by  a  in  the  defining  equations  for  the  cross 
sections).  A  formula  sinailar  to  Eq.  (10)  holds  for  the 
ratio  of  reactive  to  nonreactive  differential  cross  sections 
with  total  cross  section  terms  replaced  by  differential  cross 
section  terms;  that  is,  with  replaced  by  (r^^{0),  etc. 

In  this  Letter  we  apply  this  approach  to  D  +  H2 
H  +  HD  at  £  =  1 .25  eV.  In  particular,  we  expose 
the  dependence  of  the  cross  sections  on  a/.  Scattering 
calculations  were  done  with  the  log-derivative  version 
of  the  Kohn  variational  principle  [8]  using  a  basis  set 
contraction  approach  [9],  and  cross  sections  were  obtained 
via  the  symmetrization  procedure  described  in  Ref.  [10]. 
Calculations  were  carried  out  using  the  accurate  LSTH 
(Liu-Siegbahn-Truhlar-Horowitz)  [11]  potential  energy 
surface  for  total  angular  momentum  from  7  =  0  to  31 
with  ymax  ==  14,  ensuring  fully  converged  cross  sections 
for  the  chosen  energy.  It  is  worth  noting  that  these 
calculations  are  CPU  intensive,  requiring  in  excess  of 
35  hours  of  CRAY  T-90  time.  Calculation  of  scattering 
amplitudes  for  all  possible  transitions  took  about  90  hours 
of  the  SGI  PCA  CPU  time. 

Control  results  for  a  specific  initial  vibrotational  state 
(v  =  0,y  =  2)  of  diatom  H2  at  scattering  energy  E  = 
1.25  eV  are  discussed  below.  (Qualitatively  similar  re¬ 
sults  were  obtained  for  other  initial  states  and  for  D  + 
H2  H  +  HD  and  H  +  D2  D  +  HD  [12].)  This 
energy,  rather  far  from  the  reaction  threshold,  allows  us 
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to  demonstrate  substantial  control  in  the  presence  of  a  sig¬ 
nificant  natural  reactive  cross  section. 

Consider  first  the  range  of  coherent  control  over  the 
differential  cross  sections.  Initial  numerical  tests  showed 


s 


- r=* - 1 - ”1-^ - \ - 1- 

0.0  0.2  0.4  0.6  0.8  1.0 


s 

FIG.  1.  Contour  plot  of  the  differential  cross  section  as  a 
function  of  <^12  and  s,  for  a  transition  from  an  initial  super¬ 
position  state  with  v  =  QJ  =  2,  ki  =  \,k2  =  0  at  scattering 
angle  6  =  60®  and  total  energy  E  =  1.25  eV:  (a)  Reactive  to 
nonreactive  ratio  cr^{9)/(r^^{6),  (b)  reactive  cr^{0),  and  (c) 
nonreactive  a^{d).  Contour  values  in  (a),  (b),  and  (c)  report 
values  of  or  X  10^. 


that  the  best  control  over  the  differential 

cross  section  ratio  for  transitions  from  initial  states  with 
i;  =  0,y  =  2,  and  k\,k2  in  the  range  -2,-1,... ,2 
occurred  at  ^  60°.  Figure  la  shows  results  for  this 

ratio  and  scattering  angle  as  a  function  of  relative  phase 
012  and  the  amplitude  parameter  s  =  Jc^/(1  +  for 
k\  ^  I,  k2  ^  0.  Varying  s  from  zero  to  one  corresponds 
to  changing  the  initial  superposition  from  scattering  out 
of  state  one  (s  ^  0,  corresponding  to  ai  =  1,  ^2  =  0)  to 
scattering  out  of  the  second  state  (.y  =  1  corresponding 
to  ai  =  0,  ^2  ^  !)•  The  results  clearly  show  substantial 
control  over  (T^{6)/(r^^{9),  That  is,  varying  s  and  0i2 
allows  a  change  in  the  ratio  from  0.23  to  1.01,  compared 
with  the  uncontrolled  ratio  of  —0.55.  Similarly,  for 
example,  the  (T^{6)/cr^^{9)  ratio  can  be  increased  by  a 
factor  of  4.4  just  by  changing  the  phase  angle  0i2  from 
260°  to  67°  at  ^  -  0.49. 

Figures  lb  and  Ic  show  the  cr^  and  corresponding 
to  Fig.  la.  Control  over  both  or^{9  =  60°)  and  cr^^{9  = 
60°)  is  clearly  seen,  with  cr^  ranging  from  0.1  Oaq  sr“^  to 
0.32ao  sr^^  as  s  and  0i2  are  varied.  This  compares,  for 
example,  to  the  uncontrolled  values  of  crfi(^)  =  0.21  sr“^ 
and  ar22(9)  =  0.22ao  sr"^  at  ^  =  0  and  j  =  1.  Similar 
control  can  be  seen  in  cr^^.  Indeed,  both  the  construc¬ 
tive  enhancement  of  and  the  destructive  depletion 
of  are  seen  to  be  responsible  for  the  controlled 
cr^/orNR  maximum. 

Also  of  interest  is  the  9  dependence  of  (t^{9)/(t^^{9) 
as  a  function  of  s  and  0i2.  Figure  2  shows  the  9  de¬ 
pendence  of  this  ratio,  for  scattering  from  a  superposi¬ 
tion  state  composed  of  u  =  0,y  =  2,ki  ==  2,  k2  =  0  at 
012  ==  157°  and  at  four  different  values  of  s.  [Note  that 
these  results  also  show,  for  limits  5=0  and  5  =  1,  the 
dependence  of  the  ratio  on  the  initial  k  state,  the  first 
such  data  of  its  kind.  That  is,  5  =  0  corresponds  to 
scattering  out  of  the  initial  state  (u  =  0,y  =  2,^  =  2), 
and  5  =  1  corresponds  to  scattering  from  (v  =0,7  =  2, 


FIG.  2.  Dependence  of  the  cr^(9)/cr^^{9)  ratio  on  the  scat¬ 
tering  angle  9  at  012^’^  =  157®  and  at  four  values  of  5:  5  —  0, 
5  =  1,  5  —  0.252,  and  5  =  0.748  for  the  case  of  i;  =  0, 
j  =  2,  =  2,  k2  =  0. 
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FIG.  3.  Contour  plot  of  the  cr^/cr^^  (XIO^)  integral  cross 
section  ratio  as  a  function  of  0i2  and  s;  for  the  case  of 
V  -  OJ  =  2,ki  =2,k2=  1. 


k  =  0).]  For  this  transition  the  controlled  ratio  of  differ¬ 
ential  cross  sections  is  seen  to  be  considerably  different 
from  the  uncontrolled  ratio.  For  example,  the  controlled 
for  s  =  0.748  is  about  twice  as  large  as 
the  uncontrolled  ratios  at  6  =91®.  Analysis  of  Fig.  2 
shows  that  maxima  and  minima  of  the  controlled 
ratio  in  the  region  between  50®  and  120®  are  achieved  at 
the  corresponding  minima  and  maxima  of  uncontrolled  ra¬ 
tios.  That  is,  quantum  interference  leads  to  constructive 
enhancement  of  the  ratio  at  minima  of  uncon¬ 

trolled  ratios  and  to  destructive  depletion  of  controlled  ra¬ 
tios  at  their  maxima.  Exactly  the  opposite  behavior  is 
observed  in  the  outer  6  regions.  Hence  coherent  control 
changes  both  the  magnitude  and  the  structure  of  the  dif¬ 
ferential  cross  section.  Note  also  that  the  maxima  of  the 
controlled  differential  cross  sections  far  exceed  those  for 
5  =  0  and  5=1,  confirming  that  the  changes  are  due  to 
quantum  interference  effects,  as  opposed  to  an  interpola¬ 
tion  between  the  5  =  0  and  5=1  curves. 

Of  great  interest  as  well  is  the  extent  of  control  over  the 
integral  cross  sections.  Figure  3  shows  a  contour  plot  of 
the  ratio  of  integral  cross  sections  cr^/cr^^  for  scattering 
from  V  =  0,y  =  2,/:i  =  2,/:2  “  1  as  a  function  of  the 
control  parameters  <f>i2  and  5.  The  ratio  is  seen  to  vary 
from  0.032  to  0.113,  showing  maxima  and  minima  that 
are  well  outside  the  range  of  the  results  for  scattering  from 
a  single  ki  state.  Greater  control  is  anticipated  at  higher 
energies  where  the  uncontrolled  cr^  and  become 
comparable. 

In  this  Letter  we  have  demonstrated  that  one  may  obtain 
considerable  control  over  differential  and  integral  cross 
sections  branching  ratios  for  realistic  atom-diatom  reactive 
scattering  by  preparing,  and  varying  the  characteristics  of, 
a  superposition  of  degenerate  scattering  states.  Further, 
although  not  explored  here,  we  expect  similar  control  over 
detailed  cross  sections  to  specific  product  states. 

Since  the  results  of  molecular  beam  experiments  are 
well  represented  by  time  independent  scattering  theory 


and  since  our  computations  are  state  of  the  art,  we 
anticipate  that  observed  results  will  be  in  accord  with  our 
computations.  Further,  additional  computations  suggest 
that  the  control  is  not  very  sensitive  to  small  changes  in 
total  energy  so  that  one  would  anticipate  little  effect  due 
to  velocity  distributions,  etc.  However,  control  is  always 
sensitive  to  dephasing  effects,  e.g.,  external  collisions,  a 
feature  to  be  examined  in  future  papers. 

This  study  opens  a  vast  new  area  of  application  for 
coherent  control.  Work  currently  underway  will  extend 
studies  to  atom-heteronuclear  diatom  scattering  to  results 
at  higher  collision  energies  [12]  and  will  incorporate 
specific  scenarios  to  prepare  the  initial  superposition  state. 
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Erratum:  Coherent  Control  of  Reactive  Scattering 
[Phys.  Rev.  Lett.  81, 3789  (1998)] 

Alexander  Abrashkevich,  Moshe  Shapiro,  and  Paul  Brumer 

[80031-9007(99)08828-6] 


Equation  (2)  of  our  Letter  derives  from  Eq.  (5.31)  of  Ref.  [1],  where  the  dependence  of  the  scattering  amplitude  on 
the  helicity  is  stated  to  be  of  the  form  exp(//:'0),  with  <!>  being  the  azimuthal  scattering  angle  and  y  being  the  final 
helicity  [2].  This  exponential  factor  does  not  appear  in  the  cross  section,  our  Eq.  (2),  since  it  is  the  absolute  square  of  the 
amplitude  for  fixed  y  [although  this  factor  should  have  appeared  in  Eq.  (3)].  However,  we  have  recently  determined  , 
that  Eq.  (5.31)  of  Ref.  [1]  contains  a  typographical  error;  the  dependence  of  the  scattering  amplitude  should  read 
cxp{iki(f}),  where  y  is  the  initial  helicity.  Since  our  Eq.  (2)  contains  contributions  from  several  different  y  values, 
the  resultant  corrected  cross  section  is  no  longer  dependent.  Indeed,  there  is  no  control  of  the  cross  section  when 
integrated  over  all  (f>.  Hence,  the  general  discussion  of  control  in  our  Letter  applies  only  to  ^-dependent  cross  sections, 
and  the  particular  results  shown  in  Figs.  1  -3  of  our  Letter  correspond  to  observations  at  0  =  0. 

We  thank  Jiangbin  Gong,  University  of  Toronto,  for  deriving  this  result  and  Professor  George  Schatz,  Northwestern 
University,  for  confirming  the  typographical  error. 

[1]  G.  Schatz  and  A.  Kuppermann,  J.  Chem.  Phys.  65,  4642  (1976). 
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A  time-dependent  initial  value  semiclassical  propagator  approach  is  developed  and  applied  to  the 
propagation  of  a  two-dimensional  quantum  system  whose  classical  counterpart  is  highly  chaotic. 

The  energy  spectrum  of  a  quartic  oscillator,  obtained  from  the  propagated  wavefunction,  is  shown 
to  be  accurately  and  simply  computed  by  application  of  stationary-phase  Monte  Carlo  integration. 
Chaotic  trajectories  are  handled  naturally,  without  giving  rise  to  the  singularities  seen  in  other 
methods.  ©  1998  American  Institute  of  Physics.  [SQQ2\-9606{9%)^^92>2-S\ 


I.  INTRODUCTION 

Semiclassical  techniques  promise  a  means  of  carrying 
out  complex  quantum  computations  by  using  input  solely 
from  classical  dynamics.  Recently,  attention  has  been  di¬ 
rected  towards  utilizing  semiclassical  initial  value  represen¬ 
tation  (rVR)  methods  for  wave  function  propagation.  These 
methods,  which  are  based  on  integrals  over  initial  phase 
space  regions, provide  a  direct  propagation  technique  for 
a  wide  variety  of  problems.  For  example,  we  recently  de¬ 
rived  and  numerically  implemented  an  IVR  approach  to 
three-dimensional  molecular  photodissociation"^  utilizing 
stationary-phase  Monte  Carlo  methods.^  The  results  provide 
encouragement  for  future  applications. 

Chaotic  systems  do,  however,  provide  a  serious  chal¬ 
lenge  to  the  implementation  of  IVR  methods.  In  particular, 
several  years  ago  Kay^  extended  the  Herman- Kluk-type  ini¬ 
tial  value  approach^  and  noted  that  long-lived  chaotic  trajec¬ 
tories  led  to  highly  singular  trajectory  contributions  due  to 
rapidly  growing  stability  matrices.  Kay’s  suggestion  was  to 
simply  discard  these  trajectory  contributions  within  a  simple 
Monte  Carlo  integration  method,  relying  on  the  expectation 
that  chaotic  trajectory  phase  space  regions  contribute  oscil¬ 
latory  contributions  which  cancel  out.  This  approach,  suc¬ 
cessfully  demonstrated  on  two-dimensional  chaotic  systems, 
is  nonetheless  unsatisfying  since  it  relies  on  an  ad  hoc  pro¬ 
cedure  for  treating  chaotic  contributions.  Further  motivation 
for  the  work  below  is  the  study  of  Manolopoulos^  where  a 
combination  of  the  Herman-Kluk  IVR  with  a  cellular  dy¬ 
namics  approach^  allowed  an  accurate  computation  of  energy 
spectra  without  the  need  to  specifically  eliminate  chaotic  tra¬ 
jectories. 

In  this  paper  we  show  that  a  stationary  phase  Monte 
Carlo  method  (SPMC)  within  an  IVR  form  provides  a  natu¬ 
ral  means  for  handling  long-lived  chaotic  trajectory  contri¬ 
butions  to  wave  function  propagation.  In  particular,  we  dem¬ 
onstrate  that  the  weighting  function  introduced  in  the  SPMC 
procedure  damps  out  chaotic  trajectory  contributions  through 
an  exponential  dependence  on  exactly  those  stability  matri¬ 
ces  which  were  responsible  for  previously  observed  singular 
contributions  to  the  integrand.  To  demonstrate  the  utility  of 
the  approach  we  apply  it  to  the  quartic  oscillator  studied  by 


Kay,  obtaining  a  set  of  semiclassical  energy  levels  in  very 
good  agreement  with  quantum  mechanics.  The  result  is  a 
natural,  effective,  and  useful  means  of  computing  wave  func¬ 
tion  dynamics  in  cases  where  dynamics  is  either  chaotic  or 
nonchaotic. 

This  paper  is  organized  as  follows.  Section  II  contains 
the  IVR  integral  formulae  for  wave  function  propagation  and 
for  the  evaluation  of  the  semiclassical  correlation  function. 
The  application  of  the  SPMC  is  also  discussed.  Section  III 
describes  an  application  to  the  quartic  oscillator  system  stud¬ 
ied  by  Kay.  Results  are  presented  in  Sec.  HI  and  comments 
are  provided  in  the  conclusion. 


II.  IVR  WAVE  FUNCTION  PROPAGATION, 
CORRELATION  FUNCTIONS,  AND  ENERGY  SPECTRA 

Several  IVR  formulae  for  semiclassical  wave  function 
propagation  were  given  in  recent  papers.  Here  we  consider 
the  form  which  we  previously  derived"^  for  wave  function 
propagation  in  the  coordinate  representation: 


Xexp 


t  - 


-  <^(qi,Pi:f) 


^(q(f),0). 


(1) 


The  notation  used  throughout  is  that  of  Ref.  4.  That  is, 
^(q,r)  is  the  coordinate  wave  function  at  time  r, 
J(t)  =  dq(t)/ dpi  is  a  classical  stability  matrix,  0(qi,Pi;O 
=  fo^r'[p(r')-q(^')“'^(q(^'),P(^'))]  is  the  classical  ac¬ 
tion,  and  i^[pi  ,r]  is  a  Maslov  index.  The  latter  has  been 
carefully  worked  out  in  Refs.  10  and  11.  All  classical  quan¬ 
tities  (trajectories,  stability  matrices,  Maslov  indices,  and  ac¬ 
tion  integrals)  at  time  t  are  obtained  from  trajectories  q(r), 
p(t)  which  begin  at  qj ,  pi  at  time  zero  and  which  evolve  via 
Hamilton’s  equations  with  Hamiltonian  H;  e.g., 
q(0  =  q(qi  »Pi  ;0-  Contributions  to  the  integrand  in  Eq.  (1) 
are  due  to  classical  trajectories  which  are  used  to  evaluate 
both  the  phase  (action + Maslov  phase  index)  and  amplitude 
(determinant  of  a  stability  matrix).  Note  that  the  integrand  is 
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highly  oscillatory  due  to  variations  in  <^/^;  the  major  contri¬ 
butions  to  the  integral  in  Eq.  (1)  will  therefore  come  from 
regions  of  stationary  phase. 

To  test  the  utility  of  the  procedure  described  below  we 
follow  Kay^  and  compute  symmetry  adapted  energy  levels. 
Two  methods  suggest  themselves,  either  (a)  Fourier  trans¬ 
forming  the  wave  function  autocorrelation  or  (b)  analyzing 
the  spectral  density.  In  the  first  approach  we  introduce  an 
IVR  autocorrelation  function,  obtained  by  inserting  Eq.  (1) 
into 

CU)  =  WO)|'PW>=Jrfq,^(q„0)*'I^(q,./)  (2) 

giving 

</qi^(q„0)*J  <fpi|det 

;f)jN['(q(f),0).  (3) 

Energy  eigenstates  can  be  obtained  from  the  peaks  of  the 
spectral  intensity  /(£),  i.e.,  the  Fourier  transform  of  the  au¬ 
tocorrelation  function.  An  IVR  semiclassical  expression  for 
spectral  intensities  then  obtains  as: 

/(£r=Re  l^dt  City‘s.  (4) 

Jo 

Here  C(ty^  is  given  by  Eq.  (3),  the  time  T  is  taken  suffi¬ 
ciently  large,  and  Re  denotes  the  real  part  of  the  quantity 
which  follows.  In  the  case  where  symmetries  of  the  Hamil¬ 
tonian  exist,  then  one  can  also  generate  energy  spectra  for 
each  individual  symmetry.  Following  Kay^  we  write  the 
symmetry-adapted,  semiclassical  spectral  intensity  as: 

/r(£:)-Re  (5) 

Jo 

Here  Pp  a  projection  operator  for  the  irreducible  repre¬ 
sentation  r  which  can  be  written  as  a  linear  combination  of 
symmetry  operators.  The  symmetry-adapted  correlation 
function  within  the  integral  in  Eq.  (5)  is  given  by  Eq.  (3) 
with  the  initial  wave  function  ^(qi,0)  replaced  by  the  sym¬ 
metry  adapted^^  ^r(qi,0)==Pr^(0)*  Below  we  consider 
the  propagation  of  a  Gaussian  wave  function, 

'^(q.0)  =  (2a/-n-)‘'^  exp(-a:|q-q”p),  (6) 

and  choose  to  project  out  (in  accord  with  Kay)  states  of  A  i 
symmetry.  Although  here  ^(q,0)  is  chosen  to  be  smooth, 
oscillatory  wave  functions  can  be  readily  treated. 

Another  well  known  method  of  obtaining  energy  spectra 
uses  the  density  of  states  approach.  Here  the  energy  spectrum 
is  obtained  by  noting  the  formula  for  the  state  density 
Tx[S(E-H)]  in  the  form: 

^  Jo  J  ^^qi(qik~'""*|qi).  (7) 

By  making  use  of  the  mixed  representation  propagator, 
which  was  used  to  derive  Eq.  (1),  we  can  express  the  diag¬ 
onal  coordinate  matrix  element  of  the  propagator  as 


(q.k-'""*|qi)*^ 

X  J  dpi  |det  7(01  ’P'  ■■'^'‘^(q,  -  q(r)). 

(8) 


Inserting  this  into  Eq.  (7)  gives 


p(£)- 


Xe-.(ip/2)Pg.>(q,.P,  _q(,)),  (9) 


The  highly  oscillatory  nature  of  the  integrands  in  Eqs. 
(5)  and  (9)  will  generally  render  a  primitive  MC  approach 
useless.  In  such  an  approach,  only  amplitude  terms  play  a 
role  in  importance  sampling  distributions.  Here  we  introduce 
stationary-phase  Monte  Carlo  sampling  (SPMC)^  to  compute 
the  desired  integrals.  The  SPMC  procedure,  which  can  be 
done  on  a  subspace  of  the  integrand,  or  over  all  phase  space, 
isolates  regions  of  stationary  phase  by  incorporating  filtering 
functions  into  the  MC  sampling.  To  provide  a  sampling  over 
all  phase  space  we  introduce: 


Do,^(x;£:)  =  exp^ 


(10) 


where  x=(qi  ,pi),  and  where  denotes  the  vector  of  par¬ 
tial  derivatives  with  respect  to  the  qj  and  pj  components. 
The  derivatives  of  the  phase  with  respect  to  qj  are  given  by 
v(0^L(r)^*p(f)“Pi  with  L(0  =  <?q(0/^Qi  and  those  with 
respect  to  pi  by  /(^)^•p(^),  where  t  is  transpose.  Incorpo¬ 
rating  the  damping  function  in  Eq.  (10)  into  either  Eq.  (5)  or 
(9)  gives  us  the  working  formulae  to  compute  the  spectra. 
Here  these  spectra  are  used  as  a  means  of  testing  the  quality 
of  the  wave  packet  propagation. 

The  Dq  c  function  involves  gradients  of  the  phase  in  a 
negative  exponential,  which  emphasize  regions  of  stationary 
phase  when  used  as  a  sampling  distribution.  The  factor  €  is 
an  overall  damping  parameter,  and  elements  in  the  diagonal 
matrix  A,  characterize  the  sampling  widths  in  each  integra¬ 
tion  variable.  In  the  case  of  the  calculations  that  follow  in  the 
next  section,  we  simply  choose  A/==  1  for  all  i. 

Incorporating  all  components  gives  the  symmetry- 
adapted  spectral  intensity  [Eq.  (5)]  gives,  as  a  computation¬ 
ally  tractable  expression: 
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X  j  £fp,|dety(r)|’^^(q(f),0)e-'("'2)«' 
Xexpf^  ^(qi.PiU) 


Xexp 


-2PW^--/(f)A0^-pW 


Note  that  previous  studies  of  systems  with  chaotic  tra¬ 
jectories  experienced  difficulties  due  to  the  blowup  of  the 
[det7(0]  for  long-lived  chaotic  trajectories.  Here  this  growth 
is  naturally  damped  by  the  first  7-dependent  exponential  term 
in  the  SPMC  damping  function  in  the  integrand. 

Equations  (11)  and  (12)  both  provide  approaches  to 
computing  the  energy  spectrum.  Our  numerical  studies  indi¬ 
cate  that  Eq.  (12)  is  more  convenient  to  use  numerically, 
providing  good  results  for  small  values  of  a  and  hence  re¬ 
sulting  in  fewer  wasted  trajectories.  Application  of  Eq.  (12) 
is  demonstrated  below. 


Xexp 


-|v(0^-v(0 


(11)  III.  APPLICATIONS  TO  CHAOTIC  QUARTIC 
OSCILLATOR 


Here  the  subscript  Pf  indicates  that  the  initial  points  qj  are 
to  be  chosen  in  accord  with  Ai  symmetry.*^  Similarly,  Eq. 
(9)  becomes: 


We  test  the  applicability  of  our  IVR  approach  by  con¬ 
sidering  the  same  case  explored  by  Kay,^  i.e.,  the  highly 
chaotic  quartic  oscillator  with  Hamiltonian 


</q, 


Xexp  -  2  P(^)^--^(0-/(0^-p(0 


-q(f)P) 


Xexp 


-  - 


y{ty-y{t) 


(12) 


Here  we  have  replaced  the  delta  function  in  Eq.  (9)  by  a 
narrow  Gaussian  of  the  form  S{qi  —  q(t))  —  (a/'7r)^^^ 
Xexp(-a|q|  — q(r)p),  inserted  the  SPMC  damping  function 
and  have  taken  the  appropriate  symmetry  projection.^ 

One  can  readily  show  that  the  approach  taken  by  using 
Eq.  (11)  and  integrating  out  over  the  center  (i.e.,  qo)  of  the 
initial  wave  packet  is  the  same  as  Eq.  (12),  in  the  large  a 
limit. 


FIG.  1.  Effect  of  6  damping  parameter  on  semiclassical  density  of  states  for 
A 1  symmetry  of  quartic  oscillator.  Here  the  density  piEY^  is  plotted  versus 
the  scaled  energy  Results  are  shown  for  6=10“^  (dashed), 

€-  10"^  (dotted),  and  10"^  (solid). 


H={pl+pl)/2+xY/2+^ix*+y*)/4,  (13) 

with  /3=0.0l,  In  particular,  we  implement  Eq.  (12)  to  com¬ 
pute  the  symmetry-adapted  semiclassical  density  of  states. 
We  choose  a=2  and  project  onto  Aj  symmetry.  The  inte¬ 
grals  in  Eq.  (12)  are  computed  by  a  two-step  procedure:  first 
we  compute  the  full  phase  space  integral  in  q,p,  and  then  we 
Fourier  transform  the  result  to  compute  the  time  integral.  In 
accordance  with  previous  studies^  we  choose  the  maximum 
propagation  time  as  7=  50.0  (atomic  units  are  used  through¬ 
out). 

The  phase  space  integrals  in  Eq.  (12)  are  computed  by  a 
relatively  simple  “inactive”  SPMC  procedure  as  follows. 
The  initial  momenta  and  coordinates  are  sampled  uniformly 
and  randomly  within  a  range  for  which  the  corresponding 
classical  energies  do  not  exceed  Since  the  poten¬ 

tial  is  positive  definite,  the  corresponding  momentum  range 
is  the  rectangle  ^  7 10,10].  Allowed 

coordinate  space  points  are  restricted  to  a  rectangle  Xy| 
=  [  —  12,12]  X  [  — 12,12].  The  Monte  Carlo  sums  are  then  ac¬ 
cumulated  at  equally  spaced  intermediate  time  intervals  A  7 
=  0.1.  The  final  time  integral  is  computed  by  Fourier  trans¬ 
forming  the  data,  i.e.,  using  the  500  points  between  7=0  and 
7=50.0.  The  trajectories  are  computed  using  a  variable  step 
size  predictor-corrector  algorithm  with  controlled  local  rela¬ 
tive  and  absolute  error.  In  order  to  compare  our  semiclassical 
results  with  those  of  Kay^  we  did  not  introduce  a  time  win¬ 
dowing  procedure,  although  we  found  that  results  varied  in¬ 
significantly  if  a  window  function  of  the  form  exp(— (r/r)^ 
was  used  in  the  final  Fourier  transform  with  t^37.5. 

The  only  remaining  parameter  is  the  damping  6.  Its 
choice  is  an  important  aspect  of  the  SPMC  procedure,^’"^’^"^ 
having  a  dramatic  effect  on  the  convergence  and  feasibility 
of  SPMC  integration.  For  the  case  reported  here,  we  found 
that  attaining  acceptable  convergence  and  suppressing  the 
divergence  due  to  chaotic  trajectories  required  10“^.  Fur¬ 
ther,  maintaining  detailed  narrow  peaks  in  the  energy  spec¬ 
trum  necessitated  6^10“^. 

The  effect  of  €  damping  on  the  density  of  states  of  A  j 
symmetry  is  shown  in  Fig.  1.  Here  we  see  that  good  agree¬ 
ment  is  obtained  over  a  substantial  range  of  6=10'^  to 
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TABLE  I.  Scaled  semiclassical  energy  values,  for  Ai  symme¬ 

try  of  quadric  oscillator.  Values  are  estimated  from  the  density  of  states  in 
Fig.  1.  QM  are  quantum  results,  SC  IVR  are  our  results,  and  SC  are  Kay’s^ 
results.  Numbers  followed  by  a  superscript  “a”  denotes  our  estimate  from 
Kay’s  Fig.  9. 


Peak  No. 

QM 

SC  IVR 

SC 

.1 

1.09 

1.12 

1.19 

2 

1.50 

1.8* 

3 

2.71 

2.70 

2.71 

4 

3.17 

3.0* 

5 

3.70 

3.67 

3.72 

6 

4.13 

4.0* 

7 

4.63 

4.69 

4.66 

5.0* 

8 

5.48 

5.44 

5.65 

9 

5.84 

5.85 

5.96 

10 

6.45 

6.0* 

11 

6.62 

6.65 

6.57 

12 

6.95 

7.1* 

13 

7.55 

7.75 

7.56 

14 

7.93 

7.94 

7.94 

15 

8,52 

8.53 

8.50 

16 

8.96 

9.06 

9.05 

17 

9.52 

9.54 

9.50 

18 

9.76 

9.8' 

19 

9.92 

9.93 

9.94 

20 

10.47 

10.45 

10.46 

21 

10.82 

10.86 

10.80 

22 

11.38 

11.35 

11.39 

23 

11.61 

11.61 

11.64 

24 

12.37 

12.35 

12.38 

25 

12.64 

26 

12.82 

12.84 

12.71 

27 

13.35 

13.35 

13.35 

28 

13.47 

13.50 

13.51 

29 

13.73 

30 

14.03 

14.04 

14.06 

31 

14.32 

14.23 

14.29 

32 

14.68 

14.65 

14.68 

33 

15.02 

14.95 

14.99 

34 

15.16 

35 

15.29 

15.29 

15.29 

36 

15.85 

15.90 

37 

16.02 

15.98 

15.97 

38 

16.26 

16.20 

16.27 

39 

16.59 

16.59 

16.64 

40 

17.04 

16.92 

16.93 

41 

17.22 

17.21 

17.15 

42 

17.35 

17.35 

17.37 

43 

17.81 

17.90 

17.88 

44 

18.08 

18.06 

18.09 

45 

18.24 

18.34 

18.31 

46 

18.61 

18.61 

18.74 

47 

18.93 

18.85 

18.88 

48 

19.13 

19.20 

19.09 

49 

19.43 

19.44 

19.44 

50 

19.66 

19.80 

19.86 

51 

19.97 

20.05 

19.99 

52 

20.14 

20.19 

20.21 

53 

20.52 

20.53 

20.62 

10“^;  significantly  larger  values,  such  as  e=10“^  broaden 
the  peaks  substantially.  Results  shown  are  for  500  000  tra¬ 
jectories,  but  results  using  100  000  trajectories  were  accurate 
to  within  10%.  (Far  fewer  trajectories  are  expected  to  be 
required  if  were  actively  included  in  the  impor¬ 


tance  sampling).  In  the  absence  of  e  damping  the  integral 
was  dominated,  as  in  Kay’s  case,  by  divergent  contributions 
from  long-lived  chaotic  trajectories. 

Our  best  results  for  the  semiclassical  density  of  states  of 
Ax  symmetry  are  shown  as  the  solid  curve  in  Fig.  1.  It  is  to 
be  compared  to  Fig.  9  of  Ref.  7.  The  plots  of  the  densities  are 
similar;  broader  peaks  occur  within  the  £  =  0-5  range  and 
progressively  sharper  peaks  dominate  the  rest  of  the  energy 
region.  In  addition,  there  are  a  few  extra  peaks  when  results 
are  compared  to  the  quantum  Ax  energies.  They  are  similar 
in  character  to  the  extra  peaks  observed  by  Kay,^  being  more 
prevalent  at  lower  energies.  Their  origin  is  unclear  but  Kay 
notes  that  similar  spurious  peaks  are  evident  in  applications 
of  Gutzwiller’s  trace  formula.  Note  also  that  the  computed 
density  of  states  is  not  everywhere  positive,  reflecting  the 
fact  that  Eq.  (7)  is  not  guaranteed  positive  for  approximate 
expressions  for  the  propagator.  Nonetheless,  the  peaks  de¬ 
picting  the  position  of  the  states  are  clear,  rising  up  well 
above  this  background. 

The  peak  positions,  which  give  the  semiclassically  com¬ 
puted  energies,  are  reported  in  Table  I  where  they  are  com¬ 
pared  to  the  quantum  results.  They  are  seen  to  be  in  good 
agreement,  with  all  semiclassical  energies  within  5%  of  the 
quantum  results,  and  many  energies  being  accurate  to  within 
1%.  The  same  sort  of  agreement  exists  between  our  results 
and  those  of  Kay. 

IV.  CONCLUSIONS 

We  have  applied  an  initial  value  integral  representation 
(IVR)  semiclassical  propagator  approach  to  the  study  of  en¬ 
ergy  spectra  of  a  highly  chaotic  system.  The  method  relies  on 
stationary-phase  Monte  Carlo  (SPMC)  methods  to  integrate 
the  highly  oscillatory  IVR  integrals  in  the  full  phase  space 
and  to  eliminate  divergent  contributions  from  long-lived  cha¬ 
otic  trajectories.  Further,  our  approach  shares  the  simplicity 
of  previous  methods  insofar  as  it  does  not  require  that  one 
incorporate  special  dynamical  properties  of  the  system  into 
the  calculations,  requiring  rather  simple  Monte  Carlo  simu¬ 
lations.  For  the  two-dimensional  quartic  oscillator  system 
studied,  the  method  gives  energy  spectra  in  good  agreement 
with  quantum  values,  while  providing  a  natural  means  for 
handling  chaos. 

The  extension  of  this  method  to  higher  dimensions  is 
clearly  important.  In  this  case  we  would  advocate  using 
Monte  Carlo  importance  sampling  in  a  more  active  manner, 
which  would  reduce  the  number  of  required  trajectories. 
Such  applications  are  currently  under  study. 
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NANOMETRIC  SCALE  COHERENTLY  CONTROLLED 

DEPOSITION 

HELD  OF  THE  INVENTION 

The  present  invention  relates  to  the  field  of  the  controlled  deposition  of 
molecules  and  atoms  on  surfaces  on  a  nanometric  scale. 

BACKGROUND  OF  THE  INVENTION 

The  optical  manipulation  of  atoms  in  their  ground  state  constituting  an 
atomic  beam  has  been  widely  studied  over  the  past  few  years.  It  has  been  shown, 
for  instance  in  the  article  “Calculation  of  Atomic  Positions  in  Nanometer-scale 
Direct-write  Optical  Lithography  with  an  Optical  Standing  Wave”,  by  K.K. 
Berggren  et  al.,  published  in  Journal  of  the  Optical  Society  of  America  B,  Vol.ll, 
pp.  1166-1176  (1994),  and  in  the  references  thereto,  that  an  atomic  beam  can  be 
focused  to  sub-micron  scale  dimensions  by  using  the  dipole  forces  exerted  on  the 
atoms  by  an  electromagnetic  field,  such  as  that  present  in  a  standing  light  wave. 
One  possible  application  of  this  phenomenon  is  in  direct-write  atomic 
nanolithography,  which  offers  the  possibility  of  microfabrication  applications  in 
the  microelectronic  industry,  at  resolutions  well  below  the  wavelength  of  ultra¬ 
violet  light,  as  commonly  used. 

In  U.S.  Patent  5,360,764  to  R.  J.  Celotta  and  J.  J.  McClelland,  hereby 
incorporated  by  reference  in  its  entirety,  there  is  described  the  use  of  a 
combination  of  laser  cooling  techniques  and  periodic  standing  wave 
electromagnetic  fields  to  enable  the  focusing  of  atoms  and  their  subsequent 
deposition  on  a  substrate,  on  a  nanometric  scale.  However,  the  technique 
described  therein  has  a  number  of  disadvantages;  firstly,  it  is  limited  to  the 
controlled  deposition  of  atoms,  and  there  are  many  practical  chemical  processes, 


nanometric  scale  is  also  a  needed  technique  which  is  hitherto  unavailable. 

The  disclosures  of  each  of  the  publications  mentioned  in  this  section,  and 
of  those  in  the  other  sections  of  this  specification,  are  hereby  incorporated  by 
reference,  each  in  its  entirety. 

SUMMARY  OF  THE  INVENTION 

The  present  invention  seeks  to  provide  a  new  method  and  apparatus  for  the 
optical  focusing  of  atomic  or  molecular  beams,  such  that  the  atoms  or  molecules 
can  be  deposited  in  aperiodic  structures,  with  resolutions  of  down  to  10-15 
nanometers.  The  ability  to  deposit  atoms  or  molecules  on  surfaces  at  a  nanometric 
scale  has  important  applications  in  the  semiconductor  industry  for  the  purposes  of 
direct  deposition  etching  and  for  other  lithographic  processes.  The  nature  of  the 
pattern  formed,  including  the  position  and  width  of  the  component  parts  of  the 
pattern,  are  altered  by  varying  a  number  of  parameters  associated  with  the  beam 
preparation  and  with  the  electromagnetic  fields  to  which  the  beam  is  subjected. 

A  beam  of  atoms  or  molecules,  aimed  at  the  surface  on  which  the 
deposition  is  required,  is  preferably  sent  through  a  skimmer  to  minimize  velocity 
components  perpendicular  to  the  direction  of  the  beam.  The  beam  is  then 
preferably  further  collimated  by  means  of  laser  cooling  or  by  sympathetic  cooling 
or  supersonic  expansion,  in  order  to  reduce  the  transverse  velocity  to  minimal 
levels.  The  better  the  collimation,  the  finer  the  resolution  of  the  focusing  effect 
achieved.  The  laser  cooling  can  be  performed  by  any  of  the  methods  known  in  the 
art.  One  such  method  is  described  in  the  article  co-authored  by  one  of  the  present 
applicants,  entitled  “Complete  population  transfer  to  and  from  a  continuum  and 
the  radiative  association  of  cold  Na  atoms  to  produce  translationally  cold  Na2 
molecules  in  specific  vib-rotational  states”  published  in  Optics  Express,  Vol.  4, 
pp.91-106  (Jan.,  1999),  hereby  incorporated  in  its  entirety  by  reference.  Other 
methods  are  also  given  in  the  many  references  cited  therein.  Alternatively,  for  an 
atomic  beam,  laser  cooling  may  be  achieved  by  passing  the  atoms  through 


optical  focusing. 

The  prepared  atomic  or  molecular  beam  then  preferably  passes  through 
two  or  more  standing  electromagnetic  fields  directed  parallel  to  the  surface, 
which  too  may  be  produced  by  means  of  interacting  laser  beams.  By  varying  the 
characteristics  of  the  laser  beams,  the  atomic  or  molecular  properties,  the  distance 
of  the  stationary  fields  from  the  surface,  and  the  properties  of  the  stationary 
electromagnetic  fields,  the  nature  of  the  pattern  deposited  on  the  surface  can  be 
controlled,  including  the  position,  intensity  and  resolution  of  the  component  parts 
of  the  pattern.  In  general,  the  pattern  displays  a  large  background  with  several 
relatively  low  intense  peaks  when  there  is  no  atomic  or  molecular  coherence, 
whereas  the  peaks  become  intense  and  the  background  weak  when  the  atomic  or 
molecular  coherence  is  introduced. 

In  the  case  of  atomic  beam  deposition,  since  the  superposition  may  be 
formed  from  Rydberg  excited  states  of  the  atoms,  this  affords  the  possibility  of 
much  higher  polarizabilities,  and  hence  requires  much  lower  laser  powers  than 
for  molecular  beam  deposition. 

There  is  thus  provided  in  accordance  with  a  preferred  embodiment  of  the 
present  invention,  a  method  of  depositing  atoms  or  molecules  in  a  predetermined 
pattern  onto  a  surface  by  means  of  coherently  controlled  Optical  focusing  of  a 
beam  of  the  atoms  or  molecules. 

There  is  further  provided  in  accordance  with  yet  other  preferred 
embodiments  of  the  present  invention,  a  method  as  described  above  and 
consisting  of  the  steps  of  providing  a  collimated  beam  of  atoms  or  molecules  to 
be  deposited,  directing  the  beam  through  a  first  electromagnetic  field,  typically 
produced  by  a  laser  beam,  operative  to  produce  a  superposition  of  states  of  the 
atoms  or  molecules,  and  thereafter  directing  the  beam  through  a  second 
electromagnetic  field,  typically  produced  by  two  or  more  standing  waves,  such 
that  the  atoms  or  molecules  are  focused  onto  the  surface  in  the  predetermined 
pattern. 

In  accordance  with  still  another  preferred  embodiment  of  the  present 


In  accordance  with  yet  another  preferred  embodiment  of  the  present 
invention,  there  is  provided  a  method  of  depositing  atoms  or  molecules  in  a 
predetermined  pattern  onto  a  surface  as  described  above,  and  wherein  the  atoms 
or  molecules  are  operative  to  perform  applications  such  as  nanolithography, 
micro-etching,  the  writing  of  information  on  a  storage  medium,  the  formation  of 
photolithographic  masks,  the  production  of  doped  regions  within  the  surface,  the 
production  of  high  profile  tip  structures  on  the  surface,  or  the  production  of 
optical  grating  structures  on  the  surface. 

There  is  further  provided  in  accordance  with  yet  another  preferred 
embodiment  of  the  present  invention,  a  system  for  the  deposition  of  atoms  or 
molecules  in  a  predetermined  pattern  onto  a  surface  by  means  of  coherently 
controlled  optical  focusing  of  a  beam  of  the  atoms  or  molecules. 

In  accordance  with  still  another  preferred  embodiment  of  the  present 
invention,  there  is  provided  a  system  for  the  deposition  of  atoms  or  molecules  as 
described  above,  and  consisting  of  a  source  emitting  a  beam  of  the  atoms  or 
molecules,  a  laser  cooling  stage  for  minimizing  the  transverse  velocity 
components  of  the  molecules  of  the  beam,  a  first  electromagnetic  field  through 
which  the  beam  is  directed,  operative  to  produce  a  superposition  of  states  of  the 
atoms  or  molecules,  and  a  second  electromagnetic  field,  through  which  the  beam 
is  thereafter  directed,  such  that  the  atoms  or  molecules  are  focused  onto  the 
surface  in  the  predetermined  pattern. 

There  is  provided  in  accordance  with  yet  a  further  preferred  embodiment 
of  the  present  invention,  a  system  for  the  deposition  of  atoms  or  molecules  as 
described  above  and  wherein  the  first  electromagnetic  field  is  formed  by  at  least 
one  first  laser  beam. 

There  is  even  further  provided  in  accordance  with  a  preferred  embodiment 
of  the  present  invention,  a  system  for  the  deposition  of  atoms  or  molecules  as 
described  above  and  wherein  the  second  electromagnetic  field  consists  of  at  least 
two  standing  waves  formed  by  laser  beams. 


of  phase  between  the  two  standing  waves,  for  the  superposition  |000>  +  |020>; 

Figs.  10(a)  to  10(f)  illustrate  the  variation  in  the  form  and  intensity  of  the 
strongest  peak  shown  in  Fig.  9(b)  at  Zj  =  0.49,  as  a  function  of  six  different  values 
of  the  relative  phase  between  the  two  standing  waves; 

Figs.  ll(a)  to  11(f)  show  the  variation  in  the  form  and  intensity  of  the 
strongest  peak  shown  in  Fig.  9(b),  as  a  function  of  the  intensity  of  the  two  SW 
fields,  for  six  different  values  of  the  field  of  SW2; 

Figs.  12(a)  to  12(c)  show  plots  of  the  density  distribution  for  three 
different  values  of  the  interaction  time.  Tint,  for  the  superposition  |000>  +  |020>; 

Figs.  13(a)  to  13(d)  show  the  density  distribution  of  deposition  as  a 
function  of  free  flight  distance,  Lff  for  four  different  values  of  Lff; 

Figs.  14(a)  to  14(d)  show  the  width  of  a  typical  deposited  peak  as  a 
function  of  the  rotational  temperature  of  the  molecules,  for  four  different  values 
of  Tr ;  and 

Figs.  15(a)  to  15(d)  are  graphs  which  show  the  density  distribution  for  the 
deposition  of  atomic  rubidium  for  different  interaction  times,  both  in  the  presence 
of  and  in  the  absence  of  coherent  control. 


near  resonant,  CW  laser  beams  20,  22,  positioned  above  the  substrate  24  onto 
which  the  molecules  are  to  be  deposited.  While  passing  through  the  S  W  radiation 
field,  the  atoms  or  molecules  experience  a  dipole  force,  due  to  the  SW-induced 
optical  potential  (OP),  which  acts  as  an  array  of  lenses,  causing  those  atoms  or 
molecules  in  the  beam  with  kinetic  energy  less  than  the  depth  of  the  OP  to  focus 
into  predefined  patterns  26  as  they  deposit  onto  the  substrate  24.  Those  atoms  or 
molecules  with  kinetic  energy  greater  than  the  depth  of  the  OP  skip  over  the 
potential  well  and  are  lost  to  the  ordered  deposition  process. 

According  to  a  preferred  method  of  embodiment  of  the  present  invention, 
the  kinetic  energy  of  the  beam  in  the  x-direction  V||  is  approximately  fixed  and  is 
much  larger  than  the  magnitude  of  the  OP,  such  that  a  majority  of  the  atoms  or 
molecules  are  indeed  focused  as  desired.  In  the  y-direction,  perpendicular  to  the 
direction  of  the  two  SW’s,  the  focusing  region  is  essentially  uniform.  The 
focusing  effect  is  then  described  by  an  effective  one  dimensional  OP  along  the  z- 
direction.  The  atoms  or  molecules  in  the  beam  execute  motion  according  to  the 
Hamilton's  equation: 

(1) 

and  (2) 

where  is  the  optical  potential  and  the  subscript  i  symbolizes  the  i-th  atom  or 

molecule  in  the  beam,  treated  as  a  point-like  particle.  The  result  of  focusing  by 
means  of  a  one-dimensional  OP  along  the  z-direction  is  a  pattern  of  lines  of 
deposited  atoms  or  molecules,  of  essentially  uniform  intensity  in  the  y-direction, 
the  lines  being  spaced  in  the  z-direction  and  of  width  and  intensity  in  accordance 
with  the  deposition  parameters  used. 

According  to  another  preferred  embodiment  of  the  present  invention,  it  is 
possible  to  deposit  an  array  of  spots  rather  than  an  array  of  lines,  by  adding 
another  electromagnetic  field,  preferably  produced  by  another  pair  of  laser  beam 
standing  waves,  preferably  directed  orthogonally  to  the  first  pair  of  SW’s  and  in 
the  same  plane  thereto.  The  second  electromagnetic  wave  then  produces  an 


superposition  state  composed  of  two  Hamiltonian  eigenstates.  An  extension  to  a 
superposition  state  involving  more  than  two  eigenstates  is  also  possible.  The 
superposition  state  is  given  by: 

Iv(t)>  =  +  C2|(p2>e-‘^''h  (3) 

where  |(pj>  represents  the  Hamiltonian  eigenstates  of  energy  Ej.  This  coherent 

state  is  prepared  by  two-photon  absorption  using  a  laser  of  frequency  (Ol  and 
amplitude  E  l-  Application  of  perturbation  theory  methods,  such  as  is  known  in 
the  art,  leads  to  the  evaluation  of  the  population  of  the  upper  level  as: 

|C  /  =J^Y - ^ -  <  0.2  (4) 


where  Qnm  =  (Em-En)/h  and  AauL  =  ^21  -  2o)l=  (E2-E1)/  h  -  2o)l  is  the  detuning  of 
the  two-photon  absorption  from  resonance,  and  y  is  the  linewidth  of  the  transition 
between  two  superposition  states  where  m  and  n  represent  the  quantum  numbers 
corresponding  to  the  rotational,  vibrational  and  electronic  states.  Note  that  within 
the  perturbation  regime  |c2p  <  0.2,  which  restricts  the  power  of  the  pump  laser. 
Assuming  a  negligible  value  of  A2(ol  ,  a  restriction  on  two  parameters  results,  viz., 
|c2p  and  Y-  Table  I  shows  the  value  of  the  pump  field  El  required  as  a  function 
of  Y,  for  |c2p  =  0.2.  The  pump  laser  is  set  at  the  frequency  cOl  required  for  a 
resonant  two-photon  absorption  process  between  the  levels  of  the  ground 

electronic  state  |(pi>  =  |v=0,J=0,M=0>  and  |(p2>  =  |v=0,J=2,M=0>. 


Y(Hz) 
8.3  xlO' 
1.0  xlO' 


EL(V/m) 
1.0  xlO"^ 
1.1x10* 


Table  1 


Table  3 


Vi 

V2 

EL(V/m) 

II  (W/cm^) 

(Ol(Hz) 

0 

1 

4.6x10^ 

9.18x10’° 

2.1988  X  10’^ 

0 

2 

4.72x10* 

1.18x10" 

4.3673  X  10’^ 

0 

3 

4.74x10* 

1.19x10" 

6.5077  X  10’^ 

0 

4 

7.5  xlO* 

2.98x10" 

8.6241  X  lO’"’ 

In  the  next  step  the  beam  downstream  of  the  cooler  is  assumed  to  have  a 


Gaussian  transverse  speed  distribution,  f{v^)  =  n-j=l= 


,  where  n  is  the 


number  of  particles  used  for  simulation.  The  center  of  the  distribution  Vj^  is  zero 
or  very  close  to  zero,  and  the  spread  of  the  distribution  is  a  Calculations  show 
that  the  deposition  associated  with  a  particular  width  a  may  be  approximately 

calculated  by  computing  the  deposition  using  a  zero  transverse  velocity  width  and 
then  broadening  the  computed  peaks  by  V2  ta  Gvi ,  where  tj  is  the  time  it  takes 
for  an  atom  or  molecule  to  get  from  the  collimated  source  to  the  deposition 
surface.  The  value  for  the  longitudinal  speed  Du  of  the  beam  is  taken  to  be  600 
m/s.  This  value  can  be  obtained  from  the  expression: 

Dll  = 


where  K  is  the  Boltzmann  constant,  Mtuff  is  the  mass  of  the  buffer  gas  atom  used, 
Y  is  the  specific  heat  ratio  of  the  buffer  gas  and  To  is  the  initial  temperature.  This 
expression  is  derived  in  the  book  “Atomic  and  Molecular  Beam  Methods”  edited 
by  G.  Scoles,  published  by  Oxford  University  Press,  (1988).  The  effect  of  as 
described  above  aberrations  due  to  the  longitudinal  speed  distribution  has  been 
omitted  here. 


where  E{u}i)  are  defined  above,  E'{ijJ2\  +u;i)  =  cos(/:i2)  exp[(cj2i  +  a;i)t],  and 

E'{w2\  —  W2)  =  E2^  003(^22  +  ^F)exp[(a;2i  —  ^2)^])  and  //(— w)  =  /i(w)*.  The  suscep¬ 
tibilities  X  above  are  given  by 


rWi)  =  r 

h  CJji  +  U}2  UJj2  —  U)2  El 


^  _*f  i-E'l  ^ 


1 


LUjl  +  Ui  U)ji  —  UJi 

I]  Mw2j  [ — - —  +  ^ 


U)j2  +  COi  U)j2  —  U)i 


+  — h— 1 

h  UJji  +  UJ2  U^ji  —  U)2 

— 7 — i - ] 

Tl  (jOj2  +  UJ2  ^j2  —  ^2 


X^"'(^21  +  ^1)  ^ 


+ 


UJji  +  U)\  Uj2  ~  (jOi 


X'”(^2i  -a;2)  =  r 


f^jll^2j  ^  I^j2l^\j 


U)jl  — *  (jJ2  ^j2  +  ^2 


where  ujmn  =  {Em  —  En)/h,  flij  =<  (f)i\fji.h\(l)j  >,  h  being  the  unit  vector  along 
the  direction  of  polarization  of  the  external  field.  Since  both  the  SW  are  linearly 
polarized  along  the  z  axis  (Eq.(6))  only  the  zz  component  of  the  polarizability, 
denoted  Xzzj  need  be  considered.  Here  the  superscripts  “in”  and  “ni”  refer  to  the 
interference  and  non-interference  terms  respectively  of  X)  where  the  interference 
terms  are  the  direct  consequence  of  the  coherent  superposition  of  the  |0i  >  and 

\<j)2  >  state.  Control  over  xi^i)  is  obtained  by  changing  various  parameters,  e.g., 

^(0) 

1^1,  |ci|,  |c2|,  9m  and  Op,  where  6m  is  the  relative  phase  of  ci  and  C2. 


(12) 


Kp"  =  -[S-Sf  ^  cos{kiz)  cos{k2Z  +  0F)xr(‘^i)  +  ^^2^  cos{kiz)  cos{k2Z  +  0f)')C{'^2)] 


Thus,  the  optical  potential  in  the  absence  of  molecular  coherence  consists  of 
two  terms  each  representing  the  dipole  interaction  of  the  field  and  the  induced 
molecular  dipole  of  the  same  frequency. 

Thus,  the  molecules  experience  the  above  optical  potential,  which  is  an  oscil¬ 
lating  function  along  the  z  direction  and  which  acts  as  an  array  of  lenses.  Each 
minimum  of  the  potential  behaves  as  a  focusing  center  and  each  maximum  behaves 
as  a  defocusing  center.  The  results  is  an  inhomogeneous  aperiodic  distribution  of 
potential  minima  whose  depths  vary,  depending  on  z,  |ci|,  |c2|,  Om  and 

9f-  Reference  is  now  made  to  Figs.  2  and  3  (to  be  discussed  in  detail  hereinbelow), 
which  show  typical  results  of  the  molecular  density  distribution  obtained  along  the 
2-direction,  together  with  the  corresponding  optical  potential.  It  is  seen  that 
represents  a  periodic  array  of  lenses,  whereas  Vop  =  -1-  does  not.  Thus, 

unlike  traditional  atomic  lithography  where  the  optical  potential  is  purely  periodic, 
different  optical  potentials  can  be  obtained  by  altering  terms  in  the  potential  which 
enter  via  quantum  interference.  This  feature  of  the  present  invention  enables  pattern 
formation  not  realized  in  prior  art  conventional  atomic  lithographic  techniques. 

The  classical  density  distribution  of  molecules  on  the  substrate  is  now  calcu¬ 
lated.  For  an  initial  uniform  spatial  distribution  of  molecules  in  the  beam  after  the 
cooling  process,  p(2, 0)  =  constant,  the  classical  trajectories  can  be  calculated  for 
every  molecule  interacting  with  the  optical  potential  given  by  Eq.(8)  to  obtain  the 
spatial  distribution  of  molecule  p{z,T)  at  time  T  =  Tint  +  where  Tint  is  the 
actual  interaction  interaction  time  between  the  molecules  and  the  optical  potential, 
and  is  equal  to  Lint/v\\- 

The  numerical  steps  in  the  computation  for  this  molecular  density  distribution 
after  interacting  with  the  SW-induced  OP  are  as  follows  : 


The  deposition  density  distribution  patterns  obtained  are  functions  of  the 
parameters  used  in  performing  the  coherently  controlled  optical  focusing  of  the 
molecular  beam.  Ideally,  every  minimum  of  the  Optical  Potential  OP  acts  as  a 
focusing  center,  giving  rise  after  a  sufficient  time  of  interaction,  to  a  delta 
function  molecular  density  distribution,  and  producing  a  corresponding  pattern  on 
the  substrate.  The  deposition  pattern  formed,  p  (Zg,  T)  can  be  approximated  by  the 
expression: 


p  (z.,  T)  =  X  l='te-T)|  "  5(z,-Zn,)  (13) 

m 

where  |a(Zs,T)|  ^  is  the  intensity  of  focusing  at  a  given  point  Zg  onto  the  substrate 
at  time  T,  and  f(z,T)  may  be  chosen  as  a  Lorentzian  function.  The  point  z^  is  the 
position  of  a  minimum  in  the  optical  potential.  The  width  of  f(z,T)  together  with 
|a(Zs,T)|  ^  measures  the  quality  of  focusing  of  the  molecules,  in  terms  of  the 
intensity  and  width  of  the  focused  beam  particle  deposits.  The  focusing  quality  of 
the  deposition  is  dependent  on  a  number  of  parameters,  namely,  Ci,  C2,  0?,  Ovi, 
|<!)i>»  |(1>2>.  Lff,  Tint,  and  £2^°^ .  As  illustrative  of  the  method  of  the  present 
invention,  the  effect  of  these  parameters  on  the  nature  of  the  resulting  molecular 
deposit  is  now  described. 

(a)  The  Effect  of  Molecular  Coherence: 

The  parameters  Ci,  C2,  0m,  |<1)i>  and  |(t)2>  introduced  into  the  OP  are  the 
direct  consequence  of  molecular  coherence.  As  can  be  seen  from  the  expressions 
for  Vop  (equations  1 1  and  12),  these  parameters  do  not  affect  the  location  of  the 
OP  minima.  Hence  they  have  no  direct  effect  on  changing  the  position  of  the 
deposition  onto  a  substrate.  However,  they  do  have  a  direct  effect  on  the  intensity 
of  the  deposition  resulting  from  the  change  in  the  magnitude  of  the  OP.  If  there 
were  no  molecular  coherence,  deposition  would  be  due  only  to  Vop^"’\  i.e.,  the 
usual  dipolar  interaction  between  the  molecule  and  the  coherent  electric  field. 

The  effect  of  molecular  coherence  on  the  deposition  distribution  is  shown 
in  Figs.  2(a)  to  2(d),  which  show  how  the  density  distribution  of  deposition 


used  in  the  example  shown  in  plotting  Figs.  2(a)  to  (d),  the  weaker  spots  appear  at 
intervals  of  approximately  0.5^2  ,  with  the  brighter  spots  appearing  at  larger 
intervals.  By  contrast,  without  molecular  coherence,  as  is  seen  from  Fig.  2(a), 
there  is  a  uniform  array  of  deposition  peaks  of  lower  intensity  than  the  maximum 
peaks  obtained  with  molecular  coherence,  appearing  at  a  regular  interval  of  0.5^2. 

Figs.  3(a)  to  3(d)  are  plotted  under  the  same  conditions  as  Figs.  2(a)  to 
2(d),  but  show  an  enlarged  section  in  the  direction,  to  better  illustrate  the 
differences  between  the  bright  and  weak  deposition  spots. 

Reference  is  now  made  to  Figs.  4(a)  to  4(d)  which  show  the  separate 
contributions  to  the  molecular  density  as  a  function  of  Zj,  due  to  the  first  and 
second  SW  fields,  and  E2^°\  taking  into  account  only  the  non-interference 
term  Vop^"'^  of  the  optical  potential.  The  parameters  used  for  this  example  are 
identical  to  those  used  for  calculating  the  distributions  shown  in  the  various  plots 
of  Figs.  2  and  3.  Fig.  4(a)  shows  a  plot  of  p  for  the  first  field.  Fig.  4(b)  shows  the 
values  of  Vop^”'^  for  the  first  field.  Fig.  4(c)  shows  a  plot  of  p  for  the  second  field, 
and  Fig.  4(d)  shows  the  values  of  Vop^"‘^  for  the  second  field.  It  is  observed  that 
since  E2  »  Ei,  the  contribution  of  the  SW  field  of  frequency  0)i  is  small 
compared  with  that  of  0)2  •  It  should  also  be  noted  that  Fig.  4(c)  and  Fig.  3(a)  are 
essentially  equivalent. 

Figs.  5(a)  to  5(f)  and  Figs.  6(a)  to  6(f)  show  the  dependence  of  p(Zs,Tint) 
on  different  superpositions  of  states.  Figs.  5(a)  to  5(f)  show  the  results  using  the 
superposition  ( |000>  +  |v00>),  where  v  takes  the  values  1  to  6  for  Figs.  5(a)  to 
5(f)  respectively,  while  Figs.  6(a)  to  6(f)  show  the  results  using  the  superposition 
( |000>  +  |v20>),  where  v  takes  values  of  0  to  5  for  Figs.  6(a)  to  6(f)  respectively. 
In  the  calculations  used  for  plotting  all  parts  of  Figs.  5  and  6,  the  values  y  =  1x10^ 
Hz  and  |C2|  =  0.2  are  assumed,  and  the  other  parameters  used  are  identical  to 
those  used  in  Figs.  2  to  4,  except  that  in  fig.  5,  Op  =  2.65  rad. 

Figs.  7(a)  to  7(f)  show  the  dependence  of  p(Zs,Tint)  on  |c2pfor  six  different 
values  of  |c2f  .  For  Fig.  7(a),  |c2p  =  0.01,  for  (b)  0.1,  for  (c)  0.15,  for  (d)  0.2, 
for  (e)  0.4  and  for  (f)  0.5.  The  superposition  used  is  between  the  |000>  and  |020> 


that  the  peaks  become  weaker  and  broader  as  Gp  changes  front  -2.65  to  -2.15 
radian.  In  other  words,  there  is  an  optimum  value  for  0p  that  results  in  the  most 
intense  and  highest  resolution  peak. 

Figs.  11(a)  to  11(f),  using  similar  calculations,  show  the  variation  in  the 
form  and  intensity  of  the  strongest  peak  shown  in  Fig.  9(a),  as  a  function  of  the 

intensity  of  the  two  SW  fields.  In  Figs.  11,  the  value  of  E2^°Ve/°^  is  set  at 
1.0x10^  and  Ej^®^  =  (a)  1.0x10^  (b)  0.97x10^  (c)  0.94x10^  (d)  0.91xl0^  (e) 
0.88x10^  and  (f)  0.85x10^  V/cm.  Approximately  optimum  values  of  E2^°^  = 
l.OxloV/cm  and  E2^®Ve/°^  =  1.0x10^  result  in  a  deposition  density  distribution 
peak  with  maximum  intensity  and  minimum  width.  As  is  seen  from  Figs.  1 1(b)  to 
11(f),  deviation  from  these  values  results  in  the  peak  becoming  fainter  and 
broader. 

(c)  Effect  of  Beam  Parameters 

The  beam  parameters,  Tj^  ,  Lff  and  Qvjl  also  have  an  effect  on  the 
deposition  density  distribution.  This  effect  is  illustrated  in  the  density  plots  shown 
in  Figs.  12(a)  to  12(c)  and  Figs.  13(a)  to  13(d).  Since  the  SW-induced  optical 
potential  is  comprised  of  a  series  of  harmonic-type  potential  wells  of  varying 
depth,  the  time  of  interaction  Tint  plays  a  crucial  role  in  determining  the  nature  of 
the  deposition.  In  general,  if  Tint  is  longer  than  the  quarter  period  of  oscillation  of 
the  molecule  in  any  of  the  potential  wells,  sharp  peaks  will  not  be  formed  in  the 
molecular  density  distribution.  Instead  the  distribution  will  have  large  number  of 
smaller  peaks.  Expressed  mathematically,  a  single  sharp  peak  in  the  region  of  the 
potential  minima  will  be  formed  only  when  Tint  ~  (2n+l)T/4,  where  T  is  the 
period  of  harmonic  oscillation  for  a  particular  potential  well.  When  Tint  ^ 
(2n-i-l)T/4,  every  peak  formed  at  every  potential  minima  after  a  time  T/4,  or 
(2n+l)  multiples  of  T/4,  splits  into  many  weaker  peaks. 

This  result  can  be  demonstrated  by  reference  to  Figs.  12(a)  to  12(c),  which 
show  plots  of  the  spatial  values  of  p(Zs,Tint)  obtained  for  three  different  values  of 


decreases  rapidly  with  increase  of  Lff ,  and  the  peak  itself  broadens  and  splits  into 
lower  peaks. 

The  effect  of  the  rotational  cooling  on  the  quality  of  the  deposition  is 
illustrated  in  Figs.  14(a)  to  14(d),  which  show  the  width  of  a  typical  deposited 
peak  as  a  function  of  the  rotational  temperature  of  the  molecules.  Fig.  14(a)  is 
shown  at  a  temperature  Tr  of  298°K,  14(b)  at  150°K,  14(c)  at  50°K,  and  14(d)  at 
10°K.  The  graphs  show  that  the  deposited  peaks  becomes  wider  and  more  erratic 
with  decrease  in  the  rotational  temperature.  The  effect  of  rotational  cooling  is 
thus  opposite  to  that  of  the  translational  cooling. 

Finally,  Figs.  15(a)  to  15(d)  are  graphs  of  density  distributions  obtained, 
for  the  deposition  of  atomic  rubidium  for  different  interaction  times,  both  in  the 
presence  of  and  in  the  absence  of  coherent  control,  according  to  another  preferred 
embodiment  of  the  present  invention.  The  coherent  control  is  achieved  using  a 
supersposition  of  Rydberg  states  of  the  atoms,  in  this  case  the  8s  and  8d  states. 
This  preparation  can  be  performed  by  laser  exciting  the  species  from  the  ground 
atomic  state,  preferably  where  the  atoms  already  have,  as  a  result  of  preliminary 
laser  cooling,  a  small  transverse  velocity  distribution.  The  atoms  are  passed 
through  two  laser  fields  with  wavelengths  of  3430.8  nm  and  13291.9  nm, 
respectively,  and  with  intensities  of  only  1.91  x  10'^  Watt  per  square  cm,  and  0.19 
Watt  per  square  cm.,  respectively.  Such  weak  fields  are  effective  because  of  the 
high  polarizability  obtained  from  Rydberg  excited  atoms.  The  results  shown  in 
Figs.  15(a)  to  15(d)  are  obtained  with  the  values  9m  =  1.5  rad  and  0f=  1.26  rad, 
where  0m  and  0Fare  defined  above  and  with  |cip  =0.8  and  |c2p  =  0.2. 

In  Figs.  15(a)  and  15(b)  the  deposition  results  atoms  pass  through  the  field 
for  0.26  )isec.  In  the  absence  of  any  interference  terms,  i.e.  where  the  atoms  are 
only  subject  to  V"*  then  the  resultant  deposition  is  shown  in  Fig.  15(b).  By 
contrast,  when  both  V"'  and  V’",  are  present  i.e.  where  the  interference  term  is 
included,  then  the  deposition  is  much  improved,  as  observed  in  Fig.  15(a). 
Similar  results  are  shown  in  Figs.  15(c)  and  15(d)  for  interaction  times  of  0.36 
p,sec.  It  is  apparent  from  the  examples  shown,  that,  as  in  the  molecular  deposition 


CLAIMS 

We  claim: 

1.  A  method  of  depositing  molecules  in  a  predetermined  pattern  onto  a 
surface  by  means  of  coherently  controlled  optical  focusing  of  a  beam  of  said 
molecules. 

2.  The  method  according  to  claim  1  and  comprising  the  steps  of: 

providing  a  collimated  beam  of  molecules; 

directing  said  beam  through  a  first  electromagnetic  field  operative 
to  produce  a  superposition  of  bound  states  of  said  molecules;  and 

thereafter  directing  said  beam  through  a  second  electromagnetic 
field,  such  that  said  molecules  are  focused  onto  said  surface  in  said 
predetermined  pattern. 

3.  The  method  according  to  claim  2  and  wherein  said  second  electromagnetic 
field  comprises  at  least  two  standing  waves. 

4.  The  method  according  to  claim  2  and  wherein  said  superposition  of  bound 
states  of  said  molecules  is  formed  by  means  of  a  two-photon  absorption  process. 

5.  The  method  according  to  claim  2  and  also  comprising  the  step  of  cooling 
said  beam  of  molecules  before  production  of  said  superposition  of  bound  states. 

6.  The  method  according  to  claim  5  and  wherein  said  step  of  cooling  said 
beam  is  effected  by  means  of  a  mechanical  cooling  process. 

7.  The  method  according  to  claim  6  and  wherein  said  mechanical  cooling 
process  is  effected  by  expansion  of  said  beam  through  a  supersonic  nozzle. 


orthogonally  to  said  second  electromagnetic  field,  and  in  effectively  the  same 
common  plane,  such  that  said  molecules  are  focused  onto  said  surface  in  a 
predetermined  array  pattern. 

18.  The  method  according  to  claim  1  and  wherein  said  predetermined  pattern 
has  a  resolution  of  less  than  50  nanometers. 

19.  The  method  according  to  claim  1  and  wherein  said  predetermined  pattern 
has  a  resolution  of  less  than  20  nanometers. 

20.  A  method  of  depositing  molecules  in  a  predetermined  pattern  onto  a 
surface  by  means  of  coherently  controlled  optical  focusing  of  a  beam  of  said 
molecules,  wherein  said  molecules  are  operative  to  perform  nanolithography. 

21.  A  method  of  depositing  molecules  in  a  predetermined  pattern  onto  a 
surface  according  to  claim  1,  wherein  said  surface  is  a  storage  medium,  and  said 
molecules  are  operative  to  write  information  on  said  storage  medium. 

22.  A  method  of  depositing  molecules  in  a  predetermined  pattern  onto  a 
surface  according  to  claim  1,  wherein  said  molecules  in  said  predetermined 
pattern  constitute  a  photolithographic  mask. 

23.  A  method  of  depositing  molecules  in  a  predetermined  pattern  onto  a 
surface  according  to  claim  1,  wherein  said  molecules  produce  doped  regions 
within  said  surface. 

24.  A  method  of  depositing  molecules  in  a  predetermined  pattern  onto  a 
surface  according  to  claim  1,  wherein  said  molecules  produce  a  high  profile  tip 
structure  on  said  surface. 


wherein  said  mechanical  cooler  comprises  a  device  for  the  expansion  of  said 
beam  through  a  supersonic  nozzle. 

32.  A  system  for  the  deposition  of  molecules  according  to  claim  28  and 
wherein  said  first  electromagnetic  field  is  formed  by  at  least  one  first  laser  beam. 

33.  A  system  for  the  deposition  of  molecules  according  to  claim  28  and 
wherein  said  second  electromagnetic  field  comprises  at  least  two  standing  waves 
formed  by  laser  beams. 

34.  A  method  of  depositing  atoms  in  a  predetermined  pattern  onto  a  surface  by 
means  of  coherently  controlled  optical  focusing  of  a  beam  of  said  atoms. 

35.  The  method  according  to  claim  34  and  comprising  the  steps  of: 

providing  a  collimated  beam  of  atoms; 

directing  said  beam  through  a  first  electromagnetic  field  operative 
to  produce  a  superposition  of  excited  states  of  said  atoms;  and 

thereafter  directing  said  beam  through  a  second  electromagnetic 
field,  such  that  said  atoms  are  focused  onto  said  surface  in  said  predetermined 
pattern. 

36.  The  method  according  to  claim  35  and  wherein  said  excited  states  are 
Rydberg  states. 

37.  The  method  according  to  claim  35  and  wherein  said  second 
electromagnetic  field  comprises  at  least  two  standing  waves. 

38.  The  method  according  to  claim  35  and  also  comprising  the  step  of  cooling 
said  beam  of  molecules  before  production  of  said  superposition  of  excited  states. 


orthogonally  to  said  second  electromagnetic  field,  and  in  effectively  the  same 
common  plane,  such  that  said  atoms  are  focused  onto  said  surface  in  a 
predetermined  array  pattern. 

49.  The  method  according  to  claim  34  and  wherein  said  predetermined  pattern 
has  a  resolution  of  less  than  50  nanometers. 

50.  The  method  according  to  claim  34  and  wherein  said  predetermined  pattern 
has  a  resolution  of  less  than  20  nanometers. 

51.  A  method  of  depositing  atoms  in  a  predetermined  pattern  onto  a  surface  by 
means  of  coherently  controlled  optical  focusing  of  a  beam  of  said  atoms,  wherein 
said  atoms  are  operative  to  perform  nanolithography. 

52.  A  method  of  depositing  atoms  in  a  predetermined  pattern  onto  a  surface 
according  to  claim  34,  wherein  said  surface  is  a  storage  medium,  and  said  atoms 
are  operative  to  write  information  on  said  storage  medium. 

53.  A  method  of  depositing  atoms  in  a  predetermined  pattern  onto  a  surface 
according  to  claim  34,  wherein  said  atoms  in  said  predetermined  pattern 
constitute  a  photolithographic  mask. 

54.  A  method  of  depositing  atoms  in  a  predetermined  pattern  onto  a  surface 
according  to  claim  34,  wherein  said  atoms  produce  doped  regions  within  said 
surface. 

55.  A  method  of  depositing  atoms  in  a  predetermined  pattern  onto  a  surface 
according  to  claim  34,  wherein  said  atoms  produce  a  high  profile  tip  structure  on 
said  surface. 


through  a  supersonic  nozzle. 


63.  A  system  for  the  deposition  of  atoms  according  to  claim  58  and  wherein 
said  first  electromagnetic  field  is  formed  by  at  least  one  first  laser  beam. 

64.  A  system  for  the  deposition  of  atoms  according  to  claim  58  and  wherein 
said  second  electromagnetic  field  comprises  at  least  two  standing  waves  formed 
by  laser  beams. 


Fig.  9 
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